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1 . INTRODUCTION 

The Quadrupole Phonon Model (OPM)' ' t .:! ' <lnt1 the Intcracti ng 
Boson Hodel (IBM)'~'"' ' 3 - 5 'played an important ro]P for the prog­
ress in the theoretical descriptior. of transi tiona 1 lJUClei . 
A considerable achievement of the QPI-1 a·1d TB!~ is the construc­
tion of a mathematical formalism tor 3 unified dcscrlption of 
the vibrational and rotational states in even- evPn nuclei . 
Presently QPM and IBM are widely used fer the interpretation 
of the data or transitional nuclei. In ~ur· , the predictions 
of these models stimulate the experimental investiqations of 
nuclei far from the /:l-stability line. 

The problem of the QPM and IBM relationship has been dis-
cussed in the literature (see, e. q . , refs . ' ;3 G- 8 ) • (When 
there are two models, advanced indC'p<.•rH.len tly for the CXl•l<tna­
tion of the same phenomena , the c1ucst ion nf their comparison 
naturally arises). Though the (lHl <ut!l IPtl Ham11 tuni<tns look 
differently , the study of their 1 Pl<Hlc:.:- o::hip ltd~ ah;ays led tc 
the conclusion of the equivalence (Llu!·l · J!J <li:fPHnt <:on­
texts) of both models . The fact, t.IHit i l shm.:l•1 :.c: sr, 1:. 
clear from a general point uf vH·v.· if 1:r tak~· 1nto con~;idc­
ration that QPM and IBM arc ldent· lcttl in tl!r: nest csscrtJal 
point: they have one and the sam< 11!)(1cr 1 yJ rt<:; qroup of broken 
symmetry (see, e .g., ref. li l , namely the six- dimensional 
special unitary group SU(6). (PrPsur..<tLly , tLi:. is tlH'! r0ason 
for the authors of paper ' 7 to con!;idr•r ~JPt1 <ts twu real iza­
tions of , as they call it, " phenorncnolo91cal su 1(,) Boson Mo­
del"'~' It was noticed therE-, that AJ'il':'u .J• t; .1ucilcllo used 
finite Boson expansion of "Sch\:inqtn tn c", · ... ·Lile Janss0n , 
Joles and DOnau applied an infir:Jt(' Bost>r. f=xpnnsion of "Hol­
stein-Primakoff-type". 

• The Quadr;.1pole Phonon 11odel h<'~s bf'Pn developed by Janssen , 
Jolos and Donau. 

** The Interacting Boson Model has been proposed by Arima 
and Jachello. 

H"Note,however, that each medal has 1ts o ... m philosophy and, 
accordingly,QPM and IBM have been constructed in a different 
manner . 
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The authors of QPM and IBM were the first to po~nt out 
the equivalence of their models . They showed 3 ·6 that the mat­
rix elements of Hamiltonians and Quadrupole operators (in the 
relevant bases) in both models were identical. Touching upon 
the relationship of QPM and IBM, Blaizot and Marshalek propo ­
sed '

7 
that the investigation of the transformation, connec ting 

the Boson expansions mentioned above, could directly lead to 
the substantiation of the QPM and IBM equivalence. Their de- • 
tailed analysis indicated , that the quantal transformation 
could not be expected to be unitary in the case of SU(6)-al­
gebra (which is of interest in establishing the QPM and IBM 
equivalence) . The observation that QPM and IBM are essen­
tially equivalent and their Hamiltonians look different only 
due to the fact that different Boson realizations were used 
was mentioned also by Paar 8 He formulated the following 
statement (though in a little different way) : QPM and IBM 
Hamiltonians (as operators irrespectively to the basis) coin­
cide if definite relations between their parameters are f ul­
filled ·. Of course, this statement is stronger, than the 
QPM and IBM equivalence "on the level of matrix eler.1ents" . 

It turns out that the statement that QPM and IBM are equi­
valent "on the level of operators" admits a rigorous mathemati­
cal proof . So far , no such proof seems to exist in the litera­
ture and thi5 is the main aim of this note to present it. (The 
rigorous foundation of the QPM and IBM equivalence is not only 
of methodological interest (the proof is instructive) , but it 
favours a deeper understanding of the essence of two models , 
already belonging to the arsenal of the Nuclear Structure 
Theory). 

Clearly, to establish the QPM and IBM equivalence "on the 
level of operators", we should remove the source, which masks 
the identity of operators of both models (different bosoniza­
tions have been used) . One possible way to do this is to const­
ruct explic itly the Schwinger representation (SR) of the QPM 
operators. Recently many papers have been dedicated to SR, 
mainly of Japanese school (see , e.g., refs. ' 11 - 15 ) . (Bein9 
finite and unitary, SR is convenient (see,however , ref. · 7 ) 
in solving such theoretical problems as quantization of the 
time dependent self-consistent field '7 11 ,12 . quantum rotator 
and high states description 11. anharmonic and Pauli prin­
ciple ' 15 effec ts, etc . ) . The impression is that some of the 

'Therefore, as it was emphasized ins. QPM and IBM will 
give the same numerical results for the energies and transi­
tion rates. 
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bcso!1 representa t ior.s , d ~ scusscd in papers i 1 I - "' : were call ed 
t he " Schwinger type" on ly because t hey were finit e and satis­
fied the correspo nding commuta t or a l gebra . It is not alway= 
clear to what extent these "Schwinger type" representations 
are consistent with the definition given by Schwinger 1 16 . 

In the present note we s ha ] l construc t explicitly the SR of 
the SU(6) QPM generato r s , proceed 1ng from the relevant defini­
t i on. (Hopefully, the pr~sented way o f SR construction could 
be of interest not only f or QPM equiva lence f oundation, wh ich 
or i ginally motivated this work) . 

Therefore, in the pre sent paper we shall give an explicit 
construction of the Schwinger r epresenta t ion for the generators 
of the SU(6) algebra, obtai ned within QPM. IBM and QH: equi­
valence (identity of the Hamiltonians and the relevant opera­
t o rs) will be received as a cor ollar y . 

The presen tation is o r ganized a s fo llows. 
In Sec. 2 the QPM and IBM ideologies are briefly discussed 

and the necessary formulae and definitions are introduced. In 
Sec. 3 the problem is fo rmulat ed. The SR construction of SU(6) 
generators is presented in Sec . 4. QPM a nd IBM equivalenc e is 
proved in Sec.S. 

2. COLLECTIVE HAHILTONIANS AND RFLEVAIJT OPF.Rl\TORS 
OF QPM AND IBM 

The physica l assumpti ons t:r.der l ying 1·he derivat ion of t he 
QPH collective Hamil t oni an oi Ql' M ~ and t he philo sophy which 
ht•.s led t o the IBM Ha mil toniMl (ll !BM)a r e dosc ribed i n detail 
i.r. original papers 1-li ' . We r!"'<Ja r <l t.huse i mportant quest i or '· 
with t he purpose of m~king tile f urther p r esentat i on more ur­
derstancabl c . 

1' treat al l t he f ivc> quarlntpol• 
Jr.h s an(l Donau intrccluce l qenr>tdl 
clnC1 COn),Jgatcd lnOml"'nta ~~~ell, ~~ ... Cl 

,.,JJ ... 

'" 'uadru~'· lc states ,,·p •.:~· Jl•t't:'r 
xc ,t lt" i -. s they shol:"'·' ,., ,. :' .ul: 

clo<;ed 

I Gil. v q . p 
-jl -j.l 

l p ,p ,J-<-1 
jl /.l 

~,.. [ ci . q 
.,, -/.l 

teqrces of freP:lnm, J·r~~( 

Zt::ci C0llective r•c.<.r•hncotc~ 
O• l .+~t'As,t!'tnc t'•,t 

otlH1· ~:r:,~ c.1 
t '1( ir ro~,m 

t ,. i.e r ~E • 

.~ means t ha t A is 111 abstract oper ator , the a bsence of 
i ndicates that A is in a given r epresent a t i on . 
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q .p, ,q , =--2o , c-11 P .-o, (-1) P , _s, .(-1) P 
fl fl /l fl fl -p. fl - fl "il fl JL - jJ 

[ 

A A I A I •) /l
1 

A fl' A 

1 q . P , .P , = .. s ,(-1) q ,,s , ,{-1) q 1-0 
J1 fl fl flfL -p. fl -fl II 1111 

(-1f 
A 

IJ -II 

A A ] A p.'A .JlA 
ffq ,q •. q --1=8,, (-1) 1 -o ,. c-11 q , 

IL I' fl II "il !1 fl - !1 fl 

[ 
A A 1 A fl A t' [q ,q' ,p -- 1.:5 'N (-1) p -0 N (-1 p ' 
11 fl Jl. Jl. Jl. -p flfl -p. 

( 1) 

[l A A l [A A ll'+pN+p.'" A A 

q o p ' o q H 0 p m 11-8 o ( -1) [ q w • 0 q '1..-
/{ Jl. f' fl fl-JL "il "il 

... s . . . < - 1 t · 1 <i ., <1 1 + s , ,c -1 t'" [ <i ,,. <i 1 + s ... c - 1 r 1 Q ... Q J 
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A A I [ A A 11 Jl. [ A A [q ,p ' . q ,,q "' 0 ,.(-1) q ,,. p 
I' /L fl Jl. 1'-Jl I' I' 

Jl. [A A I 1- o .,(-ll q ,.p , • 
/1-Jl Jl /l 

~~N' A A ~j 
..-t"i •• <-1> r q .P ... J- s , , c-1) 

/L /l fl -11 /1ft 
[q ,p .1 

fl -jl 

rr A A l l A A , J1 [ A A l q .q,. q ,,q ,ll=o, ,(-1) q .q ,, + 
/1 J1 /1 /1 fl -p. fl fL 

/ ( A A -j{ A A f) ' A A 

+ s ' "I ( - 1) l q ' . q , ] -0 " ( - 1 I [ q ' ' q "' I -0 ' "' ( - 1 [ q . q N I. II _,, 11 I' IL-fl Jl Jl. JL _,, fl /1 

•cull -A Acult 1 - .. 
where: q1, Q 211 \ L PJl p2Jl , v K . The quantJ.tJ.es L anct K are 
defined in 1 and will be of no use further. Just to empha­
size th~t this SU(6) has been obtained within QPM, throughout 
the paper commutator algebra (1) will be referred to as 
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SU (6)QP M · 
The QPM collective ·~miltonian is expressed in terms of 

SU(6) QPM g0ncrators in the following way : 

~ 2 2 
1-JQPM C l J[q ,p s~ u ~ (-1fq q ~v ~ (-l)JI.p p t ( 2 ) 

" -2 J1 11 
11-z Jl. -r p.=- 2 J.L -p. 

~ L 
1~)~ i (-d'll \(q,p]),, )t !._ ~ tL(-l)M(J[q,pl) 

:.. 1' -2 11 (C.-fl 4 L=0,2 ,4 (L- M) 
M= -L 

The symbol ( )(L M)denotes the usual vector coupling . The infor­
mation on the average field and residual interactions is in­
cluded in the parameters e,u,v.w,t L . 

The generalized Holstein- Primakoff representation of the 
SU(6) QPM generators has the form: 

------ . '---------=!' 

N V d +d ( 1 )/
1 

d ' V q = \ - - ~· ,, - -II + d II \ N - - d ,.d i' 11 I r ,.. I' 

p = i [ ( -1) JL d ~11 \ N - ~ d /,ct I'- \ ;-:---~ ~; ct;' d II l 
fl I' I' r (3) 

~ fL-tlt' ; f 
1lq ,p, l=d d, '(-1) d ,d -o ,(N-ld d 

f' fl Jl. 11 -fl -11 flJL ~· II I' 

[q ,q . 1~(-1>11 ct'ct ,-(-llJI.ct '.u 
fl I' Jl. -p. JL -p. 

eigenvalue of the Casimir operator of SU16); where: :"-1 is the 
operator d~ ~ 
(}.t=O, ±1,±2). The 
tained by using 

creates quadrupole phonon with projection J1. , 

familiar form of the QPM Hamiltonian is ob­
eq. (3) for li QP M from eq . (2): 

r JL r • ,. -- F 
HQP ~ h 0 - h 1 ct 1,ctJl + h2 ~ (-1) (d d_ \ (N -2 dvd~,XN-1-l<lv<lv)+h.c)• 

M 1 fl J1 JL fl I' v 

, . 1 Jl. r .,. ~ + - ) 
+ h 3 .._ (- ) (d Jl.(d cl >

1
.> >\ N- _ d ,d , h.c. + 

JL ~-JL 1 I I 
(4) 

L 1- r M 
+ I h 

4
L(d d ) (dd) (-1) 

L =0,2,4 (L M) (L-M) 
M=-L 

The electric quadrupole operator was defined as: 

Q Q PM ~ m 1 q 11 + m 2 (f q 'P l) (2/1) · (5) 

m1and m2 being arbitrary parameters . 
The expression for QQPM ,which has been utilized in the 

calculations of the F.2-transitions within QPM , is obtained 
substituting eq . (3) into eq . (5): 

- + Jl • t .,. ) 
Q ;m (d \ N -~ d d + (-lJ vN -ldJ..d,,d ,,)+m

2
(d d . (6) 

Q p M 1 Jl r I I v -r (2J1) 

<Thoroughout this paper+ stands for Hermitian conjuga­
tion (h . c . ) . 
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IBM has been constructed in the spirit of the Theory of 
High Symmetries. As has been already mentioned, a funda-
mental role in Arima and Jachello approach is played by the 
SU(6) group*. Being rich enough, this group turned out to be 
very useful for the phenomenological parametrization of pletho­
ra of the measured nuclear spectra and electromagnetic transi­
tions 14 ·5 •181 (note that reacher groups, in particular,Sp(12,R ) 
were considered for the transitional region and microscopic 
approach was proposed ' 11l ' ). The IBM characteristic feature is 
that besides the quadrupole bosons d ~, ct

11
, Arima and Jachello 

introduced bosons with orbital momentum L=O, namely, s+ and S. 
With the help of s+, s I ctt I d/L I all 35 generators of SU(6) 
were constructed . In terms of them the expression for HJBM 
is the following ' 4 1: 

- +- • + + .. I HI ., • ~s s s ~-=d 2 d,d 11 + ~[((d d) ( ds ) ) + h.c. + 
Bm · /1 r r (21!) (2"1L) (00) 

+ .:!.E_[((d+d+) (ss) thc.lt u
2

((d+s+) (ds) ) +- (?) 
\ 2 (00) (00) (2!1) (2- !1) (00) 

+ ~ "o((s +s+)<OO>(ss\oo>) (OO> .. 

1 1 2 + + 
I L=~ .2.42(2Ld) C L((d d.)(LM) (dd)(L-m))(OO), 

where '- s , "d , u o , v 0 , u2 , v2 , CL are phenomenological 
pa rameters . 

Thus, while }i QPM has beenA derived on the base of the micro­
scopic nuclear Hamiltonian, HIB M (in the phenomenological I BM 
version~*) has been constructed from the outset as the most 
general scalar from the generators of the underlying dynami­
cal s~etry group SU(6) . (It has been proved in paper ' 20 ' 
that HIBM can be expressed through the Casimir operators of 
three different chains of subgroups) . 

In the framework of IBM the following form of the electric 
quadrupole operator was used 4 ': 

Q IBM 
+ + 

m I [ ( d S) (2!1) • h C. 1 + m2 ( d d) (2!1) (0) 

As has been mentioned in the Introduction, QPM and IBM 
are equivalent on the level 4

·6 ' of matrix elements , namely: 

'From thiq viewpoint QPM and IBM could be considered as 
a further development of the Unitary Scheme ~odel in the Nuclear 
Theory 17 1 

• .. The microscopic foundation of IBM is given in paper ' 10 . 
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- 0 s 0 d 1 °d 
H 18Mjs d [N1xLM '> = HQP Md [N]\'LM'> 

- n s lld nt) [ 1 
Q I B Ml s d [ 1\1 J X L M > = Q Q p Ml d N X L M > , 

ns nd[ J where the states I s d N X LM > form a complete 
six-dimensional oscillator Hillbert space; N is 
of the total Boson operator 

N =S+S+~ d+d =0 +iid 
11 11 11 s 

(9) 

( 10) 

basis in the 
the eigenvalue 

( 11) 

n 5 =N- n d X is whatever quantum number is needed to specify 
uniquely the states ; l d"d[N]xLM stands for Js 0 5

d
0 d[NlxL"v1 >. 

from which the S -boson degree of freedom is "excluded". 
Let us remind that eq. (9) was ful filled under definite 

relations between the parameters of H IBM and HQP M 
14 1

. 

In the Quantum Field Theory language eqs . (9) and (10) ex­
p ress QPM and IBM equivalence in a "weak sense" . Before we 
pass to the formulation of the "strong equivalence", i.e . , 
"on the level of operators", l et us def ine the Schwinger re­
p resentation of the su (6) QPM generators : I g A I =I Q ,p ,i [ Q .P , l. 
[ - - ·ll 11 11 11 11 qll , q/1 • 

It is known , that SU(6)-algebra has 35 generators and its 
fundamental representation is six-dimensional (sextuplet) (see 
Sec.4) . As any Lie-algebra, SU(6}QP M can be represented in 
the fo rm: 

A A r A 
[ gh 'gp j = y hp g T 

(summation over r ) , 

r 
where (A.p.r=1, ... ,35); yh are the SU(6)QPM structure con-
stants. 

p 

Let the set lgA I of 6x6 matri ces generate the SU(6)QPM 
fundamental matrix representation , i.e., 

r g>.. • gp 1 = Y~P gh • ( 12) 

The SR of this algebra is generat~d by the operators lg>.. I. 
defined i n the following way ' 16 

gh x+gAx 

( ~-2) X ~ ; 

.d 2 

+ ~ 
X =Sd_2 d_ 1 ... d2, 
~ 

(13) 
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Using eqs . (12) , (13) and taking into account the ioson 
commutation relations between S .s;d~ , d+~.it can be shown 
that: [gA,gpl=y{pgr .i.e., !gAl actually generate a SU(6)QP M 
representation . 

3. THE EQUIVALENCE PROBLEH f0Rt1ULATION 

From t he comparison of eqs . (4) , (7) and eqs . (6), (0) it 
is obvious, that H QPM' ~IBM and SJ QP M· Q IBM are given in dif­
ferent representations: !!IBM andQIB Mare in SR, while for HQP M 
and QQPM the Holstein-Primakoff bosonization has been applied 
(see Rec . 2) . The idea of QPM and IBM equi~alence establish­
ment "on the level of operators" is quite simple. Let us as­
sume, we are able to explicitly find lgAI. Substituting t~e 
obtained expressions into eqs . (2) and ;5), we shall get HQ PM 
and QQPM . i.e ., the SR for these operators, and now they can 
be compared with HIBM and QIB M•respectively (saying in advance , 
the results of such substitution will be as follows: all boson 
structures, which are present in eq . (7) , will appear in eq . (2) , 
and the re~ulting expression for QQPM will have the same 
form, as Q IBM _ from e<! . (8) . 

Provided H Q pj-nd II IBM parameters are connected by the 
relations: 

to , = - 10 e + (2 N ..a )( u +V) + -
s 5 

• 
fd 2 e ~ u ~ v ~ .!... t 0 ~ ..!. I (2L + 1) t L 

5 5 L =2,4 

v2 = Wy5, v0 • (u-v)y10 

2t 0 - 4 ( u +V ), vo ~ -5- - 2 u 2-- 'F t 0 
\ 5 

2 L' 
CL = --1..,., ~ (-1) (2 L'+1)12 2Lit, 

(2L+1) • L '=0 2,4 2 2L' L 

we shall prove , that HQPM = H IB M 

We shall also show , that: 

QQPM=QIBM' 
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( 14) 

( 15) 

(16) 

In order to derive rigorously eqs. (15) and (16) we have 
to find explicitly, using definition (13) , the SR of SU(6)QP M 
generators. 

Let us turn t o the construction of I g.\ I. 

4. THE SCHWINGER REPRESENTATION CONSTRUCTION 
OF SU(6)QP M GENERATORS 

The Lie-algebra of the SU(6)-group belongs to the classi­
cal Lie-algebras . (This is actually A5 in the Cartan 's nota­
tions) . The Theory of the Classical Lie-algebras is a comple­
t ed mathematical theory (see , e.g ., refs. / 21-24 1 and refe­
rences therein) and it is worth to use its powerful apparatus 
in the SR construction of the SU(6)QP M generators . 

It is known that SU(6) is a group of rank 5, i . e ., among 
the 35 generators of its Lie-algebra, there are 5 generators 
which commute with each other . The SUf6) canonical commuta­
tion rules and the explicit form of the sextuplet's matrices 
are known . We give here several formulae , which will be of 
important use further . 

The standard form of the SU(6) commutation relations 
is 123-26 / : 

[ Hk ,H e]=O, ( k • p = 1,2 ..... 5) (17) 

[ Hk . E+ 1= rk (±a)E+ . (a= 1,2, ... , 15) _a _a ( 18) 
5 

[ E . E l = I r (a ) H 
a -a . k=1 k k ( 19) 

[ E a• E ~] = N~~ E0 (no summation over 8 ) • (20) 

Let us explain the notations: the six-dimensional matrices 
I ll kl are the elements of the maximal Cartan ' s abelian sub­
algebra . They are diagonal 1261 : 

6 
-112. (21) H k=[ 12k ( k +1)] dtag ( 1 ,. . .,1 , -k , O, ... ,O) 

k 

The "raising" and "lowering" canonical generators have the form: 

1 
Ea = v12" ~i 

\ o ~j 
E = E + 
-a a . 22) 

where j > i = 1,2 , ... , 6. The one to one correspondence between I a I 
and I 10i +jl is given in the table: 
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Table 

a 2 3 4 5 6 7 8 9 10 11 12 12 14 15 

10i +j 12 13 14 15 16 23 24 25 26 34 35 36 45 46 56 

The operatorsiHk I and IE :tal are the so-called Cartan-Weyl·s 
canonical generators . The five-dimensional root vectors lr(±a)l 
are subjected to the conditions: 

r(-a) = -r(a). I r k(a)rp(a) =c\e . 
±a 

and their explicit form is giv§n in appendix A. 
For SU(6) the quantities Na/3 are: 

l± 
1 

. if r{a) -+ r ({3) is a nonvanishing root vector, 
Hli - \ 12 

a/3-
0, otherwise . 

Let us return to the problem of finding ]gAl. It is seen 
from eqs. (13) that lgA I is easy to calculate if 6x6 matrix 
realization lgAI is known. Due to a rather complicated form 
of SU(6)QPM (see (1)) it is a very difficult task to directly 
find these 35 six-dimensional matrices. The general methods 
of SU(n) matrix generators construction, developed in paper 127 , 
seem somewhat tedious for the case n=6 (which is of interest 
for us). 

In the present paper a purely algebraic method of construct­
ing lgAl is applied. It is based on the general theorem due 
to Cartan, according to which SU(6)QPM (see eqs. (!)), we are 
interested in, can be transformed into the canonical form 
(17)-(20), for which the matrix realization is known (see 
eqs . (21), (22)). The essence of the method accepted here is 
the following: let us form such linear combinations from lgA l 
that they satisfy relations of the type (17)-(20). The latter 
recommend these combinations as candidates for l H k. E ±a I. 
and thus the problem is reduced to a familiar one, because 
for l Hk,E ±a I we have matrix representation. Applying the 
inverse transformation, we obtain expllcitly the matrices lgAI. 

Let us demonstrate the method in action. 
1) First we fix the basis in SU (6) QPM : 

li, l=lil<l .p 1. <~.~=o.t.2): lq .<I ,1.<~.~=1,2): Q,.P c~.~=o.±t.±2). " 1.1 1.1 I' -,- ,.. I' 

i[q>P'-J. (~ .. ±1, ±2); 
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j 

' 

' ' 

i[q_
2

.p 1 1, (i[q 0 ,p
11
l. 11 .. t ,2), i[q

1
.p

0
l, i(q

1
,p

2
J. 

(i ( q 2. p J • 11 = 0. ± 1 ) . ( [ q 2. q J. 11 "' 0. ± 1). ( 2 3) 1.1 - 11 

([q 2 , qf.l J. 1.1=0, ±1). [ q
0

, q_
1
1. f q

0
, q 

1
11. 

altogether 35 lineary independent generators. 
II) Let us separate the Cartan's abelian subalgebra in 

SU(6) QPM· Using eqs. (1), we can easily show that is it 
formed by the following 5 generators : 

li[ q ,p 1. (f.1= 0,1,2) [q ,q 1. (J.1= 1.2)1. 
1.1 1.1 1.1 -1' 

They are mutually commutable and can be simultaneously ex­
pressed in a diagonal form. Let us introduce the following 
notation: 

[ q 1 . q_1 J \ Ht 

[q2,q-2l H 2 

H'= I i [ qo, Po J H ~ Ha 

i [ q 1. p 1 1 H4 

i [ q 2' p 2 J H5 

It is clear , that U' and t! 
tion 

are related by linear transforma-

H' = MH , 
(24) 

where M is a 5-dimensional unknown at the moment matrix. 
III) Let us look for the pretenders to IE:tal within SU(6hPM' 

As it turns out, they are the following 30 operators: 

l (q /l ± ii1_11 ,11=0, ± 1,± 2), (i [ q11 .p_,.,] , 1.1 =-± 1,!.2),([qll'<lp ,j ± i [ qf.l'p-1.1' J. (
2

S) 

being taken only such pairs (J.l.IJ'),which are present in the list 
of generators (23), there are exactly 16 of them)!. 

The proof that the enumerated combinations satisfy rela­
tions analogous to eqs. (17)-(20) and, therefore, can play 
the role of IE±al is reserved for appendix B. It zhould be 
emphasized that the combinations, which are present in (25), 
were not guessed, but they were dictated by the commutation 
rules ( 1 7) - (20) and by SU (6) QPM. eqs. ( 11 . Th"!refore, u~ to 
a normalization factor the operators fro~ (25) coincide with 

1~ 



IE±a I. For the complete solution of the t ask we have to know 
which value of a to assign for each of the operators from (25). 

IV) Let us find the one to one correspondence IJL;p':(ll·Jl')l· 

-. l±a ~If we knew the matrix M from eq . (24) , it would be easy 
t o establish the correspondence . The gui d i ng principle to do 
this is the following . Let us cal culate (using , of course , 
eqs . (I)) the commutator o f any ope rat o r f r om set (25) with 
its h . c . one , then expressi ons o f the t ype (B.l ) and (B . 2) ap­
pear. Repl acing Il k for Hk wit h the help of (24) , we must get 

5 
sum of the type I r k(a) Hk . Si nce we know l r(a)l and I H k l, 

k= l 
we can assign unambiguously t o the operator, we have started 
with , a definite value of a . The fact M i s still unknown, 
somewhat complicates the situa t ion , but a way out exists . Let 
us try to find simultaneously M-1 and the corresponden~e 
between lq + iP-p .p=0,± 1,±21and the subset of 5 canonical genera­
tors from JliE±a I. In solving thi s subsidi ary task the relations: 

M- 1~ Jl = :_ ( ±a ) 

(~6) 

M- 1r (±a) = fJ 
- -ll 

have happened to be useful . The y are p roved in appendix C, and 
the explicit f orm of ~ ll and @ll is given t here . As it follows 
from the ir derivation i t sel f, the eqs. (26) are to be fulfil­
l ed on the set of t he r oot vectors. Using eq s . (A. l ) and (26) , 
we have unambiguous l y found M- 1 and the lqp+ iP-ft •<ll =O, ± 1, ±2)1·1~1 
correspondence . We give the final results o f the subsidiary 
task solution . Wi t h the help of eqs. (26) and (A.l ) matrixM - 1 
ha s been calculat ed : 

0 1/4 y'6 0 0 -1/ 4 y 6 

-1 I -,- v- 1/ 12y2 0 1/ 6y'2 1/ u; v ~ \ (27) 
M = 

- 1/ 24 - 1/ 8 1/ 24 1/ 24 

-1/ 8v 15 1/ 8y'15 -2/ 8y'15 1/ 8¥ 15 
- - -

0 - 1/ 2y'10 1/ 12¥ 10 1/ 6y 10 -1/3y'10. 

From eq . (27) we find : 
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( 0 _,, 2 
- \ 1\ 15 0 

\6 _, "'!' - 1- \15,5 -6.., Io. 5 
I (28) M - -2\ 6 -2\ 2 - 80 0 

I 
-4,2 - 1-\ 15 \_,,, 0 

-3\6 _, ~ , - 1 - \ 1;) 5 -6\ 10 5 

The following matrices I q '" i p (/l- 0. ± 1.±2)1 have been obtained: 
Jl ""'' 

<t.,+ ip .• = 2\ 12E 
- -~ 1 

q 
1 

- i p = -2\ 12 E 
- 1 2 

q 0 - ip0 =2\ 12E :3 

Q 
1 

- i p ~ -2 \ 12 E 
- 1 4 

q _.,- ip ., = 2 \ 12 F . 
.... - a 

The rest 5 combinations we get by taking hermitian conjuga-
tion . _

1 
Having the explicit form of M and M . we can now easily 

find the correspondence of the operators from (25) with lE±a I. 
Let us consider as an example the generator i[ q 1,p _ 11. According 
to eq . (8 . 4) we have: 

[ i L q 1. p _ 1 I . < i [ q 1 . p _ 1 l) + l ~ 4 I q_
1

. q 1 I . 

Taking i nto account (24) and (28) , we receive : 
t - -I il Q 1 . p _ 11. (i[ q 1 , p _ 11J I "' 8, 2 H2 -4 H3 -4v 15 H

4 

Now , using (A . I) , we see that only ~(- 11) could lead to_ namely 
this r . h . s . Therefore , we conclude that i fq 1 ,q_J=2v 12E_u · 
The one of the correspondence between the operators f r om set 
(25) and I E±a I has been found . 

V) Performing the inverse transformation , we express lgAI 
through l Hk,E±a I from eqs . (21) and (22) , respectively . 
The final result for the generator matrices from (25) is the 
following (the same arrangement of the generators as in (23) 
is used here) : H '= MH. where '1 is given by (28) ; 

q 
2 

= \ 12 ( E t E ) 
- -1 5 

p - 1 \ 12 ( E - E ) 
-2 -5 1 
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q = \ 12 ( E 2 - F ) 
-1 - 4 

q 0 ~ 'v 12 ( E 
3 

+ E _
3 ) 

p _ 
1 
= - i \ 12 ( E _4 + E 

2 

p 
0 

= i \ ' 12 ( E _
3 

- E 
3 

) 

To obtain the rest matrices , we use the properties: 
+ ll 

P "' (-1) p ll -p. • 

i[ql'p_
1 

1 .. 2 v i2E_ 11 

i[q
2

,p_
2

1 2..j 12E_
9 

Finally: 

i[q_
2

.p 
1 

l v' 12(E
8
-F

12 

+ )p. q =(-1 q 
ll -p. 

and h.c. relations. 

i[q
0
,p

1
] = v12(E

13
-E

10
) 

i[q
1
,p

2
]='v' 12(E

15 
-E

6
) 

i [ q 
2

, p 
0 
l = v 12 ( E _

14 
+ E. 

7 
) 

i[ q 0 ,p
2 

1 \ i2(E14 +E 7) i [ q 
2 

, p _ 
1 
l "'" v 12 ( E _12- E _8 ) 

ilq 1 ,p0 ] = \12(E _
13

-E_
10

) i [ q 2 , p 1 1 = \ 12 ( E -15- E ·6 ) 

[ q -2 • q o 1 = \ !2( E 7- E 14 ) [q2,q-1]=-\12(E_s + E·t5) 

[q_
2
,q _

1
1= -v'12(E 8+E

12
) Lq

2
,q

1
1=-v12(E_8 .E_

12
) 

[ q , q 1 = - v 12 ( E + E ) 
-2 1 6 If> 

[q
0

,q l=-v' 12(E +E) 
-1 tO 13 

[q 2,qol - v' l2 (E _ 14-~~-7) [q 0.q 
1
1 = -v12(E_

10
+E _

13 

(29) 

Having in mind eqs. (22) and the table, from cqs. !/.9) we 
explicitly fjnd , e.g., nutrix [q

2
,q=-;r-

0 0 
0 0 

[ q2, Q - 1 l = - I 0 1 0 
0 0 
0 0 
0 0 0 0 1 0 
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Then with the aid of eq. (13) we get 

[q2,q-l)=d;dl -d~1d-2. 

The relations (29) give us the required matrix realization of 
SU(6)QP M. The correspondent Schwinger representation can be 
written in the following compact form: 

q "'sd+ + (-1)ftd s+ 
ft ft -j.L 

p ft = i((-lf s d ~ - s + d /.1 ) 
(30) 

-.....__-- + tt+P. + 2s s-is 
i [ q ft • p /.1 , 1 '= d /.1 d ft , + ( - 1) d ""1l , d ""1l - /.lft , 

..........___.. . /.1, + )/.I + d 
[ Q q ,]"0(-1) d d , -(-1 dft, -~.~ tt' p p ""1l 

Thus we have derived eqs. (30), proceeding from definition (13) . 
It should be emphasized that eqs . (30) have to be always 

considered together with eq. ( 11) . As l N , g >..] = 0 for all >.. • 

~ is a c-number in each irreducible representation. 
It is obvious from eqs. (3) and (30) that the Holstein­

Primakoff realization of the SU(6)QP M generators is obtained 
from SR if we formally eliminate with the help of eq. (11) 

the S -boson degree of freedom. But the connection between 
the two boson expansions is by no means trivial. However, we 
shall not dwell on this problem as it has been scrupulously in­
vestigated in ref _171. 

5. THE PROOF OF QPM AND IBM EQUIVALENCE 

We are ready now to turn to the realization of our program, 
outlined in Sec.3. Substituting the received expressions for 
q11 and i[~ J (see eqs . (30)) in eq. (5) we easily get: 

- + + 
QQPM= m1l(d s)(2p)+h.c.l + m2 (d d )(2p.)' 

which identically coincide with eq. (8), therefore eq. (16) 

is proved. If w~ substitute eqs. (30) into eq . (2), the diffe­
rent terms of HQPMgive the following Boson structures: 

e ~ i [ q , q J = - 10 e S + $ -t2 t> ~ d ~~ d II : - 10 e 0 S ~ 2 e rld ( 31) 
1.1 P P p rr · 

f - - 2 3) - t • u ~ ( -1 q q = ( N + u n
8 

+ u ii d -2 us s s s t 

p p -j.L (32) 

+ u v S[ (( d + d + ~00) (ss\oo) ) (00)+ h.c. 1 
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v ~ (-1t" p p = (2~ .. 3)vn .vn d -2vs +s~ss 
p. p.-J.t s 

-v,S[((d+d+) (ss)) •hcl 
(00) (00) 

(33) 

:::_ ~ (-1/q (ikPJ) ~ wv5[((d+d +) (ds) ) dl.c.J 
2 p. p. (2-p.) (2J.l) (2-p.) (00) (34) 

1 L M """"'--"' ~ 
- L (-1) t (i[q,p]) (i[q,p] ~t..Jl[ir ••id•s•s"'"ss 
4 L=0,2,4 L (L M) (L· M) :1 ' 

M=-L (35) 

-2, 5ccs+d+)<
2 1

(sd) ) 00 1-~ ~ (2L+1)tL.;-d + 
11 <2-p.) ( ) <> L=2 4 L . 

"' M + • L' 9 2L 
.!.. (-1) h4L(d d ) (dd) •• h = ~ (-1) (2L'+1)1- It • 

L=0,2 .4 (LM) (L· Ml 4L -> 'JL' L 
M~L L ~0,! 4 - -

In order to reduce the term S~S ~ d;d w which is absent in 
- p. + ++ 
H IBM (see eq. (7)) , to the terms S S and S S SS. which are 
present there, ~e have used eq . (11) . It follows from eqs . 
(31)-(35) that,if we require the fulfilment of the relations 
(14), then eq. (15) is automatically satisfied . Thus, we have 
proved the QPM and IBM equivalence "on the level of operators" . 

6 . SUMMARY 

It has been rigorously proved that if the QPM Hamiltonian 
is bosonized after Schwinger,the obtained Hamiltonian contains 
all Boson structures,which are present in the IBM collective 
Hamiltonian .We are allowed to choose the phenomenological pa­
rameters of two Hamiltonians in such a way that they will be 
identical .It has been shown also that the electric quadrupole 
operators of the two models coincide too. 

Therefore , it has been shown that QPM and IBM will give 
the same numerical results for the spectra and E2 -transition 
rates . 

From the derivation of the QPM and IBM equivalence, which 
has been given here, it follows that QPM can also be consi­
dered as a paradigm of a finite Boson representation 7 and 
namely, the Schwinger one , as it has not been guessed, but 
explicitly constructed on the base of the corresponding defi­
nition. 

To some ext ent the presented proof could be regarded as 
a microscopic foundation of the IBM , as far as its Hamiltonian 
is identical to the QPM Hamiltonian , which has been derived 
from the microscopic one. 
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APPENDIX A 

SU(6) Root Vectors 

The explicit form of SU(6) root vectors is the following: 

r(1)=(-1 , 0 ,0,0,0) 

"6 
r (9) = ( - 1/2 \ S: 1/ 6 y2, 1/ 12, 1/ 4-v 15, 1/v l O) 

r(2)=(1.2\ 6.12\2.o.O.O) 

r(3)= ( 1 2\6.16\2,1 3.0.0) 

r(10) =(0,-1 '3\2 , 1 13, 0,0) 

r(ll) =(0. - 1 3, 2. 1 ' 12 , 54\ 15, 0) 

r(-t) (12\6, 1 6d.1 12.:> -1\15,0) r(12)=(0,-1 3,2, 1,'12,1 ' 4,15,1 \W) 

r(:l). (1, 2,.6, 1 6\2. 1 12.1 4\ 5,11\lO) r( 13)=(0.0.- 1, 4.5/ 4\ 15,0) 
(A . 1) 

r(S)~(- 1 '2,6.1, 2\2. 0,0,0) r(14) =(0.0, - 1/ 4,1/ 4\< 15. 1/\ lO) 

r(7) = (-1 2\ 6. 1 6\2. 1 :1.0,0) r(15) (0,0.0.-1 \ 15. 1 \ 10) 

r(S)=(-12\6.16\2.1 12.:> 1\ 15.0) 

APPENDIX B 

"Raising" and "Lowering" Operators in SU (6)QP M 

With the aid of eqs . (1) we can derive the relations: 

I J.l 
[q + ip .(q •IP ) 1=2(-1) ({q ,q 1-rlq ,pI) (B 1) 

p. --11 11 -11 /l -tt I' /l • 
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' 

I 
,) )( q ) (B • CJ,, .r,, • C!, til•_, (-1) (:! ' l p 

s'' /'- 1 I -r 

[[qj.1,q-I'J. f!
1 

•IP_
1 

I· (-ll1' Ui _,) )( q -I p } . (B. 3} J.L1' J.L-1 1 -1 

Similar relations can be obtained for the generators q -1p 
I' ~ Exactly in the nam~ fash~nn we receive: 

r n l CJ • r ') ! ,, () 1\ ' -p . .,, . l I ~~ 1 - 4<-n I <1
11

• r1 _
1
, ( ll. 1) 

:ilq ,.P I. dl! ·"I I •. I) I 11 r• - (H.S) 

[I q . CJ l' II <t 'p 
j.1 -jl I -1 

J -:!(-t{(r) -0 )J[q ,p 
'1 -J.L fll I' -1 (B.6) 

Prom eqs. 8.1)-(B.G) and (17)-<19) it follows, that 10 ope­
rators q 1, + 1p ,(J,~O,+l,'~) and 4 ,perators ilq

11
,p_ 1l.CJ1=i 1, :!:.2) 

can play the 1ole uf "raising" and "lowering" oberators . 
The most general linear expressions , we can form from the 

rest of 16 generators (see (23)) are: 

c 1 ( q • q ' J + c., d q -~ p .. , I. 
I' P ~ P J1 

If we require that they obey relations like (17)-(19), ~~en 
as a consequence we get C 1 C2, p=p" , 11 ·~11~·. But the rest 1 (, ge­
nerators from set (21) are exactly of this type. 

With the aid of eqs. (1) v:e get: 

t 
((fq ,q. lfiiCJ .p ,').([q ·'1 )+ifq ,p , 1ll 

J1 11 I' - 1' 1' 1' 1' -11 (8. 7) 

11 
~ 2! ( - 1) l q ,, ' • q ] 1-lf' I q (} 

I' I' 

fl 11 
1·1(-1) [q ,p 1-f-1) dq,p,li 

(to find tlt~ C'vrn•sp•>•JeriC'(' 
and l E +,,I we ne<'d nnly tl 

We can check, usinq agai 
(25) satioofy re>l ,. i ·r-, w' i 
(20) . 

APPENDIX C 

~he Subsldiary T~~k 

J• I' J' I' 

))et•.-·pen opcral .r-s fru:ll ,,( L (;'',, 

r •r .:r.Aators ,f lq1,.t, 1, I•Jiq 11 .p
4

,·1i 
eqs. r 1 l tJ1a<- oper-ator~ from St't 

'trt> '.-r,s< c,tr>rt w.t}· tPlltH ns 

Let us solve the subsidlary task, formulated in IV o:' Sec. 4. 
For convenience we consider only q

11
+ lp_ 11 From (B . :)- lB . .3 

and eqs. (17)-(20) it follows that Ea = K11 (q 11•ip_1, ) Let us 
substitute this expression for E 0 into eq. (18), taking into 
account eq. (24): 

18 

;, -1 

Kp 1~ 1 (M lkY [lly.(Q11 • tp_11 )1 rk (+ni K
11

(q fl+i p_
11 

). 

From here using (B . 2) and (B . )) we have: 
-1 

1\1 (-) - r (~a) 
- jt - (C . 1) 

~~~ are connected with the integer coefficients i n (B. 2) and 
(B . 3) . The explicit form is : 

fl 2 3 4 s 

-2 (0, -1 ' - 2 , -2 , -1) 
-1 (I I 0 , 2 ' 1 , 2) 

0 (0, 0 , -4 , _') 
~ I -2) 

I ( -1, 0 , 2 , 3 ' 2) 
2 (0 , I , -2 , _ ') 

~ , - 3) 
Similarly, proceeding from the commutation relations (19) , we 
obtain : 

~1 - 1[{n) ~(!fl · 
(C . 2) 

v1here /311 are connected with the coeff i cients in (B . 1) . Their 
explicit form is : 

p 
2 Jl 3 4 5 

- 2 (0 , -1 /24 , 0 , 0 , -1 /2 4) 
- 1 (1 /24 1 0 , 0 , 1/24 , 0) 
0 (0 , 0 , -1/24 , 0 , 0) 
1 (- 1/24 , 0 , 0 , - 1/24 , 0) 
2 (0 , 1/24 , 0 , 0 , -1 /2.:) 

Eqs . (C . 1) and (C . 2) give eqs . (26) . 
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