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BecTBaHhcKn E. E4 ·- 8016 
Bnnsmne onHo- u .nByxocHoro KpucTannn'IeCKoro nonst Ha 
cneKTp B CI!CTeMaX C 6UKBanpaTHb!M 06MeHOl\l 

PaccMoTpeHbi sneMeHTapHbie B036y>KneHUSI B cucTeMax c 6nKaanpaT­
HhiM 06MeHOM, OllHQ- II llBYXOCHOH 8Hri30TpOITHefi. 

llpenpHHT 06'beJlHHeHHOrO HHCTHTyTa RJlepHbiX HCCJie.llOBaHHii .. 

,ll;y6Ha, 197 4 

Westwanski B. E4 - 8016 

Influence of Uniaxial and Biaxial Anisotropy 
on the Spectrum in Systems with Biquadratic 

Exchange 

The spectrum of elementary excitations in systems with 
Heisenberg and biquadratic pair interactions, uniaxial and 
biaxial crystal fields and in an external magnetic field 
consists of2S branches connected with changing the quantum 
magnetic number, Sz , by one, and 2S- 1 branches corres- ' 
ponding to I AS z 1 = 2 • By applying the diagrammatic techni­
que, the expressions for spectrum for S=l are obtained. 
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The Heisenberg and biquadratic exchange pair· inter-' 
actions with ··an external: magnetic· field. h , uniaxiai D 
and- biaxiai E crystal fields 'are of specia'l interest /I-4,L" 

.. ' .. ,. . ·. ~- ~ ' . . . ~_,....... "' -. 
;:f r 

J{~-I[-hS~ ·:._ DS~ __ _!_E,<g-:- +_·g~) J'- ·--. . '·:•'. (1).';: 
., l· ,J I 2· -1., "I ,.., ... ,.~ ;~ ' 

•. ·,,.,.. 

-1 -~·· .· , .. ·, ··, ·...: . s . . . -> -> . '2 . 
- ~ [J. . S. · .. :1- K ... ( S .. S,. ) . J , 

. . ·2· j fo j . I J I J' . I J .. I . "J .. . . ' 
~· >,}·~- ~- ·,-.~;. '"' _r: 

l· 
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This Hamiltonian has the follow-ing . properties/.1 1 ·. · (here 
we assume s = 1 ): only thermodyn-amical a:verages 

. 't~t ~ ~ - • -

z - .. 2.- 2 +' - 2 z -.. 2 - (2) .. <.S >-m, .s +S /-q 2 ,<S /---q 0 z 3 

are ·different from zero. Therefor'e we select from (1) 
a self-consistent field (in contrast to/:>./, whe~e II)Olecu­
lar field was considered) as a function ·of order~paranie­
t~rs' (2) and ·include ~~ into the zeroth-\jr~~r ~~milto-
man I 4 I . . . " , . . .. ~ 

.. ,' '_ -2 . 1 -2. 2, 
J(·' =I}{.'".}{ ·=.::.h·sz -DSZ---E(S- s+) 

0 . 0 i ' 0 i . j, 'i -2 . . i + i I . . 

- - - · 1 I h = h +aim z, D = D + 3Iq 0 , E=E+ -lq 2, I =-:IKi1·, 2 . 2 i 

(a+l)I=IJ .. 
.· . I J . . " .· 

(3) 

Then the Hamiltonian (1) takes the form 

R,;, }{ 
0

. + c + }{ '. ;. (4) 
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where constant, ·C , and interaction, J{ ' , are given in 
/3-4/ . Under the unitary transformation, U = IIUi, with 
U. presented in 13< the Hamiltonian (4) becomes as follows 

1 

' 13 - 13 
H = C + H 0 + V ; H 0 = ~ H0 i ; H o i = -ll Q i - D Q i ; 

'1 

ll 2 = h2 + E 2 'V=U+WU=-l.~ v+ -Ji ') Iflvi.Y 8(
5
) , 2 ..• ~ yo,p. d ' J , 

1 ), rv' p.v 

where indices yo" ~nd p.v rupoverth~set11423,{2,2ll3,111,2l, 
11= 'Q 13, 1~ .. = Q 1_3, 113:= $ ~3~, (A =A- <A>) II\'' = s p.v·(p. v ,:: 12 •. 2~) andQ1 F .. C l3 ,S p, 512, s 23 ~ie the 
spin one operators s z , ·. ( sz) 2, ( s-:)2 , s -s z, -S z_ s ;-, 
respectively~ 'in" tlie new representation. The. Fourier 
transform of the symmetric· interaction (in 131 this inter-

" action contains the operators A = A - <A> 0 , and is present-
ed in nonsymmetric form) matrix· v + - ·( k) (5) has the 
form of the simple product of two 4x4 matrices. Elements' 
of the first of them, V/a pv(k) ,connect the operators 
changing the magnetic quantum number,· s z , by unity and 
those of the second matrix connect the operators, changing 
the. ~nagneJ!j·.quant~m pumber, S z , by tw(), apd d~go~al 
operators . . . .· . . . . .· 

. According to d>) we define . the Green functions as 
follows 

- + qp_v,yo (r.-:,r', .i---j) =:<TJf~(r)J) 0 (r.~).> .•. '·' .. {6) 
,., ,'.it :~4-~~·~·/. ~: .·~ .. 

Th~ 8x8. matrix -Areen func~Qn G-. +(~_,icun>~~th ~ompo­
nents. (~)'has the ,simple product. st~:ucture analogous to 
describ~d· above' interaction matrix ·v+ lk).The spectrpm. 
of elementary excitations is given by the poles of the 
analytic continuation , i wn ... • w :' .P! ff-e pr~en functions 
(6) and is obtained from the condition 3- 5 · 

. - + .... . + - ... 
det[f...:. ~ (k, iwn) V (k)].= 0, (7) 

where ~- + is irreducible polarization pint ~f G- +.In the 
zeroth-order appr9ximatjon of .the self~onsistent:·field 
method non-zero elements of the matrix ~- + ar' g}ven 
.in/4~ •.. Due to (7) and relations (9-10), (22-23) in· 4

1 the· 
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first Green function subsystem (constructed from opera­
tors. willi·P~ s z 1 ·,;· 1 ) gives·'two ·branches of spili waves 

,-."- • _.--"-· ·, r·.. • 

2 -> 2 ... 2 ... .;;;, . 2 ·'. "''' ' ·. 
cu

1
, 

2
(k) .=; {~ 1 Jk},:t- E 2 (~). -: [h(~£- K k) ~/Ill :!: o~ l/2: 

,J,:: 

; ' . ... • ' ,. "' ' ' 2 . - 2 2 
f_ • '(k) = ll,'-: hJ k ... /2 ±' ~ '; ·Y4' '= D' + (hF~/2) I •• 

1,2 -· ' '· ' ·: .. k' ; k . '·, k 

.· 
- DJ-+ A- (J ... - K ... /2) K ->(b 2

' ·::. >.' 2 > I 2· 
' . - ·k ' ' ' 'k -. . k. . k ' (8), 

.2 2 ... ' ' .2 -+ 2 .. ' :._ 2 a ... =[£ (k) - ~: (k)] - 2[h(J-+ -·K-+) E/ll] 
k l 2 k k 

X 

x[~:i<k'> +~:;<k> -2(1l>./h-D> 2l+[h(J'k-K'k)E/t-.l
4

• 

' i- . :'f. 

The second Green function subsystem (constructed from 
th~ :Qperat~rs W,ith ~~ Szl= 2 and diagonal ones) gives ~me 
more branch of elementary excitations 
-'cu2'(k) ··,:, 41l{-ll ,;_ h[(l'.c+K ... ·'/21l')'('J:..'~ K...,) ('E/:t-.)t ' 

3 . • . . . . . . . k . ' -. . : . k. : 'k; : ' . . . 

+Kk. ( l + K t /41l')]l ;b=,;:Ql~;~ 'A~3-<Ql3> ~:~2. ~~-·ll/b,(9) 

The averages < Q P. v > 
0 
o~er ·the· z·e~~~ .:ord~~ Ha~ilt~~ian 

Ho (5) are. f?nctions of.· the order. parameters (2). and are 
given in 13- 4• The selfconsistent equations for these para-
meters have the-form. . .,· ,_. ··· :r·· .,, · 

13 - I A s 13 . t 13 E- I A ' Q13 . 2 m z = .<Q > h u - < +::; > 2u, q0 = .< >- 3, 
(10) 

· ·=·~Q- 13 > 2£'; ~-+. <S13··+ 5'13 >;h;··~ 
q 2 . :: . ' 

+ - . 
where<Q 13 >,<S13+S1~,<Q 13 > are to be calculated using 
the diagrammatic techniquel3,5/: In the zeroth-order 
approximation of the selfconsistent field method < S 1 3 + 
+ s 13 >o = o and from (10) we get . 

mz= hh/ll, q 2 = 2hE/Il(hq 2=2Emz>,q 0 =A/3~ (11) 
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The-: solutions .ofJh~. equations ,(11) ~together with;~~ exp;:; 
ressions (8-9) give the spectrum for T ,f o in the above 
approximati_on. 

! When E -~ 0 .. the ex~ressions for spectrum (8-9) .t~ke 
the form of those in I I. In the limit E ~ 0 D ~. o-the 
equations ,simila~· to _(11) are_ given also, in/2 / and are 
solved for h' = D = E = 0 ; froin these solutions 121 for 
T = o it follows that the branch w1 ( k) ;, is i acoustic 
and w 3 (k) is also acoustic, if, 1 ij = ,K i j 

6 
'.

7 
• This 

result is due to the fact, that the total dipolar moment 
commutes with isotropic part of Hamiltonian (1) and the 
total quadrup<)lar moment has the same propetry' _·when 
1 · · = K .. 

1 J. 1 J 
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