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1. Introduction 

The reaction of )A -capture by hydrogen nuclei 

;«- + F ~ Vl + ~ 
(1) 

is important for determining the weak interaction constants ( see 

reviews /1,~/This fact has first been ind1oated in refs./J, 4/ • 

These papers aloo po1.nted out a strong dependence of reaction (1) 

on mutual muon and nuClear sp1.n orientation, which was then 

thoroughly iurestigated in refs. 15/ • 

It is wel1 known that the ;-<-mesic atom is formed in the 

singlet (total spin F ~o ) and triplet (.f:1 ) is -states with 

the probab1.11t1es 1/4 and J/4, respeot1.ve1y. The calculated rates 

of )K -capture (1) in these two states are strongly different 

161 : As= 659 s-t, At = 14.6 s- 1 and m.uoh 1esser than the 

deoa;r rate of a free muon ). 0 
= 0.455 106 s-~-. 

The obserTed rate of .;« -capture A/A 1n h3"drogen depends 

on the rates of different mesic atomic and mesic molecUlar 

processes (their scheme is shown in fig.1) and on the experimental 
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Fig.l. Scheme of mesic atomic and meaio mo1eoular processes 

accompanying _II{- capture by hydrogen nuclei. 



conditions, in particular on the relative hydrogen density 
If=: fi/No , where No::: 4.25 1022 em-) is the densit;r of 

liquid hydrogen, and N :l.s the experimental density of hydrogen. 
All the rates of mesic molecular processes are proportional to ~: ,, '-).' _,, '- <1 Ao. = -'o. 'f , "'p- r 'f, >. rr,..- "rt,.hhere )."" - to ,-• 

¢ :tO 0 
( /f 8/ > ). "'1 r·iD ,-• .\ "' z Z·iO ,-• , r · ' pp,.,.. · 

The observed rates vary considerably with <f 
a) At 'f< ro-5, when . )..f<< ~o ,the statistical population 

of the hyperfine structure of levels (h.f.so) of the p~ -mesic 
atoms is conserved and the rate of ~ -capture is given by 

( 2 ) 

-• -z ' ' b) If 1.0 <!.f<fO, then ).p>>Ao and -"Pf;<t<<.-.,. Under these 
conditions as has first been shown in ref. /9~the prOcess 
pj<(FoJ)•p~ f!'(f,O)+p leads to the total depolarization of spins 

of the p~ -wesic atoms, but one can still neglect the forma­
tion of the ff;"-molecuJ..es; therefore the rate of /«-capture 
is equal to ~ ::::A5 , i.e. ,four times as large as the value in 
(2a), which corresponds to the statistical population of levels 
of the hyperfine structure of fJA- atoms 191 • The experiments 
/lO,ll/ confirm this prediction in aooordance with the (V-A) 
theor,y of weak interaction 14/ • 

o) At lf rv l the Apr,u.>>).o condition is fulfilled and reac­
tion (l) proceeds from the bound state of the f f;t<- mesic molecule. 
As has been shown in ref. ll 21, the Pff'\ mesic molecule is for­
med in the rotational excited orthostate with orbital momentum 

J'"' 1 an.d total nuclear spin I = 1. In the nonrelativist1o 
approximation the electromagnetic ortho-para transitions ( T= 1 , 

I= 1 ) ____,. ( J"= 0 , I= 0 ) from the excited orthostate of the 
pp;-t -mesic molecule to the ground parastate are strictly 

forbidden by the seleoti.on rule AI= 0 11 21 • In the absence of 
the ortho-para transitions, i.e., when >.op<<.).o, the rate A oWl. 
of _).-{- capture in the Pf;CA.. -mesic molecule is three times as 
large as the rate (2a) fl 21 : A om~ f As • Taking into 
account also the difference 1n the wave functions of the pp,.,M­
mesic molecule and f,.M. mes1o atom, the rate Ao~ in the 

2 



orthostate · of the pp~ mesic molecule can be represented ~n the 

fo:nn /1J/ 

where 'to is the ratio of the _?- meson density :Ln the proton 

in the orthostate of the Ff/A mesic molecule to the .;"'- density 

in the p;-c.. atom. The experiments performed in 11qu1..d hyU.rogen 

/l.4,l5/ and in bubble ohaJnbers/16/ on the whole oonf1:rm formula 

(2o). 
0119"1ouel;r, the nlidit;r of fomula (2o) depends on the 

value of ~op • It follows from the recent experiments /l?/ 

that >.op ~ '·104 s-1 in accordance wi.th the previous estimates 

/14,15/ : Aoop ~ C.1. .>.o, i.e., equation A/'t ~A~~ .... is true with the 

aoouracy 0 ( ">..apf>.~)-«.1. onl.y. Bence, for a precise determination of 

the rates .b. .!l and At from the measurements of A/"- in 

liquid hJdrogen, one should first oalou1ate the values of >-or 
..na '{. 

In thi.s paper we present the calculations of the rate 

of the ortho-pa.ra transition in the ff)'< mesic molecule on the 

basis of a relativistic treatmeDt of the three-body s7stem 

as in refs. /lB,l9 / • The paper also gives the precise calcula­

tions of the factors "{o and 't r and cons:1ders the kinetics 

of )'<-- capture at different h7drogen densities. 

2. Energ Levels and WaYe Funct:Lone of the ff'I-"­
Mesio Molecule 

In the nonrelativist1o approximation the bound states of the 

ppfL molecule are specified 1>7 the set of quantum numbers flB/ 

\. n:~.. "2. m p, v J rn r , ).. ~ , 
(J) 

where [ 11:1 11a. Yl"l P 1 are the parabol.ic quantua numbers oharaoteri­

sina: the motion of .,#- -meson around the protons, V'" is the 

Tibrat~onal quantum number speoifyin& the relatiTe aotion of 

protons, J 1s the total orbital momentua of the three-body 

system, y)1r 1s its Z- axis projection, ).. = + (-:01 is the to-
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tal parity of the three-body system, and p is the parity 
with respect to the inversion of ~--meson coordinates. Most 
interesting are the states of the ff~ mesic molecule which 
correspond to motion of ,;«--meson with zero quantum numbers 
[~o~:~.tt1 ..,r]::[ooo'J and positive parity f::J ~ (i.e., ground state). 
Then mesic molecule can be famed e:1ther in ( r = o, V'= o) 
or (J'"=i,v=o) states with binding energies -E~v- (reckoned 
from the energy level Eo. =- -2528.52 eV of the ground state of 
the p.-M-. mesic atom) £.,

0 
= - 25J eV and Ejo = -1.07 eV , 

respectively 12of • 
The int eraotion of proton spins fa. , s; and of ?<-

meson spin ~ with each other and with the orbital momentum 
j of the system results in. a fine and hyperfine splitting 

of the nonrel.ativistic energy levels Crr of the mesic molecule 
f F/A fl8-l.9( wh:1oh is sohematioall;r represented in fig. 2. 

Fig.2. Scheme of h.f.s. energy levels of pf)A. molecule 
and ortho-para transitions between them. From the state 
1!'=0 of the p~ -atom the PPI"' -molecuJ.es are 
formed only in the states n=l and naJ. 
The rate ).op is praotically determined by the ortho­
para transitions from these states ( see eqs. (JJ)-(J5)). 
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Table 1 

Main characteristics of stationar;r states \rl) of the h. f. structure of 

PFI" JBes1o mo1eouJ.e 

-----------------------------------------------------------------------------
-----------------

) •) (•l (•l R(•> •<•> ,_<•> 

t;v (eV Vl J /'1 J /! r ). Cn (eV) Ws w, r~\;.1 r>;.i 

-------------------------------------------
t,,·-25) 0 1/2 1 0 1/2 0 + 0 1 1 1 0 0 

-----------------------------------------------------
E.,. ·-107 1 1/2 1 1 1/2 1 - -0.0905 o.JJJO o.oJn 0 0.9996 -0.0286 

2 1/2 2 l J/2 l - 0.0427 o.ooo2 0.1481 0 0.0286 0.9996 

J J/2 l l l/2 l - -o.0924 0.6667 0.0741 0 0.9999 -o.0095 

4 )/2 2 1 J/2 l - 0.0468 o. 0001 o. 2963 0 o. 0095 0.9999 

5 5/2 l 1 J/2 1 - 0.046) 0 0.4444 0 0 l 

·------------------

j{..) Numeration of states introduced 1n ref. /l9/ . 



In this case the states of the Pf~ mesic molecule are specified by the set of quantum numbers 

)1 = { ~. "· "' ~ ' v J $ I ' 'J J. :. J ' VI, = ~. = "' = v- = 0 ' ( 4) 

where 1 $ and J are the quantum numbers of the total spin of nuclei, total spin ani total momentum of the ff,.;M- mesic molecule, respectivel.7, 

- -ff = I + S,., 
' 

(5) 

(the quantum numbers J and 'J from the set ( 4) will be sometimes denoted b7 the state index J::: JC"'> , J:::: ;Jc01> ). Accor­ding to the Pauli principle the folloWing relation takes place 
I J-+I r= >-<-i) =H). (6) 

In what follows it :1.s aonveD.tent to introduce a new numera­tion n of the states (4), which is given in tabl. 1 with the energies C., of these states (see also f1g.2). This table also gives the populations W11 (F) of these states, wh1.ch correspond to the fomation of the mesio molecule in the state 
coll1s1oD3of protons of' H2 molecules With. · f/"­in states with a total spin F /l.S,l9/ 

(fi')F + H, __,. [ (PPI'), pe ]+ + e .. 

n in 
mesio atoms 

(7) 

In the relatirtstic case the quantities J , J 11 and ). are conserved, wl:d.le the quantum numbers 11:~.., 112 -> Vl1_, p , :r, S and I are •good• only approximately, sinoe the operators corresponding to them do not commute with. the Hamiltonian of the s7 stem.. J.coord1ngJ.7 , the wave tunotion ~ C Z) 1) :::: <. 'i, tIn> of the p p;M mesic molecule 1n the state 1 n > can be represen­ted as an expansion over the adiabatic basis /21 I 
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(with s=ation indices p, J, I o.be;ring eq. (6) ) , 

~=>A+'{+~ 

Here we use the fo1low1ng notation: 

(8) 

4'"1.1!-:z....,p(f,L R) are the solutions of the Coulomb two-center 

problem of quantum mechanics /2l/ , whose dependence on the 

angl.e of rotation If around the axis R is included in the 

'iligner D-f1m0t10n 1221 n:M (q, e 'f) ; e and <j> OXO the 
'I I I -'+ 

spherical. coordinates of the vector R oonneoting the nuclei 

. • ••• , c • -Zt 

of the p P;«- molecule; r = R and L.:::: ~ , where 'Z.q_ 

and 7..1 are the distances between ;-<- meson and protons c::t. 

o.nd g e S.A e Sq_ and e ~l are oonstant sp:1.nors 
:r......_ ' S'o., s, 
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ot spin .s.....,. ' Sq_ and s-, e SI is a sp1nor ot 
;~-1'11.1' spinS , constructed according to the ooupl1ng sCheme (5); 

Clebsch-
<S (1,-rn,);r..,,j(si)JJ•? , etc., are the -Gordan coefficients; all the spinors refer to 

system of coordinates 1n whl.oh the vector r 
The wave functions Yn (i,l) satisfy the 

equation 

the laboratory 
is determined. 

SohrOdinger 

(9) 

11 t-d ttr-d ~ where the nonrelat1vistio Hamiltonian H ~H (,Z:K) has been determ1I18d 1n ref. 1231 ' y Sf C.~~ vsrlH ( i} R) is the operator 
of the spin interaction /lB/ and E~ is the stationary state In) energy level reckoned fro;n the nonrel.ativistio value of 

Enr (see tabl. 1). 
In what :follows all the values Will be given in units + If ~1 ~:1. -f. 'l 7 r 12 e=-n""n-ttt=J.7 m4 =~~Nf, where ""!A= ,c.,.06.ro:~....,e 

and M f' = 1 S 3 €. :1 fiZ f"'l e. are the ?<- -meson and proton masses and ~e is the electron mass /Z4/ • Let us introduce also an abreviated index o:f summation J '= ( ..,:z 112. m p J S I) • Bence, equation (9), upon substituting into it expansion (8) and avera-
ging over the coordinates !_, lz.

1 
c.p) e

1 
q, gets the form 

d 

]>. 
V .. , 

JJ 

The effective potentials of this system of equation 

8 
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have been calculated in refs. / 25/ and /18,19/ • 

Expansion (8) contatn3 -targe• and •swa11• components. Large 

components are specified by the values of quantum numbers 

J = r c "') I = I c ~<~) 
) ) 

(12) 

and in the nonrelat1T1stic limit have the form 

J ("l J. (nl C•J /i S: (12n) 

'"•"•~frsrC•)" "'"·"'~ (R) fn °r' rr<•> II'"' 

J. '"' The functions .., .., ...,,(R)are determined from the system of 

' ' ' 
equations (10) with the nonre1ativist1c Hamiltonian H ii' (F.) 

at J = JC"'> , and the amplitudes f3~"'i are calculated from the 

::;~oular equation arising after averaging of eq. (10) over the funct-

ions J. '"' (<) 1191 ( see te.bl..1). 
1'1"'-·"z.""'t 

' 

Small comi~onents arise due to relativistic corrections V Sf<"' 

to the Ha.D:tiltonian H ~'~~"d in the nonrelativistic 11mit they 

vanish. At least one of the conditions (l2a) 1s not fulfilled 

for them. 
In further calculations we shall keep in exllansion (8) only 

two functions of the adiabatic basis: 1.t> = LO (? ~. R) 
x) l' 1., • .,, , t-, 

and tfu. ~ lf • .,ovt (~, Z; R) • Omitting in this expansion the 

indices 11.:L = "z. =...., = o, we get the exPression 

x) Such an approximation prov1des an accuracY. of the calculation of 

the functions .J.,t'J(R..) not worse than 1~ i.n the whole :interval 

of varying R, that is sufficient for evaluating the ortho-para 

transitions rate in the ff)A mes1c molecule ~th the same 

accuracy. To caloulate '(0 and (p with an accuracy of 

....., 10-3 , it is sufficient to use ,...., 20 funotions ~.(1,1;R) 
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Omitting also the arguments of the funot1ons, expansion (Sa) oan expl1oUl;y be written as follows ( J, , _ :J, ... , ;; ) 
for n = o ( J '"' = 0, :1 '"' = 1f.) (Sb) 

'l// -t { Yz]. +j (h) 
TM = /1. '1'3 Yo%• 3o'lzo + 

for 

(So) 

for 

w./A. T= 3) ~ , 
are calculated :from the equat1on 

(lJ) 

(11) (M) 
J=J("), .1.

3 
(o)=-4 (£M)=O, RM=ZO 

~hioh_!~~ one-aeTel approximation of the system (lO)x). Small components are calcUlated from inhomogeneous equations which are obtUned from system (10) :in the first pertur'bation order 
x)The functions detel.'llined from this equation differ b;r ,., 1'-' only from the corresponding functions calculated from the complete system of equations (10) at n. = ZO 1 261 • Bote, that the relat1-T1st1o corrections to large components (12) do not exceed o,l'-'. 
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t ;;. + ZM ( E"'+ E")- TC;:i}_zM v" (r-)} j~"; 5 pl= 
(14) 

= V C•l (R) .f..'"'( \ 
tAJ sr .iJ R J 

J (•) J (•> ( 
.A ~,sr Co)= .A ~rsr '~}=O , R~~zo. 

In equations (lJ) and (14) the potentiaJ.s v; (R) and Y~ (R) 

represent the wel~-known a,ymmetrio and antis,ymmetrio terms of the 

molecular ion with the diagonal adiabatic corrections to motion of 

nuclei /ZJ• 261. 
The effective potentials 

(o) 

'[ ~ i (~) = 
u o rz. 

(0) j (f) (•) .f. (f) (l6e.) 

.. (,'Yzi U) = i ' 
j~Z'fz1(R) 2 

(•> - j ,,) 
Yl:: 1)2.] 3) l.i. 

jtd\'zO(R) - " , 
are plotted in figs. J-5. For comparison we also plot the "large • 

ooa:ponents 

.I <•> j (C) (l6b) 

.x3 (t) = , , "= •,z,<,o. 

The solution of eqs. (lJ) and (14) was obtained by means of 

the algorithms 1271 constructed on the baa1a of the continuous 

~og of the Newton method 1261 • The oorrespond1ng boundary 

value problems were solved in the interTal R=Co):r>1] with step AR=O.:i 

with boundar;r conditions J.'"'(o) = .X,'"'C£~)= 0 at R~= 20. 

The tunot1one J.~<U> an~ .i ""(.:) thus obtained are then used 

to calculate the rate Aop of ortho-para transition in the f'f}'\ 

m.esio molecu1e. 

II 



-C.! 

V.{Rl, v~(Rl 
y~i.,ll(R~10""' 

L • (] •!, l!•Cl 
f"(]•"O,l!·Ol 

R 

Fig.J. Dipole mo11ent D(R) and effeottve potentials in eqa. 
(lJ) o.nd (14) !or tho nonrelativistio ( ~ "v, (/I.) Y ; Y (R) ) and rolativistio ( y<'> y m ) "'- - ~ 

h ) k three-body problem. 

J. Calculation o:f the Rates 
Transition in the 

'>.of (F) o! tho Ortho-Para 
Ff;'< IIUio llelooulo 

!!'he mesic moloollleo ff;'< are !ormod in reaction (7) in ortho-{ J=i I=1 ) and para-{ :r=o, I •O ) states with tho rates /2!J,JOf x) c' at tho donsit;r N, o~ l:l.qllid h;rdrogon nuclei) 
ov'Ptto ' , .. r-C\ ~ >-rr,., ~ 1!,.1!·10 s-• ),ff/" = o.n ·10 .-• 

respeot1Tel7• 
P'ollcnr1ng reaction (7) with tho rate >..,.. there occurs tho charge exohanae 

x) ',...,.. The rate "'PP.r< 1& oaloulated aooordiq to the algor1tlua. of rof. /JO/ • It is dotominod b;y the 10-tranoition :rroa tho - s sca.tterinc a tate 1 of the syatea f/'< + p to the boUDd state 
(:r:c-a) tf"'=o) ot the Pf;V-. aes1o molecule. 
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). 10 1:J. ·J. ' 

An estimate e-,lc"' s , i.e.,.>.e,.>.> >..,»>-.,, follows from the resul.ts 

of paper /Jl/ for the analogous reaction H/ + H
2 

- H
2 

+ H
2

+- • 

Thus, the ortho-para transition proceeds in the system [(ffr<)+pze]. 

In the nonrelativistio limit dipole ortho-para transitions in the 

FFJA mesic molecule from any of the orthostates n = 1,2,J,4,5 to 

the ground paras tate rt = 0 are forbidden b;r the selection rule 

@E) 

(\) o(J ~1,\f •0) 

(fHt~o. u~oJ 

" 

F1g.4.5. wtarge• and •small• components of the wave 

fUD.otions (16) desor1b1ng the relative motion 

R 

of nuoJ.ei in the initial (i) and final. (f) states of 

f f/" ...,oleoule. 

13 
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Al•O• However, as one oan see from expansion (a) the valuelof small ooaponents of the exo1tet'l state a Yl= 1 +~ oo1no1des with the val.ue I of' the large et:omponent of the ground state h=O and the Yalues of their orbital momentWI J differ b,r un1t.r (according to formula (6) their parities p OJld )\ also diUor). 1'he same relation exists between small ooaponenta o:t the groUDd state n= o and large components of the excited atates 11 = 1,2,J,4 of' the ff,IA- mesio molecule x) • Just these •oross• combinations between 1ar&e and aaae.ll components of the ralatiT1Bt1o waTe :tunot1ona of the ff,M.. meaio molewle allow intense n-trans1t1on·s ( 'S = 1, 1 "'i ) __,. 
7 ( ;r .. o, I=O) With oom-era1on of an electron according to the aoheme in f1g.2. 

(17) • 
The initial popUlation fh of the states Jn> of the hyper­fine structure of the rr.r< 118810 molecule 

f - c w'"' + c w(•> (la) n-ss 1:-t; 
11 e:r:preas&d in tel'118 of the oonoentrat1on c.& and c1:- of f)'< mes1o atoms in the si»&J.et ( F= 0 ) and triplet ( F= 1 ) states, respoot1-ve.l;r, (C,t-C.,=i) and b;r the quantities w5'"'=W.(F•o) and w,i"n::; Wn(F•.1), whose nuaer1oal value a are given in tabl.l. Here w.(') are nothing but the 1n1t1el populations of tho Pf,M aole­oule atatea J n> when the latter are ·f'ormed 1n ooll1aious of H2 nuole1 w1 th P"'- -atome in Bingl.et ( F =0 ) or triplet ( F = 1. ) iS- otat08 119/ • 

The rate ~ op of the ortho-para transition 1a datemined by the \("') ) part1al. rates "op of tre.ne1t1ons from the 1n1.tial ( l. states (n•l1 2,J1 <4-) to the final one(t),n:o: 

~ (") :L J>. >-.r . (19) 

x)The dipole transition f'ra the a:t.ate 11 == ' to n =- 0 ia :forbidden b:r the s$leot1on rules A'J::: 0
1

1:1..;. theref'ore we shall. not consider 1t 1n what follows. 
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I \ <"> 
Tho probab1l1t;r d "•r of the ortho-para trana1t1on (17) with 

the em1se:1.on of an electron w:Lth momentUil 1n the 1.nterral ( i 1 <{ +..1}) 
:1a equal to 

J>-~; = k S(Ef-£,)Jf- 7 •• ·L L. 
j; Z'J + 1. 'li."' ']'j,"' ( 20) 

. z z I SJ-; H Jf "'f'"<+l;z,;w~c+kfl ii..t r<'(ffY1.7(; nl~ 
1r, ;~·, "' ' , 

')!/ (i'l ~ -) "''" ... _ "llf<'¥.~ ~) "11/ ( ~) where 1 ( 'Z 
1 

K = Yif~d I l~) fl. =- :t, ~~ are the wave 
functions of the 1round n=O and excited 1'1 * 0 

states of the pp)'t meaio molecule, deterlld.ued b;r relatione (8), to 

and ~., are their enercies reckoned frota. the nonrelat1v1stio 

Tal.ues of the energy E.rr ot states In) , Et = £-1 0 T E..,+ Cr, 

Ef = E.,
00 

+ Co + 'f,1/Zrtte , and - E.I: 1,.4 eV is the electron 

binding energr in the Hz. molecule, 1- is the momentum of 

the oourersion electron 

~ = U "'e ( J ~ .. + ~. /- J £,. + ;q - l Ez I) ] \ 

~ ::: [zr,e (1<.,/-/E,.I-It,i)] , 

f is the Teotor oonneot1n& the center of •ass of the 

ao1eoule anl the electron. 

(2l.) 

The w&Te tu.not1ons o:f the eleotron in the initial an4 final 

otatea h&TO the follow1n& form, (in units e" 1; =l>!e=J)/JO/ , 

'!''')(-)=[ r.,' 1%( -Z,f+ e-z,Jf-R;.i)(22a) 
l' z.-c<•Al e 

where Zo and Z 11 
are the e:ffectiTe ahara•• •f the CouJ..oa'b 

oontora in tho aol.ooul.""' oomplu: [(pp;«rpze], ft1oll dotom1no tho 
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eleotro~wave functions in the initial and final states, respecti­
vely; Rf is the vector connecting the pp,;«. center of mass with 
the oth_er nucleus of the molecular complex, e1--f 1.s the angle 

between the vectors f and f . In this paper we use the follo­
wing values of the electron wave function parameters (22) /JO/ 

Z,=1.13, RP =i.t,O L.=0.6U 
' ' 

(2J) 

The interaction operator describing dipole ortho-para transitions 
has the form /JO/ 

~~ 

H,, t = - e z (i + ,..,: + 2 11) zf'~ 
After integrating over the variables: f , Z , j( and 

momentum f , we get the follow~ expression for the rates x) 

(24) 

?.( z ' 1 z , e" 
>-'."F' = !!!. (~' 1. + ,,. ) ~ .-11 I('J.-l/ /T I ~ = 

3 "'•/ "j.+ZI1p :t+A r "' to' (25) 

(26) 

1 L' .L I Jr1 •• 1
2 

Z'J'"'+1 ]';;' ;;<;' (27a) 

J\1 no = SJRJ:t ry;;,(i,nz, Yo c.z,n (27b) 

where xx) (28) 

z, = ~ J 'zeN> e - : ~(f~:t)(:~-z') si"e <N>'i' 

-----
x)The value of '(

1 ]IC-rl/
2 
is oaloul.ated in atomio units, and /T.,J' 

is in units e = 1; == ..,.,<\. = :1.. 

xx)The second term in the r.h. side of eq. (28) can be neglected 
in the two-level approximation adopted here, as far as its matrix 
elements between the basis :fUnctions (a) vanish for n1:: n-~ 1 = o. 
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Using the Wigner-Eckart theorem, we have 
(29) 

and upon subat1tut1ns this expression into relation (27a), we get 

?,]"
1
+1 \ ('("' 1 'J''') - z_ IT., I z = Z'J'"'+i 'jp, 1t' 0 - 'Jt' I.M "'I ~ 

(JO) 

z:~'''+t 1 I- 12 1. I- I" 
= 21'"'+1 3 .J\1., = ; Z:!'"'+i .f\1., ' 

where (;Jl"' 1 J''' ) 18 3j- "ngnor ooeff1o19llt /)2/ 
~';' 0 - J::'' 

Using exp~ioit expressions (Sb) and (So) for the functions 
we get 

foY Yl=:1 1Z 

J\1., (J~) 

for 11 = 3, ~ ( J'"'~ Yz. ) 
jg., =-H ?R1l(R){_x~·:%o(R)~:~. + 

j '"> "c~> 1. J( (•> ( ) v (~> ( >} 
+ '1'!i,1(R).Awo~1(R) + (iO 91%1 R 0 «2%1 i. : 

= - {f { D,. + f3 ~·~ ~ + :,, ,8~
11 15" ~ 

Here we introduoe the notation 

:D,. = SJK.X,cfh)D(R)J'.m(R)' 
0 

n=l,2,3.,)~. (J2) 

k = d, z. 

17 



N'-) = S J-r: 'f3 Cf,z; f.); 12 'f" u, z;R). 

The dipole moment j)(R) presented in f1g.J has been calculated 
in refs. 125 / and tabulates in ref.fJJ/ • The values of ])~ and J)IC 

calculated by formulae (J2) with the wave functions given in figs.4 
and 5, are equal to -· D, = -Z.>·:iO _, 

]) = 9.0 .jQ 

2 -· -2.5'·10 
-t.8· 10_, 

D, = 

1\ = 

-!< 
ll, =- Z.O·:JO _, 

:1.5"·10 

Using the values 
we finally get 

of the ooeff1o1ente , given in tabl.l, 

-~ = 3.1·10 

_, 
"' =- 1.0·:10 -'".o _, 

~-Z ·10 

Then 1n accordance with formulae (18),(19),(25) and (JO) we get 

(f) ~ \ <;> = 3. Z ·jO !< s·S \ (>) z ';/') ~ /0 2 S-t 
).of' ·- ""or } Aor or • 

The rate ">-or a"Yeraged over the initial distribution §'., is 
equal to 

). 'f 
!< ") = (C ·3.Z·JO + C ·0.35'·1.0 s' 1 

s t • 

4. Rates Aoro.. and ArWl of Muon-capture from ortho- and 

Parastates of the Ff;-« Mesic Noleoule 

(JJ) 

(J4) 

(J4a) 

(J5) 

The )'(. -capture rates Ao~ and A,..,..,., from ortho- and 

parastates of the ppJA. mes:1o molecule are usually expressed in 
terms of the rates 11.5 and At of ,;«- -oapture from the singlet 
and triplet states of the p;-t mesic atom 

(J6) 

18 



where A:t ::::J\5' are the reaction 

singlet (-) and trlplet ( +) 

and P a.. 1.s the muon density 

atom (in units eo I; ~ .... =i) 

constants, corresponding to the 

states of the F/'t mesic atom 

in the proton in the f~ -

(J7) 

,r-.r 
The rates J. ~ of .)': -capture from the state (rv) of the 

A '" A A oc PFf't mesic molecule: oM::::-'~ and p,...= 1.~ are expressed in terms 

of the oonetants A 6" by' the formulae 
!i 

A.,., = Z L L fnAO' Pn.-
(38 ) 

1'1=:1 6 

J\pm = Z .\',LA,. f • .- , .. 
(39 ) 

where 5' n are defined in e q. (18) and 

(40) 

are the muon densities in the proton of the fp)'t mesi.c mole:cule 

in the state 1 vt > in the case of parallel ( F,. = F+ • S. + S_,..=i) 
or antiparsllel (F.,. = F_ = s.- ~ = o) spins and 

Fe- F. ~ F. 

n F,- = \ e r QSl e. r (41) 
L F~ F,;. 

is the projector onto states with a fixed value ~=SQ.+ 6' ~ = SQ,+f · 

Here 
~ e:" = L <S.(F.-W~~J(S.~)F.,.F.)e:~ e .5',... 

• y~ ·~ ~ 
(42) 

~ substituting expansion (8) for the functions Y. ( z, It) 
into (40), neglecting small components and replacing i.n (s) the 

ooupli.ng scheme (5) by the soheme 

--- -1'-s~ 
F ~+" S=F+ •, 

= "• "/" ' ' 

(43) 
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ne are led to the following 

1 Q (•) ,,. 
- " '6 

expression: 

P,. = .- ' 
Q (•>- ~ ( "" B r•> d. s )z 

IS' - L... ~ f SI IFr; , 
S I 

(44) 

Here 
S ( • gr g F.-) = (- i ) ,5'1 + ~ + I + F,.. 

"'"~ = e , · e , 
(45) 

·{(2I+1)(2F,.+1)}' / f 
y,{s s r} 

, s--" F. 

are the coefficients recoupling or schemes (5) and (43), { s~ :~ ~I 
are the bJ -symbols /)2/ of Wigner $ /"' t> 5 

SF )L ' F.- St (46) e ·= L._. <F,.U-r,J.s'cr,j(F,.S,).s'r> e,_, e, . 
r r,-=-St _ i t 

The ratio 't'v of ,;« -meson densities in the proton in thepfP· 
molecule and in the pp.-atora (the so-called 0 -factors of the 

states ] r1) ::: 1 rv->) may be expressed in the following way: 

'tnr= f fu{.L ~,.,o,crz>.X:,:,o~c.q}2. . ··~ ' ' 
(47) 

where N, 1 ,1;._oJ(R.) are the normalization coefficients of the two-center 

functions, determined by the relations 

'l',,,,f><J (<, z; /Z) = N,,,20J (R) flo,,(s,R) Zo} ( 'z;R) (48) 

[1 ( 1· ~)" '::' (H;fl.) ~i 
OV1;t J '-"-'OVlz~ 

~ J't' c '+'., .... pu,z.,RJ] 2 = 1. 
When cale;ulating 0 1 lf"" from (47),Yl:1 ~3, n2 ~ 3,i.e.,1n expansion 

(6) for the function ~ (i~, i) , 20 states of the discrete spectrum 

of the two-center problem have been used. The cOntribution of the 

highest states of the discrete spectrwn and of the continuous 

spectrum of the two-center problem does not exoeed 5.lo-4 /lSI. 

According to our calculations 

2 ,, 1. 0 0 3 ± o. 00 t (47a) 
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Table 2 

Source 

We~nberg (19&0) /lJ/ x) 

Halpern (19&~) /J~/ l.Ol:t0.005 

x) Calculated on the basis of the results of ref. 1391 • 

In tabl.2 our values of ~ -factors are compared With the results 
of prev1ous papers /J4-39/ • . 

Tak~ng ~nto aooount the relat~ons (J&)-(40) and (44) 
5" (1'1) 

A."' ~ L j'" A OM (49) 
n='1 

where 
(50) 

Yl:=(),i, ... , E) 

Q,., "''"'-1 s -+ l..l(t- -

21 



Using the values of J3i7 
( 45) we get 

(o) 

Qs = 0. Z>oo 

Qi"= O.H9!t 

Q5'"' = o.oooG 

given in table 1 and the coefficients 

Q;'' = o.H 9J 

a.t> = o. o oo1 

a.'"' = o. 

Taking into aooount that the rS.te of formation· of ff/A-

(51) 

. • 6 
molecules ( Aprr::::: 2.2 10 s-1 ) is negligibly small in comparison 
with the rate of transition of f~ -atom into the singlet state 
( )..~ = 1,7 1al0 s-1 

) one ca.n assume with an accuracy of fV 10-4 

that C5 = 1 , C• = 0 
Bearing this in mind, we finally have 

A.,., = o. 1 5'6 _11. 5 + o. z'53 At 

= + 0. 857- ./l.y, 

(52) 

Our formulae coincide with an accuracy of~lo-2 with the results of 
Halpern / 3ii 

At the values of 
have from (52) 

./1.5 = 659 s-1 and A~ = 14.6 

' =5'0Zs-1 

"''"' 

,-< !6/ ... 

(53) 

Now let us take into account the effect of the ortho-para transi­
tions on the observed value of the ~ -capture rate 
ppr-mol.eoule. 

5. Kinetics of .)-'<-capture in Hydrogen 

Jy. ~n the 

The system of equations describing the kinetics of the prooeeses 
which are schematically given in fig.l, has the form 

- d.:'e, =).<IV,, d.;= ).3 N3 - ).fF""' (N1 +N2 ) 

with the 

~ = ).{(~ - Aop /'13 

+ A0!'\'1 N!> + AfM /Vi 

22 
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Here Nz and /V'1 are the nwnbers of mesic atoms in the singlet 
and triplet .is -states, respectively; tv'3 and ;Vi are the 
nwnbers of mesio molecules Pf!A in the ortho- and para-states x), 

I{~ is the number of neutrons formed in reaction (1), and the 
following notations are used: 

>., = >., + >-p + ~Pfl"< + Af 

>-2 = ~' + >.ff~"< + A, 

(54 b) 

~ 3 = )., + >.,P +A,.,, >., = A,+ l\ P"' 
The solution of system (54a) oan be represented in an analyti­

cal fo:rm at any value of If= N /No. The general solution, however, 
is given by cumbersome formulae, so let us treat some particular 
oases. _, 

If 1 r !.f ~2·:10, i.e., at hydrogen pressure 
following relations are valid: 

P > i atm. the 

c, "':1 ' c. ~ 0 

>.F >> >,fPr' ' ). ' 

(55) 

and the general solution is essentially simplified. The time 
distribution of neutrons in reaction (1) in this oaae has the form 

x)Str~otly speaking, instead of one equation for 1'13 = f\3 (f) 
it is necessary to consider five equations ( 11. = 1, ... 

1 
!i) 

( 56!l) 

J N'") ( '"' A'"') <"> ). ( ) '"' - ~ = ~o+~op + 0 ,.., "'3 - jJ11 p~ N:r"'Nz. :> where N 3 :::- .P..,!Vj . 
However, according to definitions (19) and (49) and to the 
normalization relation ~ f.., = 1 this set is equivalent to the 
given equation for ,1\1"3 f+) 
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and. the integ~l yield of neutrons ~s equal to x) 

.1\.o...._ . ). 'f.M 

). 0 + >.op Ao+App;« 

The observed capture rate is equal to 

the 
At the density of liquid hydrogen (If•:!) when ).ff/<» ).,, 

time distribution of neutrons from reaction (1) has the form!4o/ 

·-•·*{A ~ e 
f"" 

(57) 

Using the rates (J5( ,(5J) and the value ).' Pfl'- = 2.5 106 s·• 
• avera~ed over the data of different experiments ( ~P.·~= 2.55+0.18 

/42/ '• /4J/ 'o /44/'r· -• "rrr"' 2.74;!:0.25 • "'rpr"' 2.J4;t0.17 ), ... obtain 
at the density of liquid hYdrogen: 

A/" = 50 9 s-~. 

6. Conclusion 

The results obtained in this paper oan be used for plaD.Ding 
different types of experiments / 4o/ on )'<-capture by h.Ydrogen 
nuclei and for their theoretical anal.ysis / 4l/ • 

When oalculat1ng the rate >.op the main sources of errors 

are the choice of the simplest expression (22) for the wave functions 

describing motion of the bound and conversion electrons and the 

use of the two-level approximation in expansion (8) over the adiabatic 
basis. All these errors do not exceed l~ of the obtained value 

x,-;--p~~ o.i~D -3 
Since .>.Pf/'( )..PPI'4 % 3·!0 , within the accepted approximations 

(55), we neglected the produot1on of the ff~ molecules in the 
parastate in the reaction (7). 
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""\ 4 ·• /\or= J.2·10 sand can be removed if necessary, When calculating 

r -factors (47a)' an expansion over 20 states o:r the discrete 

spectrum of the two-center problem was used, that allowed one to 

find the values of fo and {f' with an accuracy or ......... ~o-3 • Note, 

that the relativistic corrections to the wave functions of the 

mesic molecule II8Y be """10-J and should be taken ::tnto account 

in further more precise calculations of r -factors. 

The main sources of errors in determinat1on of the value 1\. 5 

from Eq. (56c) is tb.e uncertainty of the PPJJ- -formati.on rate 

). ff'f'- , which is known now with the accuracy o:C about lCY:i. 

The authors are grateful to Drs.v.s.Melezhik and T.P.Puzynina 

for help and to Professors A.Bertin, G.Bardin, J.Duclos, ReA. 

Eramzhyan, S.S.Gershtein, A.Vitale, J.Martino and E.zavatt1n1 

for stimulating discussions. 
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