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I. INTRODUCTION 
In recent years the fragmentation of one-quasiparticle 

states has successfully been studied experimentally 1"3'.A cor­
rect description of the fragmentation of one-quasiparticle 
states has been obtained within the quasiparticle-phonon nuc­
lear model'*'5 , which is described in ref. '6 . The experimental 
information on the fragmentation of two-quasiparticle states 
is extracted from the spectroscopic factors of the one-nucle-
on transfer reactions in odd-A target nuclei. It has been 
shown WW that the two-nucleon transfer reactions of the 
type (p,t) may provide a more complete information on the frag­
mentation of two-quasiparticle states in spherical nuclei. 

The spectroscopic factors of the 9 1 Zr(d,p)92Zr reaction 
are determined experimentally in ref. • The expressions 
for spectroscopic factors of one-nucleon transfer reactions 
within quasiparticle-phonon model are derived in ref. ' . 

The present paper is aimed at calculating the fragmentation 
of two-quasiparticle states in 9 sZr and some even-even Sn 
isotopes with the wave-functions including one-phonon and two-
phonon components. 
2. BASIC FORMULAE 

The wave function of the excited state of a doubly even 
spherical nucleus is the following: 

V n J M ) = 4 R l ( J v ) Q ; M i + A i A s i i P A

A ^ ( j , ) i Q i i M i Q ^ 2 i 2 i J M ^ < 2 . 1 ) 

where 4*0 is the ground state wave function. The two-quasi­
particle component jjj 2 with spin J of state ^described by 
the wave function (2.1), is 

• W ^ - f 1 ? *{и*)ф$в\2. (2.2) 
Here Ji \ j g are the quantum numbers of single-particle 

states, <Af is a phonon amplitude. 
hit 

The spectroscopic factors of nucleon transfer on the sub-
shell j of an odd-A target have the following form / i l / : 
for the reaction of type (dp) 
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s J i 0 ( J r : ^ ) = c f o V o u ^ J i J s ( J f ; ^ ) , (2.3) 
for the reaction of type (d,t) 

sij <Jr :ч„>-с" У » Ф . , ( J t ; v u ) , (2.4) 
where u. , v, are the Bogolubov transformation coefficients, 
C^ „ determines the contribution of the one-quasiparticle 
Jo'o 

component to the norm of the ground state wave function of 
an odd-A nucleus. 

The following expressions are often used: 
23+1 

К И,;ч )=— ( - S.. (Jf;,);S' (» )-S8' (J ;, ). (2.5) 
JJo f " 2j 0+l "o f v JJ о " j f »o f " 

It is more practical and convenient to use the strength func­
tions for (2.3)-(2.5) at high excitation energies. The expres­
sions for these strength functions are given in ref. In 
our calculations we use the same Hamiltonian parameters as in 
ref. '"'. 

3. RESULTS OF CALCULATION; COMPARISON WITH EXPERIMENT 
Rich information on the fragmentation of two-quasiparticle 

states of the "particle-valence particle" and "valence par­
ticle-hole" type is gained in the reactions of type (d,p) and 
(p,d) on odd-A target-nuclei. In the one-nucleon transfer re­
actions on odd-A nuclei at fixed i, the states with different 
spins Jf are excited. Therefore, in studying the fragmentation 
of two-quasiparticle states the summation was taken over J t . 

Let us consider the fragmentation of two-quasiparticle 
states of the "particle-valence particle" type in 9 2Zr. The 
results of calculations will be compared with the spectrosco­
pic factors, measured in refs. ' in the reaction 9lZr(d.p)93Zr. 
The spins of final states Jr have not been determined in 
refs. / 9-l°' and the spectroscopic factors S JJ (Л f, r) v ) are 
presented for all possible spins J f of each quasiparticle 
state. The experimental data are represented as the spectro­
scopic factors S'.I (>?„ ) determined by formula (2.5). There­
fore, the results of calculations are shown in fig.1 in the 

Fig. 1. Spectroscopic factors of the (d.p) reaction due to the 
fragmentation of two-quasiparticle states in 9 2Zr: a) experi­
mental data / 9 /; b) experimental data ' l 0 /; c) calculations by 
formula (2.5) with summation over spins of final states. 
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Table 1 
Integral characteristics of two-quasiparticle states 

in 9 sZr 

Experiment C a l c u l a t i o n 

Ref. 10 Ref. 9 
AE=(0-5.4)MeV 

« 0 дЕ=(0-5.4)МеУ д E=(0-4-9)MeV 
AE=(0-5.4)MeV 

*Ло 
SS ' H i.. 

JJo 
2S'.. 

" о 
E.. 

JJo 
SS'. 

JJo 

l 2 d & / 2 , 2 d 5 / 2 1 1.43 3.79 1.35 4.62 1.5 3.11 

(3s 1 / 2 , 2 d 5 / 2 f 2 ,94 1.30 2 .93 2 . 2 8 2 .9 1.70 

| 2 d 3 / 2 , 2 d 5 / 2 1 4.087 .2.59 3 .763 3.65 3 .8 3 .0 

| 1 B 7 / 8 ' W B / 8 I 4.207 4 .55 3.674 2.99 3 .3 6.6 

l l h l l / 8 - 2 d 5 / 2 ! >3.44 0,66 >3.31 2 ,84 4 . 8 5.2 

I 8 f 7 / g , 2 d 5 / 2 i >4.53 0.39 >3.18 0 .23 5.11 1.7 

same form. It is seen from fig.1 that the values of the spect­
roscopic factors obtained in these experimental papers differ 
considerably. The integral characteristics of the strength 
distribution of two-quasiparticle states are shown in table 1. 
These are the centroid energy 

EJJOV,^ E ч*Ч1оЬ*К&**и№ 
and the sum of spectroscopic factors 

(3.1) 

(3.2) 

in the energy interval AE. 
Now we discuss the specific features of the fragmentation 

of two-quasiparticle states in 9 2Zr. ' The state l2d 5 / 2,2d & / 2 I, 
whose both quasiparticles are located on the Fermi level, is 
fragmented in the energy interval 1-3 MeV. A large part of 
strength of this state with respect to the sum rule limit is 
observed experimentally. Our calculations give the sum strength 
larger than 50%. This is due to the value of the factor u^ =0.75. 

d5/2 
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In papers -'eil°' the spins of final states have not been de­
termined. It was assumed that in the one-nucleon transfer 
with ( = 2 up to an energy of 3 MeV just the component 12d 5 / 2 , 
2d 5' 2i was excited. These data for S',. within 20% are in 

/12' 
agreement with the data of ref. , obtained in the reaction 
9IZr(d)p) 9 2Zr. The calculations show that almost the whole 
strength of the configuration i2d 5/ a >2d 5 / a I is concentrated 
up to an energy of 3 MeV. The theory describes correctly the 
fragmentation of two-quasiparticle states f3s1/2,2d & / 2 I a n d 
I2d3,2 ,2d & / 2 (. A more strong than the experimental concentra­
tion of strength is obtained for the configuration tlg 7 / 2,2d 5 / 2 1 
in the region of 3-4 MeV. With increasing excitation energy, 
the experimental observation of individual state becomes dif­
ficult. Just a small part of the Uhjj '2»2dg/g ! strength is ob­
served experimentally. The calculations show that a conside­
rable fraction of this strength is in the energy region higher 
than 4 MeV. On the whole the experimental data and our calcu­
lations provide a similar picture of the fragmentation of two-
quasiparticle states in 9 2Zr.It is seen from table 1 that the 
integral characteristics calculated of the two-quasiparticle 
states agree with the corresponding experimental data. 

We can state that in general outline a proper distribution 
of strength of the two-quasiparticle states in 2Zr is ob­
tained within the quasiparticle-phonon nuclear model. This is 
achieved without fitting the model parameters which are fixed 
in ref.'13' in the calculations of the neutron strength func­
tions. Note, that the calculations in refs/ 9 , 1 0 describe 
well the spectroscopic factors too. 

In recent years the experimental data on the fragmentation 
of two-quasiparticle states in the Cd and Sn isotopes have 
been obtained in the (p,d) and (p,t) reactions. At the excita­
tion energies of 7-9 MeV a resonance-like structure is obser­
ved in the (p,t) reaction cross sections on doubly even isotopes 
of Cd and Sn. The peaks in the cross sections are caused by 
the excitation of components including a valence particle and 
a deep hole / 1 5 /.The two-hole states are assumed to have some 
admixture. The investigations / 1 5 , 1 6 / of the (p,d) reaction on 
lll,H3cd a n d 1 1 7 , 1 1 9 S n show the existence of pronounced re­
sonance-like structures at the excitation energies of 
6.7-9.0 MeV. Both the excitation energy and the width depen­
dence with mass number A are similar in one- and two-nucleon 
transfer. The widths of these structures in the (p.d) data 
are significantly lower than the ones deduced from the (p,t) 
studies. 
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Fig.2. Fragmentation of two-quasiparticle states in 
doubly even Sn isotopes: the solid curve is Sjj0(i/) 
for the configuration I2d a / g .lfig/g I, the dashed curve 
is Sjj (>j) for the configuration llg7,2. ig^"?2 I . the 
dot-dashed curve is Sjj0 (7) for the configuration 
l3s ] / 2 ,lS 9/2 I , the dotted curve is S' (J?) for 
the configuration (lh,1/2, lg 9' 2 I. 

At the excitation energies more than 5 MeV the state den­
sity is large. In the reactions (p,d) and (p,t) at fixes trans­
fer momentum £ the states with different spins it of final 
doubly-even nuclei are excited. Therefore, to study the frag­
mentation of two-quasiparticle states, one should calculate 
the strength functions (2,4) and perform summation over the 
spins of final states. 

Now we study the fragmentation of two-quasiparticle states 
in doubly even isotopes of Sn. The strength functions, deter-
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and width l'jj0for doubly Fig.3. Centroid energy Ejj0 

even Sn isotopes: a) dependence of Ejj_ on A; b) de­
pendence of Г,, on A. A refers to the final nucleus; 
the points connected by the dashed line are the experi­
mental data on the (p, t) reaction 1 5 ; A is the expe­
rimental data on the (p,d) reaction'15'; the points 
connected by the solid line are the calculations for 
the(p.d) reaction by formulae (3.3) and (3.4). 

mined by formula (2.4), for the two-quasiparticle states 
lig7/g. lgi/ 2l' ! 3 si/ 2 - W s > ' l 2 d3/a - l f i9/2 ' a n d f l hn/g 'Щ'г ! 

for the Sn isotopes are shown in fig.2. The energies of the 
peaks observed in the (p,t) reaction are denoted by arrows. 
In one-nucleon transfer reactions of the type (p. t) on odd-A 
target-nuclei, the two-quasiparticle states of the valence 
particle-hole type should be excited. Such configurations are: 

110 
120 , 

Sn f i g 7 / P , i g q - ; j , i n 112.114.116.118 S n _ ! 3 s . 
1 '2 l g 9 / 2 

in 1 2 0 S n - I 2 d g / g , l ? e / 8 l , in 1 2 2 - 1 2 4 S n - l l h n / 2 , l g 9 / 2 |. In the (p.t) 

r e ac t i ons t he re are a d d i t i o n a l l y exc i ted the two-hole and the 
p a r t i c l e on the l eve l adjacent to the Fermi leve l and the deep 
hole s t a t e s . 

The cen t ro id energy Et Ho and width l"jj0 obtained in the 
(p,t) and(p.d) reactions with the formation of the same final 
doubly even nuclei for different Sn isotopes, are shown in 
fig.3. For the calculation of centroid energy and width the 
following formulae have been used: 

Б uo-*£ * s W " ) d * / N N - A / e W ) * » 
Ho 

ДЕ 
2J35o 

AE 
T 2 = ; (в . . - t , ) 2 s 

AE Mo iJo (T))<VN. 
(3.3) 

(3.4) 
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The calculations of Ej« and Tj. are performed for the (p, d) 
reaction for the valence particle and hole lgg/jj configuration 
with ЛЕ = 2 MeV. It is seen from fig.3 that the calculations 
of the centroid energy Ejj agree fairly well with the expe­
rimental data on the (p,d) reaction. The calculated energies 
Ejj are somewhat lower than the peaks observed in the (p,t) 
reactions. The energy Ejj increase with A due to the de­
crease in the hole state 1ё~$/г energy with respect to the 
Fermi energy. The calculated values of Ejj for the two-quasi-
particle states {3s 1 / g >lg^/2l in Sn and Sn are equal to 
7.8 and 8.1 MeV. According to ref. the energies for the 
one-quasiparticle state lg"^ in 1 1 5Sn and " 7 S n are equal 
to 5.5 and 5.6 MeV. The difference between these centroid 
energies is 2.3 and 2.5 MeV, that is somewhat less than the 
difference between the experimental data /8.15''. Thus the cal­
culations clear up the experimental difference observed bet­
ween the centroid energy for the hole state in odd-A and do­
ubly even tin isotopes. 

The calculated widths are somewhat less than Г„ measured 
JJ о 

in the (p,d) reaction. The calculated dependences of Г... on 
A for the (p, d) reaction are caused, first, by the lg9/2 subshell 
position with respect to the Fermi energy, and second, by the 
spin j 0 of the subshell corresponding to the ground state of 
an odd-A target nucleus. If Jo is large, the two-quasipar-
ticle configuration has many spins, that leads to an increase 
in the width Г„ .Indeed, the configuration |lg lg | 
with many different spins is excited in 1 1 0Sn. The width I"jj 
in 1 1 2" l l eSn somewhat decreases, as the configuration 13s. ,2,lg~' I 
with tu<. spins 4 + and 5 + is excited. In 1 2 0Sn the configura­
tion I2d3,/8,lgjj?2 I with J" = 3 +-6 +is excited and the width 
slightly increases. In 4Sn there is excited the configura­
tion llhu/glgg.^Kwhich is strongly fragmented in the interval 
(7-10) MeV. The increase in the width r"jj0 with A is due to 
an enhancement of the fragmentation of the states <3Sj/2,lgg/2 t; 
this is demonstrated in fig.2. The results of our calcula­
tions for Ejj and Tjj and the available experimental data 
for the (p,d) reactions are collected in table 2. The calculated 
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Table 2 
Centroids of energies Ejj 0 and width I'jj0 for 
configurations excited in the (p,d) reaction 

% * f]jo 
Nucleus Exper. Ref. С ale. Exper. Ref. Calc. 
1 1 0 S n 6.7 0.94 
1 1 2 C d 6.95 16 7.5 1.2 
1 1 2 S n 7.5 0.9 
1 1*Sn 7.6 0.8 

1 l 6 S n 
7.79 
8.0 

15 
16 

7.8 1,38 15 1.0 

1 1 8 S n 8.14 
8.25 

15 
16 

8.1 1.6 15 1.2 

1 2 0 S n 8,2 1.4 
1 2 2 S n 8.4 1.5 
122 ? e 7.6 1.1 
1 2*Sn 8.5 1.7 

f'jj0 are slightly lower than the experimental values. The 
ratio of the widths for 1 1 8Sn and 1 1 6Sn is in agreement with 
experiment. 

We can state that the two-quasiparticle valence particle-
hole lg 9 / ; ? configurations in doubly even Sn isotopes are lo­
cated in the energy interval <,\-%) KtV at 7-9 MeV. About 
70-80'Л of strength of these two-quasiparticle states excited 
xn the (p,d) reaction is concentrated in this interval. 

The calculated energy Ej J ( ) and width Г ^ 0 dependence on A 
for the (p,d) reactions on odd-A Sn - isotopes is similar to 
the experimental data on the (p,t) reactions. This similarity 
is due to the excitation of the valence particle-hole 1ёд/г 

configuration in the (p,t) reaction. This fact has been pointed 
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out in ref/ , 7 /. The "hole-hole" and "hole-particle" configu­
rations with a particle close to the Fermi level, can also 
be excited in the (p,t) reaction. The spectroscopic strength 
functions S'j (r)) for these states are shown in fig.2. 

The configurations l3s1/2,lg~*g I, tedg^lg"/,, i and IS^/^lSg"^ ' 
lie in 1 1 0Sn at 6-8 MeV, i.e., at the same energies as the 
peak in the (p.t) interaction. Excitation in the (P.t) reaction 
of these configurations alongside with the fli^/glgg/g i confi­
guration increases the width Гу as compared to the (p,d) 
reaction. It should be mentioned that the llg7/2, 2p^,2 i confi­
guration in 1 1 0 S n is in the region of 8.5 MeV. In the (p,t) 
reaction in 1 1 4 , 1 , 6 S n apart from the main configuration !3s 1 / 2, 
lg~? I there may be excited the configuration Ue^/g. lejj/g '. 

, 2 d8/2 , l B9/z ' a n d ' 1 Ь11/г' 1 к9'2 !' Т п е i n c r e a s e i n the width r j J Q 

in the (p, t) reactions on heavier Sn isotopes is due to the 
enhancement of the fragmentation of states !2d 3 / 2 4g 9~2 ' and 
llh 1 1 / 8,lgrl e|. 

We can state that the resonance-like structures observed 
in the (p,t) reactions on l12-la*Sn at (7-9) MeV are mainly 
caused by excitation of the following states tig-, Л&За ' » 
JSSj/jj.lg^l, !2d3,p .lg^'g I and llh n ̂ .lg",^ l-According to the 
calculations the strength of these states is fragmented in 
the energy interval 6.5-9.0 MeV. 

A similar picture is observed for the Cd and Те isotopes, 
whose single-particle spectra of the neutron states are ana­
logous to those of the Sn isotopes. The strength functions 
S H (Jfl7?) a n d s'ij W f o r t n e configurations |3s , l g g } 0 I 
i n 1 1 2 C d and 1 2 2 Те are shown in fig.A. These configurations are 
to be excited in the reactions m C d ( p , d ) 1 1 2 C d and 123Te(p,d)l22Te. 
It is seen from fig.4 that these two-quasiparticle states are 
fragmented in the interval of about 1.5 MeV at 7.5 MeV. Simi­
larly to the Sn isotopes, about 70% of strength of the con­
figuration №s)/2,lgg}j} 1 is well localized. The calculated 
value of E y 0 for 1 1 2 C d agrees with the data of ref// 6 within 
the experimental errors. The experimental data on the (p.t) re­
actions / 7 ' 8 / for these nuclei show the peaks at slightly higher 
excitation energies. 
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In the (p,t) reactions'?/two peaks in the cross sections are 

observed on the Cd i otopes. The low-energy peak at about 
7 MeV has the same nature as in the Sn isotopes. The high-ener­
gy peaks lie at about 12 MeV in the Cd isotopes. The depen­
dence of Ejjo on A for these peaks is in agreement with the 
assumption that the two-hole levels are excited. Our RPA cal­
culations show that at the excitation energies 11-12 MeV in 
the 1 1 0 ' 1 1 2 - 1 1 4 - t l 6 C d isotopes there are hole-hole\2u~/ s, lf57| | 
andi2d5"}j> .2pJ/2l configurations. The configuration ilgjT/g/g g/2 ' 
is somewhat higher. The valence particle-deep hole lf 5/ 2 , 
i3s 1 / 2,l^, 3 landlSdg/g.lfj/gl configurations are also localized at 
these excitation energies. These configurations can also con­
tribute to the (p,t) reaction cross sections. It is interesting 
to investigate consistently the (p, t) and (p, d) reactions on the 
Cd and Те isotopes. 

4. CONCLUSION 
The calculations and comparison with the experimental data 

show that within the quasiparticle-phonon nuclear model one 
can correctly describe the fragmentation of two-quasiparticle 
states in doubly even spherical nuclei. The quasiparticle-pho­
non interaction influences greatly the fragmentation of two-
quasiparticle states. 
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The investigation of the fragmentation of two-quasipar­
ticle states in the Sn isotopes has shown that the two-quasi­
particle states of the valence particle-deep hole-type are 
localized at the excitation energies of (7-9) MeV. They should 
be observed in the one-nucleon transfer reactions. For some 
nuclei the energies and widths of peaks, which can be obser­
ved in the one-nucleon transfer reactions are calculated. It 
is significant that reactions of the type (p,t) provide an im­
portant information on the fragmentation of two-quasiparticle 
states. 
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