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The cluster-variation method represents one of the oldest 
approaches to the approximative treatment: of the cooperative 
phenomena in equilibrium statistical mechanics of lattice mo
dels. A useful combinatorial technique for constructing an 
approximative expression for the free energy - the subJ" ect of 
further minimalization has been developed by Kikuchi/! .A num
ber of attempts to improve the efficiency of the method and 
to perform a classification of various approximations have 
been made since then. A general scheme of successive appro~i
mations converging to

1 
ex~ct results has been given in ref. 3•4/ 

and rederived in ref't5/. · Our noncombinatorial approach, in 

some aspects related to ref./s/, provides a method for const
ruction of convergent series of approximations to the free 
energy in a more efficient way and in a simpler manner than 
the methods described in the previous papers. By minimizing 
the free energy with respect to the correlators of lattice 
site occupation numbers, we get a full information about the 
equilibrium state of the system. The method can be used for 
a large class of classical lattice models, but in this paper 
we shall mainly deal with a relatively general model of an 
alloy consisting ofM kinds of molecules. It is described by 
the following Hamiltonian 
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where nl =0,1 is an occupation number operator describing the 
presence of the v·-th molecule on the i -th site. The fol-

. .M 

lowing .relations should be fulfilled n~' ni = 611Knr. : n~ =1. We 

also a~sU.me a finite range of the 1. 'molecule-mole~u11e interac""' 
tion K rf ~ The lattice gas model is obtained identifying the 
M-th particle with the hole, i.e., puttingt:M""O,K~r-o,Krf,..o.· 

Let the infinite lattice considered in (I) and the. state of . 
the system of molecules on the lattice be denoted by I and 
by the random variable I, respectively. Let J cl divide the 
lattice I into two separate parts It ,I2. (I e J VI2=l), in such 
a way that no molecule which occupies a site from 11 can in
teract via potential K:t"'with a molecule which occupies a site 
fromi 2. WhenJ 1c! 1 , J 2 cr 2 and A 1,A 2 and A are the random va
riable describing the states of the areas J 1•:J2 and J respec
tively, the conditional probability P(A1A2 lA) factorizes 
P(A1A2 1A)=P(A 11A) P(A 21A). · 
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Then P(A1A) P(A2A) 
P(AJ 

(2) 
On the other hand the probability P(A) is equal to the average 
of the operator A =:Umi.where IDidenotes the occupation number 

iEJ 
operator nrof that kind of molecule which occupies the site 
i in the stateA. Then the relation (2) can be rewritten as 

follows: 

(3) 
<A> '. 

If J does not separate the areas J 1• J 2 in the 
sense entirely, eqs. (2), (3) will not hold. 
relation (3) will be used as a decoupling 

above-mentioned 
In this case 

<A 1 A><A2 A> 
<A,J\ A2> ~ 

-<A>'! 
(4) 

It is possible to show that a series of decouplings converging 
to the exact equation (3) can be constr~cted by choosing .an 
appropriate sequence of areas J. 

For the sake of simplicity we shall develop our method at 
first for a two-dimensional square lattice with the nearest
neighbour interaction between molecules. In this case the 
most advantageous choice of the area J is an infinite line 
dividing the lattice into two halves as shown by empty circles 
in Fig. I. The areas J 1 • J 2 are denoted by the full dot and by 
the semi infinite area of full squares bellow J,respectively. 
Denoting the states in the new defined areas J 1,J 2 ,J by ran
dom variables A1,A 2, A, we can again use eq. (2). We see that 
for our choice of J l•J2. J the area JU J 2 has the same form 
as JjJ Ju J 2 . Thus eq. (2) may be again applied to P(A2 A), etc. 
It is clear that the probability of the state ~ of the whole 
lattice can be written down as 

P(~) _ II P(AuAi) . _ !I P(A[) 
-iE-1 P(Ai) - iEIP(i\J 

where Aj'=AliAi is a state of the area Jf::',Jil VJi and 
runs over all lattice sites. Now the entropy s of the 
may be expressed by means of the quasi-one-dimensional 
bilities (correlators) 

- -kN (enP(A') -lnP(A\) 

·2 

Jil 
system 
proba-
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(As we are interested only in 

1 

ti:'anslationally invariant systems, 
shall further omit the we lat-

tice index in all the symbols). 
In order to find an approxi-

lmative solution for the entropy 
1 s •. we introduce besides the in-
finite area J"1 finite areas with 
L lattice sites in both upper 
"and lower row. We denote them by 

J.~L and the random variables, defined on them, by 

A2L=A'·( ~L), where ut..fL are vectors on the upper and lower 
l.L - -

row of J~L, respectively; uLr""v.(fLt ~ev) when the site i 0 (if) is 

occupied by v -th molecule. (Labeling of the sites of J2Lis 

shown in Fig. 2). The finite random variable corresponding 

to A is defined as a 1iriear combination A2c"· ~ A'( v 'f !!LL-1). 
v-1 -

Defining A, on J,•J'-J2Lin such a way thatAjL A,-A'and 

A2J!t..r=A (A r is a random variable of the 11rest' of J' ) , we see 

that 
P(A') P(A,IAzu 

P(A) 

;. P(A2Ll, _<AgL> 

p ( A2L) <A2L > 
(6) 

is a good approximation when L is large enough, except for 1 

the close vicinity of critical points. For L .. o. the relation 

(6) is exact. 
Using (5), the expression for the free energy in approxi

mation (6) is the following: 

F =<H>.-TS !.<H>. +kTN( :E,<AgL>1nd.gL> 
A2L 

-· :E <A2&'1n <A2If> l . 

(7) 

A 
The ther~~ equilibrium values of the correlators <A2~> cor

respond to the minimum of the free energy (7) satisfy1ng si

multaneously the following constraints: 

(8) 

(ii) <A'( 
(9) 

(iii) Translational symmetry 
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(iv) Mirror image symmetry ·of the ~pper row 

M 
~ BL ~ UL 

<A' ( e ) > = S <A ' ( f- ) > 
-L LL ~ L 

( 10) 

(I I) 

v) Equivalency of double correlators on the pairs of sites 
(1 •• 11 ) and (1 •• 2e) 

(12) 

for v,, .\• =I, •••• M-1. All other symmetries can be obtained by 
superposition of the above-mentioned ones. The constrainst 

(8-12) represent K=(N2L-NL/2) /2+N2L-£(N-1)2+l linear algeb
raic equations, whic;h reduce substantially the number of un
known correlators. The remaining M2~K correlators have to be 
calculated bY. minimizing the free energy F by means of numeri
cal· methods br by solving the same number of nOnlinear algeb
raic equations which might be obtained using the method of 
Lagrange multiplicators. 

In the lowest approximation of our approach the quantity 
should be put equal to 2. Now the constraints iv and v coin
cide and the expression for K needs to be slightly modified • 

. For N =2 (Ising model s =I /2) K =9. In order to obtain even 
more simple approximations, we have to use the three lowest 
decouplings from the sequence (4) 

<m2fmlfm2u > ... 

<mlu mte>i<mlf m2u>. 

-<m lf > 

<m2tmte>:<m1f m2u> 

<m1e > '• 

(13) 

(14) 



( 15) 

By applying (14) and (15) to A4 and A4,we get the Kikuchi ap
proximation (expression 1.17 in/8/). While that expression 
is valid only for M =2; we have obtained its straight-forward 
generalization for arbitrary M. ·The succesive application of 
(13) to the Kikuchi approximation yields the quasichemical 
approximation. 

The procedure for calculation of thermal equilibrium pro
perties of the alloy on the square lattice as described above 
can be immediately used for an arbitrary lattice. We need only 
to choose a line with One stop separating molecules in both 
created halfspaces and to add one or more sites "above" the 
line in such a way that the "upper" edge of the new area 
would be ·a shifted "lower" edge of the area, i.e., the origi
nal line. The obtained areas can be again reduced using the 
approximations (6, 13-15). The most advantagous direction of 
the line is. that with the lowest density of sites as shown 
in Figs. 1,2 for the square lattice. The method may be also 
used effectively for irregular lattices with dislocations. 

In three dimensions a separating plane replaces the line 
of two-dimensional case. In one dimension no approximations 
are necessary and the exPression for the free energy (7) is 
exact. Here <A2L>:and<A 2L>become the double site and the 
single site correlators, respectively. 

For models with the range of interaction longer than the 
lattice constant, the separating areas J with the width equal 
to the range of interaction are necessary. The Hamiltonian 
H can generally be a sum of arbitrary functions of a finite
number of nr. In the models where a superstructure app_ears, the 
lattice should be divided into the sublattices, that improves 
the resulting correlators substantially. 

We have applied our method to the model of an alloy, i.e., 
the Ising model with an-arbitrary spin, but it can be used 
in a number of other classical models, e.g., dimers, simple 
anharmonic lattices, etc.· 

The approximations in our approach iUvolve smaller clusters 
"than in the previous paper, e.g., for L=Z 13 independent va
riables occur in/a/, while in our approach only 7 independent 
correlators are to be calculated. The formulation of the 
problem in terms of correlators of occupation numbers and an 
unambiguous syStem of decoupling makes it possible to con
struct easily the. free energy of a general class of classical 
models in an arbitrary approximation. 
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APPENDIX 

In order to illustrate our method we shall apply it to the 
lattice gas with one kind of molecule in L=2 approximation. 

Now,n/ is the occupation number operator of the molecule, or =t-nf is the occupation number operator and the Hamilto
nian (I) involves only the summation over the lattice indices 

H "'' f n{ + ~ tlf 'if nf "fl •. 

For the sake of simplicity we introduce the following no
tcition 

<A'·( 1• 1) >a Z1. Y1 =1; 
1. ,1 

<11.'(1.2) >= z 
1~2 s• 

The number of correlators A\~;~) was reduced from 16 to 10 by 
means of the symmetry property (9); Yl are the degeneracy 
factors with respect to this symmetry. 

From the three symmetry conditions (ID-12) only two of them 
are ind~pendent 

z 5 +·.z 7 &·Zg +Zg •· 

IThe normalization condition '(8) yields 

fO yi· zi • 1.. 
1~1 
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(16) 

(17) 



Using the new notation, the free energy (7) has the form 

10 

+kT.~ y 1Lf(z,) 
1=1 

Lf(x) = x l'n x-x. · 

In order to write down equations for the correlators z1 .we 
use the method of Lagrange multiplicators, where the follow
ing expression should be minimized 

~ F 10 
r:f"=N+~(l-i:1yizi) -A(Z5+Z7-z8-z9) 

After straightforward calculations we get a system of nonli
near equations for fl., .\,, 71 and zi. i =· 1 •• .-.:tO. 
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-{3A• -{3~ 
M=-e Q=e 

f3=l/T, 

which are to be solved together with the linear equatiQns (16), 
(17). There are 6 linear equations among 13 equations (16, 
17, 18) which can be solved easily. The remaining 7 equations 
have to be treated numerically. 
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