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The Study 0 

In the Motho 

1. The p i on scatte ring b y th e deuteron is the simplest 
process of p i on-nucle ar interaction . The probl em of nd
scattering , being an indepen d en t obj e ct o f studies , can be 
helpf ul in testing app r ox i ma t e me thods which d e sc ribe the 
pion interaction wit h heavier nucle i / I I . 

The e l astic nd-scattering was first considered b y Foldy 
and Brueckn e r 12 / . Later this proce ss was t rea t ed within the 
nonre lativistic d i agram technique 13 1 • In the se papers the 
scattering leng th (its nonabsorptive part) was calculated . 
The most compl e t e and ac c urate analy sis o f t h is q uantity 
was performed on t he basis of Faddeev e q u a tions / 4, 5/ . I t 
h as been f o und (see a l so r ef . 16 1 ) tha t t he n d -scatte r ing 
length i s li t tle-depende nt on the shape o f t he NN -po tenti
al , but very s ens i tive t o the nN- scatt ering lenghts . Un 
f or tuna tely the p r e s ent exper i mental nd - sca t ter i ng length 
i s rather i naccurat e (see table 2 a nd ref . ! ? / ) s o i t is i m
po s sible n ow t o d i stingu ish between t h e knolYn set ~ of nN 
scattering l engths. 

Recen t ly seve r a l a t temp t s / 8- IO I h ave been made t o incor
pora t e pion absorption i n elast ic or r eactive n - inJ uced 
reactions. A consistent solution o f thi s probl em would a l 
l ow, i n pa r t i c u l a r , the study of me son degree s of freedom 
of nuc lea r s ystems. Howe ver the inclusion of t he p ion ab
s o r ption c hanne l i n t he f r amework of t heoretical s che me s 
wi t h phenome nologica l NN - a nd n N -potentia l s (see, e. '1. , 
r ef. / IO/ ) results in p rincipal di fficu lties o verco unt ing 
contributio n s t hrou gh t he pion exchange to t hese potent i als, 
etc . 

I n this situation it would be helpful t o a pply to a 
spec if i c method of the description o f quan tum systems the 
method o f evolut i o n in coup ling c o nstant (CCE ) , wh ich i s 
e q ual ly v a lid fo r solvi ng t he p r obl ems of nonrela t ivist ic 
q uantum mechan ics and quantum f i e l d theory (QFT) (see re 
vi e w / tl'). For t he t hree-body probl em this method was deve
loped i n / 12 ,13 1 where a pos s ibil i ty was shown of construc
ting a convenient iteration sch eme for the calculat ion of 
nd -elasti c s catt ering amplitude. The rapid convergence o f 
the iteration s e ries comes from t he exact fulfilment of 
unitarity condition at each staSi ~' of successive approxima
tions. 
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This pap(:<l i s a i me d a t d eve l oping the CCE- mcthod for t_he 
p roblem o f 7T - n uclear interact i on. Its va l id j ty is illu stra
ted with the simpl e s t examp l e of the l ow- energy rr d - scat t er 
i ng without inclusion o f t he pion - absorption chan nel. We 
be lieve in t he p ossib ili ty of t he consi stent considerat i on 
o f tha t c h a nne l in futu r e from the experience of application 
of tohe method to QFT for which it has f irst been invl:!n ted. 

I n Sec . 2 we presen t basic a ssumptions of the CCE- me t hod 
for the simp les t cas e of a one - t ype i n t e r action . I n Sec. 3 
the s e r e sult s are genera lized t o the c ase o f interaction o f 
two type s ( f or t he " - nuclear interact i o n t he se a re n ucleon
n u cl eon a nd p i on- nuc l eon i nte ract i ons) . The i t erat ion p r oce 
d ure f or sol v i ng corresponding equations i s fo r mulated a s 
we ll. In Sec . 4 t he rrd -scatter ing p hases a n d l e ngth s are 
cal c ulated for variou s known sets o f "N -sc a t tering lengths . 
The resu l t s are discus sed in Sec. 5. 

2 . 	 Basic equat i on s of the CCE-method i n the case of a 
o n e t ype of interaction (see 111. 13/ ) are as fo l lows. The Ha 
miltoni an o f the system is 

H '" Ho+ gV • 	 (1) 

where Ho is the free Hamilto n i an; gV , the interact ion; .. 
the co upling constant. The e i g e n fu nc t ions of II are 111.'> , 
I L' "> , e t c., a nd the matrix elements over them Vii) ' , etc. 
The partial phases of scattering of two particl es (no ma t 
t er, elementary or composite) i s given by the re l ation* ) 

a8 (k) / ci g = -IT p (k ) Vfll/ ' 	 (2) 

where 1fi->Elok.-k>.IJI>=lk ' .-k'> (k=k'). !J (k) = rn"k / 2IT 2 

i s the l evel den s ity, m" the reduced mass, 1(' and k' are 
momenta in the c.m . s . before and aft er scattering, the 
spherical harmonics c orresponds to the angl e between vectors 
k 	 and k' . The pot ential matrix element in (2) V,w o beys 
the relation 

11)rJV j ag = :£ V V ( + ------ . (3)
/1 )/ a ILO av E -E - '0 E -E +io 

f1- 0 1 l/ " 

.. Here and in Sec. 3 we do not write expl i c i t ly indices of 
momentum, spin , ... in relations l ike (2 ) , I kl = I k' 1 = k . 

where E is the exact eigenvalue of H (defined by the 
known equation aEfl / ag= Vflfl ). 

If the potential V represents two-body forces and the 
number of particles in a system is l a rge r than or equal to 
three, one meets with the problem of separating disco nnected 
diagrams which correspon d to the fr e e flight of one or more 

(see / 14 / particles ). Such a separation within the CCE-method 
has been shown in / 12 1 and for the three-particle case it 
consists in the representation. 

3 . C 

Vfl )/ . ~ V~v +Vfll/ 	 (4) 
1~1 

where v i is the exact matrix element of the two-body po
tential fl~ith the f r ee flight of the third (i-th) particle, 
i ncluding /) -functions o f the conservation laws (momentum, 
s p in, e tc.) of the i-th particle; V~)/ is the connected 
p a rt of the matr i x element. 

Substi t u ting (4) in (3) giv0s the equation 

avC: / ag = ~ r ~v i v j + ~(ViV C: + 

flL' a i~ j ILa av fla a l/ 


( 5 ) 

+ 	V C V j ) + V C vel (_-"-___ ).

/1a a l) fl a (Jl/ E - E - iO El/ -E t· is
/1 a a 

The very shape of this equation suggests an idea of its 
approximately solv ing: the construction of the iteration 
series in p o wers of matrix elements vfl~ • With VC =0 i n the 
r.h.s . of (5) we obtain the first term of the series. The 
second te r m arises from substituting of the first one into 
the term linear in V C 

, and so on. 
Each term is Hermitian and has cor rect analytic properti 

es with respect to ene rgy variables . There fore, in contrast 
to, e . g., the Born series , we arrive at the scatter ing mat
rix which is unita ry (and causal ) at e ach ste p of successiv e 
approximations. On the other h a nd, the h igher t erms of the 
iterat ion series the furthe r singularities o f S-matrix which 
give a s ubsequentl y decrea s ing c ontribution . There fore, a s 
has been mentioned , the CCE-met hod provi des a re l a t i ve l y 
rapid c o n vergence o f t he iterat i o n series for scatte r ing 
matrix. 
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3. In the problem of "-nuclear interaction with the 

phenomenological "N -potential we have the more complicated 

Hamiltonian for the system "pion + nucleus" 


A . 

H = HO + g v + AlJ , U = I U

1 


(6)i=l 

,.here the term gV describes the NN -interaction; Ui , the 
pion interaction with an i-th nucleon, and A plays the role 
of the second coupling constant.* The parameter A is re
duced to unity at the end of some calculations. 

We shall study here the low-energy elastic pion-nuclear 
scattering assuming the solution of the pure nuclear problem 
with Hamiltonian (1) to be known. So the s y stem evolution 
in coupling constant. A from A =0 with switched-off "-nuc
lear interaction to the realistic value A =1 must be consi
dered. Analogously to (2), the scattering phase of the 
"pion-nucleus" obeys the equation 

a0 (k ) / aA = -" p (k) Ufll! (A), (7) 

where Greek indices mean eigenfunctions of Hamiltonian (6) • 


With the mentioned above boundary conditions we hav e 


1 
o(k) = -" p (k ) J d A U ( A ) . (8)fll! o 

The matrix elements Uflv may be calculated through gene
ralizing eq. (3) introducing analogous equations for deriva
tives ofUflV and Vflll with respect to A and g. However, 
a more simple way is to reduce the problem to the case of 
one type of interaction. Let u s introduce eigenfunctions of 
the channel Hamiltonian H O+A U denoting them by Latin in
dices and reexpand over them the quantity Ufll! : 

UII~I<fllm > U <n l v>. (9)
fl m,n mn 

*The results p~esented below are also valid for other 
problems with two types of interact i on, e . g., for Coulomb 
effects in nuclear systems. 

The matrix element Umn is well defined by the Hamilto
nian HO + ,\ U and is calculated like ViLlI in Sec. 2. Thus, 
we suppose 

A . C 
u I u

1 + U ( 10)mnmn ~1 mn 

where u i is the exact two-particle matrix element of the 
mn 

pion interaction with an i-th nucleon, !J~n is its connected 
part . Substitution of (10) in the equatio n (similar to (3)): 

+ ___1____ ),au ,' (jA=IU U (---  ( 11 ) 
mil ill S sn E -E - in E -E +inH m s n 

results in the e quation analogous to (5) 

e i j C 
au / a,\=I[I u u + ~ (ui U + 

ms snIOn S ifoj ms SII 

( 12) 

C C 1 1 
+ U C IIi ) .. U U lC----· -- + ----. ) , 

ms 8 11 illS s n E -E -is E -E +io 
m s n s 

which can now be solved by the iteration method. We 'drite 
out only two first terms * 

1 i j ( __1 _ + 1
U =~\li + I ~ ( 1 3) 

mn i mn i~ j S JdAumsu sn E -E -io E -E +iooms 11 S 

We are nm-l to find the iteration series for <n I v > in ( 9 ) 

which for the switched-off interaction U is simply the nuc
leus wave function in the representation of free particles 
denoted further by ~v(n) With the corresponding equations 
for sta t e vectors / 11-131 

I s > U Ia> {Jav snal n>/aA= IalII> / aA= I a Ev - E a -is s E -E s - iO 
n 

*If the pion-nucleon "bound-states" (isobar) are not taken 

into account, the energy variables in (11)-(1 3 ) may be con
sidered independent of A . 
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and (9) the equation for < Illv> is: 

a U SD <S Iv> <1l!a ><a!s> U <t\v > 
a:\ <n ! v> = }; + l B t----r-. (14 ) 

s En - E s+ io a ,8 ,t E v -Eo -iD 

This nonlinear equation can also be solved by the iteration 
method taking ~v(n) to be a zero-order approximation. First 
two terms of the s e ries are 

< nlv > ~ ~v (ll) + }; /dt.. Uns ~v (s) + 
s 0 E - E + i O 

n s 

(15 ) 
t.. ~o ~ o ) f o (s)U ~v (t)

+ 	 l I d A st 

a,s ,t 0 
 E -E -is 

v a 

And finall y, combin i ng (15) with (13), allowing for ((), 
and introducing the Green functions o f the nuc leus G -) and 
the system of free nucleons G(-)o 

(-)() '<' ~ (m) ;ja (n) Gb-) (E) =G E ~ '" -'Z.___ , Dmn 

mn a E - E o - i B mn E -E - iO 


m 

we arrive at the matrix element UIlV 

U,'I/ = ~ ;jll (rn)O (A)~v (n), 	 ( 16) 
r m,n r mn 

where 
A . 

o (A) = ~ u I ( A) + }; ~ I d A u i (AI) ul ( AI) x 
.mn . mn h~ j sOl ms sn 

t.. . 

x ( 1 +---=--1 _ _ +};}; IdA l uI (A)x 
 (17)

I,j S, t 0 1 m s 1 
m B n s 

E -E -W E -E +iB 

(-) (-) J 
x[G {E )-Go (E ) ]u ( A) +h.c. ( m ¢o )!, 

st 11 st m tn 

and the equality Ell =Ev i s included. 
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Fig. I. Th e graphica l i mage oi th e iL e rati on se ries (17) 
for rrd - scat tering. 

The series obta i ned is t he functiona l expansion ove r 
the exact t wo- part icle mat rix e l ement u l of the pionmil 
i nterac t i on with a sepa r ate nuclear nucleon. In t he simplest 
case of wd - scatter ing thi s e xpan sion i s shown by diagrams 
in Fi g. 1. where t he doub le l ine represents the de ut eron; 
solid line , nucleon; da she d l i ne . p ion ; bl a ck vertex. rrN 

in t e rac t ion ; wh ite ve rtex. de ute ron wave fu nction and squ 
are-nucl eon re scatter ing. The diagram o f Fi g . la r e present s 
the first term of (17); Fig. lb . the second t erm. The dia
g r am of Fig. Ie , the third ter m, describes the nucleon re 
sca t t ering (the d i ffere nce of G (- ) from G (-) ). It should 

. ' 0be not ed t ha t the consldered dlagrams are not the Feynman 
diagrams but some a uxi liary graphical image (for details 
see r efs /ll-131 ). In pa rticular, the ir vertice s represent 
the potentia l matr ix e l ements r athe r than s catt e ring ampli

tudes. 

4. Consider now the low-energy rrd -scattering. The pion 
(parti c l e 3) interaction wi th nuc l ear nucleons (part i cles 1 
and 2) can be a s sume d 13 - 5 / to be s - wave. The partial phase 
of rr d - scattering (8) ha s the form 

1 
00 ( k ) = - (p. • k / 2 rr ) J d A U P( k.k ; t.. ) , (18) 

r wd 0 rr d . 
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'tlhcre 1117 d = 2 I1 m/ (11+ 2m) ; 11 is the pion mas s; m is t he nuc
leon ma s s (m = mn = m ) ; U17 d e ' the partial component o f 
t he matr ix e~ement U (k,k':A )'=<IjJ(r)(k,A)[U[IjJ (+l(k ',A» a t 

lTd lT d lTd2 . (+)
k=k' ; U= ~ U \ ,the potential (see (6 )); a nd [1jJ > 

~1 l7d 
e igenfunctions of the Hamiltonian (6) with the usual asymp 
t o ties o f states at large di stances between the p i on and 
deuteron . 

We shall calculate Be( k) within the ite ration s c heme (17 ). 
In the first app roximation (diagr am Fig. la) fo r the ma t rix 
element UITd and with the identity of nucleo ns we have 

TJ(1)<ft:k';'\ ) =2 ~ if; CK ,m)u l (A) 1jJ (It',n ), ( 19)
lT d m ,n l7d III ,n l7d 

where IjJIT r\ (It, m) and IjJ IT d(k' ,n) a re a symptotical initia l and 
final states of the lT d -system. For i nstance, i n the momen 
tum representation r#"d (( m) = (217) 38 (k'- p'~ nV)(,b d (k )I~) ) rya , ¢ d 
is the deuteron wave function, rya is the isotopic part of 
the " d -wave function 

ry a = _1 ry (3)[ 17 (1)17 (2) - TJ (2) 17 (1) 1. 

~ 1M r + 


where 17 1M is the pion isospin function and the brackets is 
the deuteron isospin function. In v iew of the foo tnote to 
page 5, the sum in (19) means integration ove r the momenta 
of particles in intermediate states : ~ = (I / (2 IT)6 )1 d p( ml x 

-> (ml m 3
fdkx 12' 

~he matrix element u ~n in the Jacobi coordinates cor

responding to scheme 1 (23) is 

u l ('\)=(2n)3(j cP(ml_ p(nl) ~ P ' (23) U 
T (k (m) ,k{n).A) , (20) 

mn 1 1 rzl,3 ITN 23 2 3 

T 
where P is the projection operator into the " N -states 

UTwith isospin T=T/ 2 , and is the two-particle matrix 
element of the 17 N -interacffon potential in t he given iso
topic state. 

Substituting (20 ) into (19), a veraging over the isospin, 
and allowing for (18 ), we obtain the phase 0 E in the f irst 
approximation: 

8 

(1) l1· k d • . 1 • 
0Il (k) = - lTd ~ crL(-P-¢ (<i> ¢, (q')fdAU' c<i ,q- :A)lr' (2 1)

3 IT r =1 ,3 . (2IT) 3 d d 0 17 N il 

-, 1 .... . ... ...... 1 -+, -+ -t ..... --lo , -t ,...... ... 
where q = P -~k,q "' P ;-2k ,Ql = k- wP , _Ql ;= k - UJp , k =k , 

the I.'i'x'lmf'ter (v = 11 , (m ~ 11 ) , and coeffl.c l.ent s c 1 =1 , c 3 = 2 , 

In this approximation the scattering length (the scattering 

amplitude at the threshold ) is 

, ( I) 2 f dp ,2 ( ) ~ a:N «(Vp)a = - y - - <p p _ c -- (22)
lTd 3 jim (2IT)3 r\ r r (1lP 

where )l ILm =~I IT d' I I. IT N = ( l+/L / m) / (l +ji / 2m), /1 TIN is the reduced 

mass of the ITN -system. Expression ( 22 ) was derived with 

the use of eq. ( 8 ) for the IT N-scattering s-phase, (jrN
IT 

Expressions (21) and (22) contain the small parameter 

w ~o. 13. Let the static l i mit o f the theory be w ~ O. 


In this limit )111m =1, and (21) and (2 2) become 


( I) 2 T dp .... ~of (k,stat. ) =- ~ c (j (k)[f -- <:,6 (q) d> (q') l p: (2 3) 
. 3 r T ITN (2 IT) 3 d d 

a ( I ) (s tat) =~ ( a I + 2 a 3)' (24 ) 
lTd 3 

where aT ( r =1 ,3) are s -wave 2.engths of ITN -scattering. 

Formula (24) coincides with the f irst term o f the series 

of the multiple scattering theory (MST) in the impulse ap

proximation (see! 1 , I S/ ). 


( ) / 16-21 ·' 
Table 1 shows values of a"ld (stat.) for variou s sets 


of IT N -scattering s - wave lengths and those calculated 

directly by formula (22) with the separable potential 


U 
T 
(k,k' )= 1] g (k)g (k ' ), g (k)=(k2 + /32) -1 (25 ) 

r T T T r 

for all isospin s t ates of the two-particle system: T=}T= 0,

t, t· The parameter.s 17r and {3r are defined by the data 

on particle interactions at low energies and are taken the 

same as in ref . l SI • For the isosinglet state o f the NN 

Isystem : flo=1.44 fm- ,17 0= -S17f361g/ m , g=1+(Ko / fj O)2= 1 

K 0 = Y'\ii'lfl ' £ d x - 2,23 MeV is the deuteron binding energy . 
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Por t he isospin state s T=4, i of 7T N - system f3 1=(33 =f3 "a.5fm",! 
TJ =- (47Tf33/r ) rr ,where t he par ameters

T iT N 

f r = ~ f3 / (2 +aT f3 ) (26) 

are fitted to t he 7TN - scattering lengths , 3.r • The typical 
value I fr I ::: 0.3 The matrix elements for potential (25) 
are as f ollows 

T r* T
U N( q. q , : A ) - 1/ a ( q .,\ ) a ( q' .,\ ) , 

7T r 7TN lTN 

(27 ) 

a:N( q,'\ )-(q-i {3) / (q+ l{3) f (q - i f3 )2_ Afr f3 21. 

As is seen fr om Table 1, the values of a~~ (2 2) and 
a(l ) (stat ) a re practical ly the same and 

lTd 

(1) (1)
3 -= Y • a (stat ) (28 ) 

lTd /Lm 1Td • • 

where Yrm =/LITi/L7TN::: 1.07 . Hence it may be conc l uded that. 
t he small parameter w validates the stati c l Lmit . The lTd 
scattering lengths cal culated i n the first approximat ion 
are highly sensit i ve t o the 1TN -scat t ering lengths and dif 
f er from the exact result s obtained i n / &I (see Table 2) by 
using the Faddeev equations. Ther e f ore , we mus t consider 
subsequent t erms (di agrams in Figs. lb, l c) of t he iterati 
on series (17). In their analysis we restrict ourselves to 
the static l~t that seems to be (see eq. (28 » quit e 
reasonable . 

Let us show that the third term i n (17) (diagram Fig. le) 
in t he static limit is strictly zero owing to the cancel
lation of a!~) and a~-a)t . Indeed, in that limit 0(-) in 

at 
terms of variables <p ,j( ) has the form 

8 12 ... 
a(-)(E ).2f.l (2tr)SB (p(S)_p(t) )t uq x 

It f.l lTd S 8 f (21T)8 


.I. (+)(q k(II) )¢(+) (q k*(t) ) cp (k(II»cp (k (t» 
'l'NN '12 NN '12 + d 12 d 12 I 

x )2 •~ _pjt _rp.< /(~ + q2) -iB It 2 _ p(t) 2 - 1B 
8 
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whe r e (ll =21( / (p. +2m ) .EI-'=k~ / 21-"d t-{d' { d =- K~ / m is the 
deuteron b inding e nergy . As (J) "' O ,fl-' x 0 and because of 
the complete ness of states of t he NN -sy stem we obtain tha t 

( - ) " . ) 2 
C (E ) = 2 8 (k ~ - p ~l - io),

st fl 5t 

where 0 = ( 217 )6 8 ( p( sJ _ p( t ) )0 (k(s) _ k( t ) . This expres
st 3 3 12 12 

s ion co inc ides with C~-) (Em) a s w ... 0 if one takes into 
st .. 

account that the momentum p (m) = k owing to the functi on 
3 

I/J /l (m) - 0 ( p~ m)_ k) in (1 6). 

Therefore , the second approx imation requires the calcula
tio n of the dia gram of Fig . Ib in the s tat ic limit. In f ull 
analogy wi th the de rivatio n of (21) we obtain for the p h ase 
0~2) t h e foll owi ng expr ession 

2 -, 1 

8)2)( k ) ~_ y !L.!i ! b [J~ p_1-J dA(l-A )x 


flill 9" T l .r2~1.3 ' I T2 (2" ):3 k2 _ q2 0 


(29) 

, ~ d~"'''' 
x U Nt (k,q;A )U N(q,k;A ) J - -3¢ (Q l ) ¢d( Q 2) l o 

TT TT (2 /T r d r. 

-to .... 1 .... -+ ...... ..... 

where Q l ", Q +T(q- k ), Q 2 =Q--t ( Q- k ' ). The s ign P means the 
principal value integration, the coeff i cients =-1,b l l 
b13= b 31 - 4 ,b 33 z 2 ,and the factor in (29 ) is d ueYiL lll 
to (28 ) . The second iteration of the s c attering length is 

(2) 4 2 d " 1 1 
a "d = Y/l m _ iL_ ~ b" J --...9.._ P'2' J dA (1-,\ ) x 


9" '1,r 2 1 2 (2 TT) 3 q 0 


(30) 
T T d Q ... 1 '" ... 1 ... 

X U77~ ( O ,q ; '\ ) U TT; (q,O; A) J - - ¢ (Q +"'2q)¢ d (Q - -2 q). 

(2") 3 d 


Formulae (29) and ( 30) represent t he second term of the 
iteration $eries (17) for TTd -scatter i n g phases and lengths 
in the static limi t . They are consi derably simplified by 
tak ing the mat r i x elements U~N ( k,q ;A) at q",k out of the 
integral over q • Then, the p hase oj2l becomes 
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T T . 

2 'J ~ (2 ) (k»), -- _ T b a I ( k ) a 2 ( k) d r (k)[ 1 
" . = fl m 9k ~ 'I' 2
o Y • , T{ 2 71N rrN 

(3 1 ) 

-UT, f T ) ,'3 1. do (k ) :[J d r'c;6 d
2 (r)exp(i Ar )eos ( kr V rJ 

I 2 ' r 
T 

wh e r e 1 =k- k" , ,)rr N are t h e s-p hases of TT N -sca ttering 
re sulting fr om the integration o ve r A in (30) with the use 
o f (8 ); parame t e r s fT a re defined by (26) . The correspon

ding sc a ttering length a~2J h a s the fo r m 


a (2)=y 2 L b a a l1-(I' + f ) / 3 1< l.. ." (3 2)
TT d /lm9 T "2 TIT 2 ' I 72 TI r2 ' r d 

I 

whco, re '- -f- "'d = 0, 566 fm -I f o r t h e deuteron wave f unc t i on , 
d e f ined by t he potential (25) . Argume nts fo r (3 1) and ( 32) 
a re a s fo llo ws : Th e domina nt con tr i but ion t o i nte grals (29) 
a nd (30 ) come s f rom the integr a nd s ingula r it ie s in q - p l a n e 
nea r ef' t to the c oordinate o r i g i n . This is t h e p o int q = k 
(k = O,2 fm'I fo r the pio n ene rgy 5 Me V) . Other po les (see (27» 
a r e at the points q", if"! , i.e . , f ar f rom q=O, bec a use 
{1= 3,5 fm -I . There fore, t he j r c o n t r ibutio n t o t h e inte g r a l s 
s h o uld be e xp ected to be s ma ll. Note that (32 ) with out the 
t erm - U TI + f'2 ): 3 c o incide s wi th the seco n d t e r m o f the 
se rie s of MST f o r the rr d - s catt erin g l e ng th i n t he impu l s e 
a pprox imation ( s ee, e.g., r e f / Ii ) : 

(2 ) 2 
a ( MST ) =1- - L b a a < ~ " (33)TTd ' • fl m 9 T T 'I T 2 71 T " . (' d 

I' 2 ~ 

The typica l value of the quantity I I' , ~f T 21 /3 i s ", 0.2. The 
difference o f ( 32 ) comes fro m the exab t f ulfilment of the 
unitarity condition in the g iven i t erat i o n sche~e in c o nt
ra s t t o the series o f MST. 

Table 1 s hows re s ults o f calculat i ons of a <;~ b y formulae 
( 30) and (32 ) . Comp ari s o n t e stifies to t he small differe nce 
( '" 0.006 fm ) of those c a lculatio n s for al l set s of 71 N 
scattering lengths. 

Thi s s upports our arguments in d e rivin g ( 3 1) and (3 2 ) . 
Table 1 s h ows a l s o val ue s o f a C;J (MST). As is seen t he 
s eco nd term is less sensitive to the TT N-scatt e ring lengths 

14 

than the first one. Table 2 s hows the values of sums of 
the f i rst two iterations * 

a (CCE) ",a(1) (22)+ a (2)(30), 'Ii = a (1) (28) + a (2)(32), 

71 d TT d TTd I7d 17 d 77d 


a TTd (MST) = a ~l(28) + a~~(33) 

and the exact results calculated by the Faddeev equations 
in ref / 5 / (s - wave 77N -interaction). The results indicate 
the fast con ve rgence of the considered series to the exact 

/ 51 values of a d • The be s t agreement is for (CCE ) aTT d 
15 / 71 

wher~ a TTd - a 71 d (CCE) =-0 . 002 fm . The analogous difference 
for a 71 d is wi t h in (0.002 - 0. (04 ) fm, for Srrd (MST) is 
larger : (0 . 005 - 0.(07) f m. It should be noted that the 
contributi on of the p - wave TTN -inte r action, as is shown 
in / 5 / , amount s appr oximately t o -0 . 00 6 fm. 

As foolo ws from t able 1 , t he values of a~~) are always 
smaller than of aJ~) . Nevert heles s , t he numerical conver
qence of the i t eration scheme is not accidental. Smallness 
~f a~J as c ompared to a ~2J is due to the specific iso
topic structure of t he pro bl em resul ting in the cancellation 
of two "large" q u a ntities i n t he f irst approx i mation (see 
(24». Indeed, consi der a simple mode l in wh i c h the iso
scalar pion is sca ttered on the d euteron. As the s -wave 
TTN-scattering length we take the maximum v alue la l .31 from 

table 1, i.e., R"N = 0 .26 fm. In this model for the TTd 
scattering length the sum of fir st t wo iterations is 

( 1 + a 71N < 7 >d)' a TT d : 2 a 71N 

Since < l / r> = 0.57 fro-I, A~ a"N < 1/ r >d = 0,1 5. The para
meter A indicates smallness of the second term as compared 
to the fi r st one a nd reflects c o n v ergence of the method. 

The "d -scatte ring phases c an be e a sily c a lculated within 
first two iterations by simple expressio n s (2 3) and (31 ) in 
the static limi t. Like for the s catter i ng l engt h, the c a l 
culated scattering phases at low energies are natura lly 
believed to c o inci de practically with exact value s . Unfor
t unately, a t presen t there are no ca l c ulations b y Faddeev 
equations f or the 77 d -scattering pha s e s i n that energy region . 

* I n t he round b r ackets there are pres ented the numbers of 
formul ae. 
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Figure 2 shows the s -phases for three sets of rr N-scatter
ing lengths: the solid line corresponds to the rrN-scatter
ing lengths from ref. / l? 1 ; dotted line, /2 1/ ; dash-do tted 
line/20l . The s -phases of rrd -scattering are rather sen
sitive to the parameters of rrN -interaction. Note that the 
corresponding p -phases are very small and amount to 0.01 

of 	the s -phases. 

5. In this paper the CCE-method has been developed for 
the problem of pion-nucleon scattering. The new iteration 
scheme (17) is proposed for calculation o f t h e scattering 
amplitude, which allows a simple diagram interpretation 
(see, e.g., Fig. 1). This series is an expansion over the 
exact two-particle matrix element of interaction o f a pion 
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with an individual nuclear nucleon. In contrast to the 
multiple scattering theory / 15 / the unitarity condition for 
amplitude holds in each step of the successive approximation. 

The analy sis of rrd -scattering was aimed at studying 
convergence of the g iven iteration scheme for the scattering 
length to its exact value calculated in / 5 1 by the Faddeev 
equatj ons. From the careful study of the first iteration 
(diagram in Fig. 1a) it was established applicability of 
the theory static limit w=~ / (m+~)~ 0 . It turns out that 
unlike the case of nd -scattering considered earlier / 12 ,13 l 
the first approximation of the rrd -scattering length is es
sentially smaller than the exact value of arrd / 51 because 
of the specific isospin structure of this problem, as indi
cated at the end of Sec. 4 . The accidental smallness of the 
first approximation is also verified by the practical coinci
dence of the sum of two first iterations (see table 2) with 
the exact value . From table 2 it follows that the consiarrd 
dered iteration s'eries converges to the exact a.". d 151 better 
than the MST series. This can be regarded as a consequence 
of the fulfilment of unitarity at each iteration step . More 
definite conclusions require, of course, a more careful ana
lysis of applicability of the static limit, in particular, 
exact calculation of the diagram of Fig. 1c, and estimation 
of the higher-iteration contribution. The results obtained 
for the rrd -scattering phases (see Fig. 2) indicate their 
high sensitivity to rrN -interaction parameters. Note that 
all basic relations of Sec. 4 corrected to the spin-isospin 
dependence can be applied f o r the pion scattering on heavier 
nuclei, e.g., 6Li / 22 / , which admit a two-cluster representa
tion. 

An interesting problem is to generalize this formalism to 
the channels with nonconservation of pions in intermediate 
states and to the general case of multichannels reactions. 
The latter in terms of the Jost matrices is d iscussed in 
ref.i 131 • 
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