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On the Methods for Calculatlnq Alph 
The Shell-Hodel and the Resonanc 

ulatlon of re8ctl~ theory, new ex· 

1. Introduction 

In the recent paper?) an attempt has heen made to describe 

the a decay process in the framework of a unified formulation of 

reaction theory. This theory unifies the advantages of the shell-

model description of the mother and daughter nuclei and the opti­

~ al model describin~ the motion of the emitted a narticle. 

The present paper is aimed at clarifying relations hetween 

the conventional theories and the internretation of the a decay 

process as a special case of t he nuclear resonance reaction. 

In Sec .2 , we g ive the bas ic fo r mulas which des c ribe theo­

decay process . 

In SC~ . ~ the int eg r al a wi dth for mula is reduced to the 

surface formula with the help of usua l ~ppro ximations. 

The relation between t he r es onance 5ta t es and ~ form fac­

tors is discussed in $cc . l. I n Sec . 5 we an a lyse th e apnr ox:ima­

tions leading to the one body formulas of t he a dec ay width in the 

conventional theory 1-4). Two approxima ti ve a wi d t h form u l3s ar c pro­

posed in SCC". 6. Some conclusions a rc gi ve n in Sc-c . 

2. The a J ecay width 

As is well known (s e e ,e .g ., r efs. l -?) the a decay width is 

given by the matrix: elements of the total Hamiltonian between the 

decaying state I~k> (quasibound) and scat t ering states ! x~> 

(final states): 

f k • 2I L I <~k I H lx~> 12. (1) 

c 

In eq. (1) we denote by index c all the discrete quantum num­

bers for the daughter nucleus and the a - particle. The conti­



nuous number E gives the total energy of the system (i.e. ,the 

sum of the ground states and the excitation energies of the 

daughter nucleus and the ~ particle and also the kinetic energy 

E of their relati ve motion. The normal i za tion of the basic states 

I$k> and Ix~> is given by 

<~k I <l>k'> E 0kk, (2) 

<x~ i X~> '\c' 6( £ -E') . (3) 

The sc att er i n g sta te Ix~ > satisfies the i nt e grod i ffe rential equa­

tion 

( E -II) l x~ >=-~< C'k l ll lx ~> l 4> k>. (4) 

The solution to eq. (4) may be written in the form : 

(5)I x~> IXF,c. >- L <4> k l I x~ > I XC > 
. , o k E; k 

whe re i xc > is a solution to the hornogeneous equation 

E; o 


c (6)
(E-H) I X > o 


E;o 


satisfying the usual boundary cond itions for the scattering s t a tes 

(i.e. ,contJ ;ning an incoming wa ve in the channel c and outgoing 

waves in all the open channels). rurther" x ~;k > is a particular 

solution to th e inhomo gene ous equation 

(7) 
(E-II) I X~;k> I <Ilk> 

~hich fulfils th~ usual boundary conditions for the bound states 

(i. e. ,v ani shes at l a rge dist anc e between the fragments). 

The inhomogeneous equa t ion (7) descri bes the rel at ive mo­

tion of t he products of t he a dec ay whi ch is dis t urbed by the 

coupl ing of t he scattering s ta tes t o quasiboun d states. 

2 

I"f rearrangement collisions ( in which the quantum number of 

the scattering state c is changed) are absent and the nondiago­

lal matrix elements between open-channel wave functions vanish, the 

scattering states must be orthogonal to the quasi bound states 

<x~ I tk > o. (8) 

Now, using eq. (5) and the orthogonality condition (8) one obtains 

the system of algebraic equations 

~ <$K, I Hlx~><4>klx~; k > <4>k l x~;o > (9)
k' 

from which the unknown matrix cl ement s <4>kI Hl x~ > can be deter­

mined. In an irnportant case of an isolated qu as iresonance state k, 

the sum in eq. (9) contains only one terrn k' k and the correspon­c 

ding expression for the a decay width becornes 

<4> IXC 
r = 2~[ 1 k E;O : I 2 (10)k . 1<4> IXC 

e k E;k 

The scattering states can be written as products of intrinsi c 

states of the fragments and the radial l $eE > and angular part l Ye> 

of the function describing the relative motion 

Ix~> l4>e,E> ita (0): 4>6 (n» Yf (fI» 
c (11 } 

l4>e,E> Ie > 

The Hamiltonian H is the sum of the Hamiltonians for the separated 

fragments and the Hamiltonian describing the relative motion of the 

fragments: 

II II + H + T + V (12 )
(1 D (1D aD 
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In eq. (12) Tall and Van s tand for the kinetic and po tential eneriy, 

respectivel y. We assume that the potential ener gy (integrated {lver 

the internal variable s of the fragment s t and 0) can be approxima­

ted a s a sum of the nuclear and COulomb potentials which depend 

only on the relative di st ance between the centers of mass of the 

fragments. 

~lulti!,lyin g eqs . (6), (7) from the left by t he channel wave 

function j c> and integrating over ~,n and n we obtai n the followin g 

differential equations for t he radial parts ~c,E ( r) 

~o (rl] 
(Lr+£c) ~~ (r) 03)l e 

G
e k 

(rJ . 
The definitions are 

(14 ) 
4>0 (r) r<e lx~:o> ;4>~( r) ~ r<e IX~:k>e 

(overlaQ i ntegral) (I5 )
le(r) r<el4>k> 

L_ _~ (~- R(R+ll) _ Vall(r) (differential operator) (16) 
r 

2~ dr2 r2 

rna ffif) 

~ F (re duced mass) 


rna + rnn 

EC· E - E",- EO (Ea and En are the eigenenergies of the (17) 

fra gmen ts). 

The proce dure of calculat i ng the overlap integral for the Gaussian 

f o r m!) of the intrinsic a pa rticle wave function is give n in 

refs. 10 , ll1. The solutions to eqs . (13) must sat is fy the fo ll owi ng 

as ym!' totic con dit ions : 

4 

( -) .( » 
<to( r·o ) = 0 ~~( r+~ ) =~Uc -ncUc (18)c 

tk(r=o) 0 ~k(r..~) 0, 	 (1 9)c 	 c 
+ 

whe re Uc (-) are the out go ing and incoming Coulomh waves, and 

~c is the s catterin~ amplitude . 

Finally, us ing in eq . (10 ) the definitions from e 'ls. 

(14,15), ~ne comes to the following exp ression for the", width 

r = ""L I<;Ick(r)1 ~~(r)~ 1 2 
(20)k 

c <Ick (r) I 4>k (r) > 
C 

Eq uation ( 20) is f ree from t he nuclear radi us na r ame t e r. Ko boun­

dary conditions at the chann e l ra di us was us ed in deri vin ~ eq. 

(20). Thus, the p r ese nt appr oach i s fr ee f r om t he unce rt a in ti es 

of the R-matrix the~ ry of the '" dec ay . 

3. 	 Relation to the shell-mode l desc r i p t ion and R- ma­

trix exnressi ons 

In the microscopic descript ion one lTIay t ry to approx imate 

the quasiresonant state I~ k > by the nuclear shell-mode l wave func­

tions 14>~~ > satisfaying the equation 

(E - HSM ) l ~kS'l >= 0 	 (2 1) 

The solution to eq. (21) is the Slater determinant 

l 4>k S~t > 1 det '!' l ' (r . ) ,i =1,2 , . . . A • (22)
jJim i 1A! n i 

The s hell model overlap integral (see eq. ( 15 ) ) 

1/2 I SMISM ( r ) I( z) (N ~ <rc 4> k 	
(23)

z 	 > 
ck L.: 2 2 ~ 

5 



app roximated in this way is proportional to the expression for In Table 1 it is shown that the ~ widths ohtained from eq. (25) 

the reduced wid~~ Tck(r) introduced hy ~ang2) using the classica1 2} and the present (approximative) penetraiIi ­

lities (26) are in very good agreement. 
I S.\1 /2 ~ r
ck (r) Yck (rl (24 )

t, 

Assuminr t h3t th e la r gest contri bution t o the ma trix element 

I S~1 ( ) I 0 . ( ) " f f .< ck r • c (r ) ~ In Pq . 20 IS comI ng from tIe sur ace regIon 

of the nucleus lSl , one ohtains th e well- I. nown formula or the 

[,-matrix theory 

r = ') t' (r ) 2 
PS)k L-. C C Tcl; (r c ) ,. 

C 

' I <IC~""(r ) !.~(r»12 

where the penetrability is 

4~~
P (r)=--::-z

c c 1\ 

rc I<!>C>c ( il 
2 

rc (26) 

Bi 212Table 1. C~lculated alpna decay widths for P02lo and with 

eqs.(Z5.26). The a optical potential is taken from 

ref. 8- 9} 

r c 
r 

k r "lang 
rexp. r k 

exp. 
r'lanl' r 

fm ~leV .'leV MeV f"eV ~'IeV MeV 

7. 0 .40 10- 27 .38 10- 28 .39 10-3D .55 10- 29 

7.5 .19 JO- 29 .18 10- 31 

8.0 .16 10- 27 .13 10- 29 

8.5 .13 10- 28 .11 10- 30 

9.0 .37 JO- 32 .33 10- 34 

9. S .~3 10- 31 .42 10- 31 .29 10- 33 .47 10- 33 

10. .~)O 10- 32 .73 ]0- 37 

1 
4. The resonance states 

1 
The wave function of the parent nucleus can be written in 

the general case as 

Ures\ (r)
",reS ~ L _ ck j' e> (27)'"k > 

c r 


Ures
where (r) is the resonance wave functions o[ the (l Farticleck 
plus the daught e r nucleus system. Th e i nd ex k labels the decaying 

state of the parent nucleus. 

The resonanc e wave function s ar e us uRl ly obtained as 

solution~ to the Sturm-Liouville prohlem ~5 s o c iat e d with the 

radial part of the SchrCiJinger equation for the Cl pa r t i cle in the 

field of the daughter nucleus. 

2 
d Urkes(r) + [rK2+ 4 (A V l(r) + V l(r) _f Crl)jurkcs (r) ..O. (28)

2 c Ii L C nuc coli' c 
dr r 

where K2V = 2~( and c nun
r'vnuc1 "J aD[v., <cl 

Vcoul ~o (29)Vcoul(r) 
. aD 

are the nuclear and the Coulomb potentials averaged over the 

channel wave function Ic >. In eq. (28) the depth of the nuclear 

potential AC is chosen as a resonance parameter. 

1 The solution to eq. (28) must satisfy the follo~ing 

conditions: 

6 1 
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resuck (r;o) o (30) 

res 
(r.."'),,- G(r) ,Uck 

where G(r) is irregular Coulomb function 13). In order to 

compute the resonanc e functions, one may use the procedure giye~ 

i n ref. ) based on numerical s olution of the integral form of 

the Schr6ding~equation. 

The number of modes of resonance functions is chosen 

accordin g to the harmonic oscillator constraint: 

~(N-l) + L ;L (2(n.-l)+1.), (31)
i;1,4 1 1 

The overlap integral in eq. (15) corresponding to I ~res> is 

k 


equal to 

I res res
ck (r) r <c I~k (r» 

(3Z)
lJ~~s {r), 

The same parameters of the optical potential which determine 

the resonance functions are used in eq. (13) for the scattering 

wa ve functions. 

The phenomenological depth of the nuclear potential 

may also be used as an innut by searching for the resonant depth. 

5. One body a width formulas 

Inserting in eq. (20) the resonant overlap integral 

(32) one body a width formula can be obtained 
r~s 

Ir o . b • LI <I k(r)I~0(r»,2 
211 c c (33)k 

r~s 
c <l k(r) I~k(r»c c 

8 

In tabl e 2 the numerical values obtained by this formula (one 

level k one channel c) are compared with those ~ iven hy the 

Breit 3 ) and Feshbach 4 ) one hody formulas 

ECnv , V --- (34)
fB ure s re ~ <u (r) U s (rl > c k ' C k 

I <Fcoul(r) Ac (r) I u~~S(r» 1 21i 2 Vnucl (35)
f F ; uK 

< Ures(r) lUres (r»
ck I ck 

Table 2. The one hody a wiJths of the polonium isotopes 

~ucleus Ec(MeVl r ll (Me\') rF U lcV) f O . h , (~f V)k e 

1,1'0 
204 

P0206 

P0 208 

PoZlO 

P02l4 

5.370 . .) 318 10- 25 

5.218 . :;329 1O-2fJ 

5.108 .1374 10- 26 

5.229 .1766 10- 25 

7. 680 .1432 10- 15 

. 33 17 10- 25 

.532'1 1() - 26 

. l 3 74 10- 26 

.1768 10- 25 

.1431 10 - 15 

.3 318 10- 25 

-' 6 ...327 10 -

.1374 10- 26 

.1 767 10- 25 

.1433 10- 15 

Analysing these value s we ha ve concluded that all the three for­

mulas (33), (34) and (35) give with high accuracy the same values. 

It is interesting to mention that inserting the many body shell 

model overlap integral in the ~:ang formula (25) for the a width 

by the one body resonant overlap inte p r a l (3 2), t he Breit f ormu la 

can he easily obtained. 

6. Two app roximative a wi d t h f ormulas 

For s mall value s o f the di ffe r e n t ial ope r at o r lor (i .e., 

the di f feren ce be t wee n th e k i ne ti c a nd no ten t i a l ene r ~ ie5 o f t he 

9 



Table 3. Alpha wi dths calculated with eqs . (20) and (37) 

~ucleus "c A: rS'1 N91 
r

k 
rk exp 

~1eV 11eV 'leV MeV 'leV 

Ri 210 
4 . '1 73 109.581 .63 10- 30 .17 10- 30 .55 10- 29 

Bi211 iO- 22 10-23 10- 236. ~ 53 107.0 35 .26 . ,, 5 .3 5 

P02 0 4 [0- 27 W- L65.101 111.510 .27 .15 .33 10- 27 

1'0 206 5.249 11l.060 .10 10- 28 . 36 10- 28 .29 10 - 28 

1'0 208 , 5.139 llO.565 .15 ]0- 19 • 16 10 -29 .52 10- 29 

P0210 JO- 28 10- 295.';30 109.682 .22 .74 .38 10- 28 

I\t 207 5.792 110.597 .10 JO- 26 •.iO 10- <6 .63 10- 26 

At 20 9 5 . ... 80 110.108 .0 ]0- 27 .26 IO_ L7 .10 10- 26 

At 21 0 
5.557 1 0 9. ~ ) 56 . .) 0 10- 28 .55 10- 28 . 26 10- 28 

* the other parameters of the optical potential are taken 

from ref. 13 ) (set A). 

particle vanishes) the solution <I>~(r) to eq. (13) becomes pro­

portional to the overlap inte gral Ick(r) 

k -1 
<l>c (r)~"c Ick (r) • (36) 

Of course, equality (36) is satisfied exac t ly for the classical 

turning points and approximately for the pOints situated around 

them. Inserting <l>k in eq. (20) we obtain a simp le a width c 


formula 


10 

I 0 2 
I<lck(r) <l>c(r» I 

(37)r k • 2rr L"~ 
c <Ick(r) IIck(r» 

in which the overlap inte gral Ick can be chosen from eq. (23) 

or eq. (32). 

Table 3 presents the a width values obtained from eq. (37) 

with the she ll - model overlap integrals (oscil l ator basis). 

We may observe that the exa c t (r) and approximative 

(r) values of t he a !'idths are slightly different. We note 

that in the l ast case the compu ter time is two times shorter 

than in the r0 1111'-' r , 

7. Con c l usions 

In th e f ro mework of Ilnifi ed form ul at ion of react ion 

theory th e a widt ll has bee n dete r mined hy us in g the prefor­

mation facto rs and th e a op ti ca l potent ia l . Fina lly, the a 

width pro bl em has be en r educed to solve (numer ical ly ) an un­

complicated s ystem of differenti a l equations. 

Th e refore the calculation does not become more dif ­

ficult as is usu a l. Also it is shown that it is preferable to 

use an app ro ximati ve expressions for a width which requires a 

short computational ti me. The calculated a widths in the many 

body app roach are in go od agreement ~ith t he experimental dat a , 

if the op tical pe tential with the parameters fitted by the low 

energy a scattering is used . From the pres ent analysis of the 

many body and one body aspects of t he a dec ay i t is possi ble to 

obt ain di rect ly the a spectroscopic factors. 
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