


The cluster—variation method represents one of the oldest
approaches to the approximative treatment of the cooperative
phenomena in equilibrium statistical mechanics of lattice mo—
dels. A useful combinatorial technique for constructing an
approximative expression for the free energy - the sub?ect of
further minimalization has been developed by Kikuchi/1/A num-
ber of attempts to improve the efficiency of the method and
to perform a classification of various approximations have
been made since then. A general scheme of successive approxi-
mations converging to, exact results has been given in ref.3'4/
and rederived in ref/5/.  Our noncombinatorial approach, in
gome aspects related to ref./5/,provides a method for const-
ruction of convergent series of approximations to the free
energy in a more efficient way and in a siwmpler manner than
the methods deseribed in the previous papers. By minimizing
the free energy with respect to the correlators of lattice
site occupation numbers, we get a full information about the
equilibrium state of the system. The method can be used for
a large class of classical lattice models, but in this paper
we shall mainly deal with a relatively general model of am
alloy consisting of M kinds of molecules. It is described by
the following Hamiltonian .

M M : ’
: viv 1 vA v A

H a‘vﬂsiﬁi € ni+"2-y,§=1?,€"1€ o, ny, {1
where n¥ =0,1 is an occupation number operator describing the
presence of the »-—=th molecule on the i-th site. The fol-

- M

lowing relations should be fulfilled n'{n§ =8,.n{, Z n}=1.We
also assume a finite range of the' 'molecule-molecule interac*
tion « i . The lattice gas model is obtained identifying the
M-th particle with the hole, i.e., putting¢ =0, K‘;E’mg, K??‘ﬂ).-

Let the infinite lattice considered in (1) and the state of .
the system of molecules on the lattice be denoted by I and
by the random variable X, respectively. Let JcI divide the
lattice I into two separate parts I, ,Ip, (I{/J%YIg=1) in such
a way that no molecule which occupies a site from I; can in-
teract via potentialn{é'with a molecule which occupies a site
from 1. When J Iy, J,clp and Ay ,Ap and A are the random va—
riable describing the states of the areas Jy.Jsand I respec-
tively, the conditional probability P(AA, [A) factorizes
P(A,Ap|A)=P(A|A) P(AyA).
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Then P (A A) P(ALA)
P(A; AgA)=P(A;Ag| AYP(A) = — oy
(2)
On the other hand the probability P(A) is equal to the average
of the operator A ==_g‘t;li,where midenotes the occupation number
oy
operator n} of that kind of molecule which cccupies the site
i in the stateA. Then the relation (2) can be rewritten as
follows:

<A1A><A2A>:j S (3)
<A> ’
If J does not separate the areas Ji, Jg in the above-mentioned

sense entirely, eqs. (2), (3) will not hold. In this case
relation (3) will be used as a decoupling

<A1A><A2A>' |

<SAJAA > =

<R RAR,> - . 4)
L <A

It is possible to show that a series of decouplings converging

to the exact equation (3) can be constructed by choosing an

appropriate sequence of areas J.

For the sake of simplicity we shall develop our method at
first for a two-dimensional square lattice with the nearest-
neighbour interaction between molecules. In this case the
most advantageous choice of the areaJ is an infinite line
dividing the lattice into two halves as shown by empty circles
In Fig. 1. The areas J;,J; are denoted by the full dot and by
the semi-infinite area of full squares bellow I, respectively.
Denoting the states in the new defined areas J1.72.,7 by ran~
dom variables A,,A, A, we can again use eq. (2). We see that
for our choice of J4,J5,J the area JU Jghas the same form
as JPJU J5.Thus eq. (2) may be again applied to P(AgA),etc.
It is clear that the probability of the state £ of the whole
lattice can be written down as ) ’

P(E) =1 P(AllAl) = P(A1) ,

icr  P(Ay) il P(Ay

where Ai=A,;A; is a state of the area Ji=J;, Y I, and Jyy
runs over all lattice sites. Now the entropy s of the system
may be expressed by means of the quasi-one-dimensional proba—
bilities {correlators)

8 =~k nP(E) =~k§ (&1P(A});£nP(Aiﬁ

| (5)
=~kN (&8 P(A") =t P(n ) -



. {As we are interested only in
. oLt T L. T translationally invariant systems,
PR MR | we shall further omit the lat-

o o o 6 6 0%4%0%0 ", tice index in all the symbols).
T In order to find an approxi-
" r e o8 wLe &t ow e imative solution for the entropy

s, we introduce besides the in-
Fig. 1 . finite area J’, finite areas with

L lattice sites in both upper

and lower row. We denote them by

Jj;, and the random  variables, defined on them, by

Af=A’c UL N o
aF A ( gL), where u [y are vectors on the upper and lower

row of Jj; » respectively; upy=v(f ;=v) when the site i,(ig) is
occupied by v -th molecule, (Labeling of the sites of Toris
shown in Fig. 2). The finite random variable corresponding

s . . . . u
toA is defined as a linear combination Ag =2 A’( V’E-'L'"l).‘
: 2Ly L

Defining Ar on Jp=J'-J%Lin such a way that A(o:l. A, =A’and
A21£\1=A(Aris a random variable of the "rest'" ofJ’), we see
that
_P(A');.,.. ?(ArlA;ﬂ) P(Agr) : =;.P(Aé'h): =§AéL>
P(A)  P(A 1Ay P(Ag) PlAy) <hg>

is a good approximation when L is large enough, except for ¢
the close vicinity of critical points. For Lse the relation
{6) is exact. . ' .

Using (5), the expression for the free energy in approxi-
mation (6) is the following:

(6)

F =<H>-T8 2<H> +kTN( I <A >tn<Aj, >

E)

AL (M
- i;ﬁggiﬂn <Agp>) - _

The thermal'l ‘equilibrium values of the correlators <Agy > cor=

respond to the minimum of the free energy (7) satisfying si-

multaneously the following constraints:

(i) Normalization E,<K§L>Z =1 (8)
2L

(ii) TR NV S (9)

. (g‘L):- <A (!L)>_

(iii) Translational symmetry
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(iv) Mirror image symmettry of the upper row
. M
) <ﬁf(gL)> 3 <A’(EL)> (11)
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v) Equivalency of double correlators on the pairs of 51tes
(1,.1p) and (1,.2p)
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for v, Ar=1,....M~1. All other symmetries can be obtained by
superposition of the above-mentioned . ones. The constrainst

(8-12) represent K.~(N2L NL/2)/2+N +(N—1) +1 linear algeb-
raic equations, which reduce substantlally the number of un-—
known correlators. The remaining M2LEK correlators have to be
calculated by minimizing the free energy F by means of numeri-
cal methods or by solving the same number of nénlinear algeb-
raic equations which might be obtained using the method of
Lagrange multiplicators,

In the lowest approximation of our approach the quantity
should be put equal to 2. Now the constraints iv and v coin-
cide and the expression for K needs to be slightly modified.

+For N =2 (Ising model % =1/2)K =9. Tn order to obtain even
more simple approximations, we have to use the three lowest
decouplings from the sequence (4)

<m1u m12>:<m1f m2u>:

< - 13
Wy My my > ETHE ., (133
Mg, My, > <My, My >
, 2g My 1 2
i <m22mmm2 > s t £ 4 . (14)
u . <m gy > ?



—. (15)

<My, M . >
2 1y mlf Iﬂgu * <m1 1111 -3
u if

By applying (14) and (15) to Aj and A, we get the Kikuchi ap-
proxlmatlon (expression I.17 1n 3/) While that expression

is wvalid only for M =2, we have obtained its straight-forward
generalization for arbitrary M. The succesive application of
{13) to the KRikuchi approximation yields the quas1chem1cal
approximation.

The procedure for calculation of thermal equilibrium pro-—
perties of the alloy on the square lattice as described above
can be immediately used for an arbitrary lattice. We need only
to choose a line with one stop separating molecules in both
created halfspaces and to add one or more sites "above" the
line in such a way that the "upper" edge of the new area
would be a shifted "lower" edge of the area, i.e., the origi-
nal line. The obtained areas can be again reduced using the
approximations (6, 13-15). The most advantagous direction of
the line is. that with the lowest density of sites as shown
in Figs. 1,2 for the square lattice. The method may be also
used effectlvely for irregular lattices with dislocations.

In three dimensions a separating plane replaces the line
of two—dimensional case. In one dimension no approximations
are necessary_and the expressmon for the free energy (7) is
exact. Here <A2L> and <A2L>bec0me the double site and the
single site correlators, respectively..

For models with the range of interaction longer than the
lattice constant, the separating areas J with the width equal
to the range of interaction are necessary. The Hamiltonian
H can generally be a sum of arbitrary functions of a finite-
number oflﬂ’ In the models where a superstructure appears, the
lattice should be divided into the sublattices, that improves
the resulting correlators substantially.

We have applied our method to the model of an alloy, i.e.,
the Ising model with an arbitrary spin, but it can be used
in a number of other classical models, e.g., dimers, simple
anharmonic lattices, etc. -

The approxlmatlons in our approach involve smaller clusters

‘than in the previous paper, e.g., for L=2 13 independent va-
riables occur in’/3/,while in our approach only 7 independent
correlators are to be calculated., The formulation of the
problem in terms of correlators of occupation numbers and an
unambiguous system of decoupling makes it possible to con-
struct ea511y the free energy of a general class of classical
models in an arbitrary approximationm.



APPENDIX

In order to illustrate our method we shall apply it to the
lattice gas with one kind of molecule in L=2 approximation.

wa,n} is the occupation number operator of the molecule, :
nf =1-n!"is the occupation number operator and the Hamilto-
nian (1) involves only the summation over the lattice indices

e 1, 1. 11
H = % ng+ 3 13& %4p nilw

. For the sake of simplicity we introduce the following no-
tation o

<AL Yy siaa, =t <Arblysag,, 4, a2
11 1t ¥ (1’2 e 2 =

8 Yo =%

2.2 o _o. A2, : .
<K (1'2)_>~z7, Ye=2; <A (glip -Zg. yg=1;
Ry o _o: Ar2.2)s o -
< (2'2)> Zg, Yy=2; <A (2'2))_ Z,q qu 1.

The number of cortrelators Af(ﬁjﬁ) was reduced from 16 to 10 by
means of the symmetry property (9); y; are the degeneracy
factors with respect to this symmetry. . S

From the three symmetry conditions (10-12) only two of them
are independent :

. : : . ‘ ' - (16
Tp+Zgx=Z, + I Zg+E, =Zg +Zg." (16)
lThe normalization condition €8) vields

0 - ' 17
igiyi Biu-l_' . an




Using the new notation, the free energy (7) has the form
F

——— - —

N5 [22)+ 825425482 +22 4225+ 2, +2g+Tg)

10 -
+§-x[3z1+4z2+z3+2z4+2z ]+kTE yiLf(z ;)

-kT[Lt‘(z1+ 20+ LE(2 g+ 2g)+ LI (2 y+2g) +Li(25+24)

“+Lif(zg+25 ) +LI(24+2 ) ¢ Lf (2g+89) + Li(2y+2 )]

Lf(x) = xfn x-x,

In order to write down equations for the correlators Zy,wWe

‘use the method of Lagrange multiplicators, where the follow—
ing expression should be minimized

F F 10
ﬁ’t‘"‘“ﬁ".fﬂ‘(l-iflyizi) -—Al(zs+-z7-:zs-zg)
- (Bg+Zg—2Z,~2g5 ).

After straightforward calculations we get a system of nonli-
near equations for u, A,p andz;, i = 1,.10.

_ 12 g6 .
z2,q=1K°(z,+2,)}

(250) 2 =E7'L3 BB (2,42 4) (2y+25)
2,9 = ET'LK?(z4+2,)
(z4q)2 =BL3 K4(z1+ zq)(z4+.'zs)

' (250 %=EMEF Rz, +2y) (2 2 )



(2, 9)° =LF(22+26)(ZG+29)

(2,9 2o LMt (2g+2,) (2,42 )

(zsq) =LM(z4+z8)
(zgq)2=LM(z5+zg)(zs+z9)'

(2300 =z,+2,,

B _Bx
L =¢ 2 K =e 8 E ehsn' M ae-ﬁh' q ehﬁu

which are to be solved together with the linear equations (16),
(17). There are 6 linear equations among 13 equations (16,

17, 18) which can be solved easily. The remaining 7 equations
have to be treated numerically.

REFERENCES

I. Kikuchi Phys.Rev., 1951, 81, p. 988,

2. Burley D.M. In: Phase Transitions and Critical Phenomena,
eds, C.Domb and M.S.Green (Academic Press, 1972).

3. Kikuchi R., Brush $.G. J.Chem.Phys., 1967, 47, p. 195.

4. Kikuchi R, J.Chem.Phys., 1976, 65, p. 4545. .

5. Woodbury G.W. Jr.J.Chem,Phys., 1967, 47, p. 270.

Received by Publishing Department
on July 10 1981.



