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The fragmentation of one- quasiparticle and one-phonon states 
over many nuclear levels is calculated within the quasipar
ticle-phonon nuclear model 1 11 . Those characteristics of nuclei 
are studied which are determined by one-quasiparticle and one
phonon components of the excited state wave functions. The one
phonon states calculated in the RPA are used as a basis . It 
has been shown in r ef!2 1 that for further development of the 
quasiparticle-phonon nuclear model , one should more exactly 
take into account the Pauli principle and to study the corre
lations in the ground states . The influence of the Pauli prin
ciple on the two-phonon components of th~ wave functions in 
deformed nuclei has been s t udied in ref. 31. 

Several papers have been devoted to the problem of corre
lations or the average number of quasiparticles in the ground 
states of doubly even nuclei/4-61 . For the case of spherical

171 and transitional nuclei this problem has been studied in ref .. 
The average number of qua sipar ticles in the iround states of 
deformed nuclei has been calculated in ref . 1 1 for the quad
rupole and octupole phonons without taking into account the 
isovector forces . 

A large number of multipole and spin-multipole phonons is 
used in the quasiparticle-phonon nuclear model19- 11( The ground 
state of a doubly even nucleus is the vacuum for all phonons . 
The phonons with different values of A~ give the contri
bution to the average number of quasiparticles in the ground 
state. Therefore, one should find the total average number of 
quasiparticles in the ground state , caused by all phonons. 

The present paper is aimed at calculating the average num
ber of quasiparticles in the ground states of doubly even 
de f ormed nuclei and elucidating the cases when the phonons 
calculated within the RPA can be used as a basis for the qua
siparticle-phonon nuclear model . 

1 . BASIC FORMULAE 

The phonon creation operator for the deformed nuclei has 
the form 1121 

Q+ .. 1 ~ I 1/JA~: A +(qq') -¢A~-~ A(qq')l. 
A~1 .._;2 qq' qq qq 

8he,ir .. •'"- ·"'W lmtT1rT'fT 
UC11U.:..:l: .... '.•i>JOJ'lD* 

~~16Jir- .... -: f EKA 

(1) 
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where + 
+( ') 1 ~ aa+ a' A qq 2 J2 a q-a q a 

or 1 ~ a+, a+ 
y2 a qa rp' 

a~ is the quasiparticle creation operator , (qa)are the quan
tum numbers of a single-particle state , a=± 1 ; 

' ¢ AfL~ _ f Ap. (qq ') 
QQ l{ q)H ( q ') +wAll 

I 

(2) c/JAfL~- r AfL ( qq') --

qq ((Q)H(q')-w,\/l 
I 

A 
f /l(qq')is the single-particle matr ix element of the operator 
oX mul t ipolarity AfL , ((q)is the one- quasiparticle ener?,y and 
w i fL is the phonon energy. For other notation see ref . 121. 

The ~honon operators satisfy the following commutation re
lations 131

: 

{ Q AfLI , Q;'p't' J= .l._ ~ (w A~· ~A(t' - c!>AfL}chA'fL:•') -
2 QQ' QQ QQ qq QQ 

_ J_ ~ ( cfJ AfL 1 cfJ A 'p 'i ' _ ¢ AfL i ¢ AfL i ) B ( q 
3 
q / 

2 Q1Q2Q3 qlq2 Q1Q3 q 1q3 qlq2 

[ Q A1-11 ' QA P '1,] =[ Q~lll 'Q:'/l'l ,l = O' 

where 

B ( qq , ) m I a ~a a q , a 
(1 

or + a ' I a a q-oqa 
0 

The condition of orthonormalizat ion should be fulfilled 

or 

+ 
<[ QAJll QA'p't'l> ~ 0AA'0 J1p.' 0 tt' 

...!. ! ( c/J AfL,II/1 A ~ 'i ' _ cb AfL} / 'll,' i ') _ !_ I ( 0 AJll 1/J A 'fL' i ' 
2 qq, qq qq QQ qq 2 Q Q Q Q 1Q 2 q1 q 3 

I 2 3 

- ch Ap.t ¢A 'p't, ) < B ( q aq 2) > = oAA, o fLfL, o ii, 
q lq 3 q 1 q 2 

where the averaging is performed over the ground state of 

(3) 

(4) 

(4 I ) 

a doubly even nucleus. In the calculations within the RPA the 
number of quasiparticle in the ground state is assumed to be 

2 

small , and therefore the following condition is imposed: 

<B (qq')>. 0. (5) 

Let us find an explicit form for <B(qq ' )>. The wave function 
o f the ground state of a doubly even nuc leus is determined as 
a vacuUIII for phonon a , i . e . , 

(.\p ) 
0A,u yo • O. (6) 

It ha• the form 112 •1• 1 

(A,&) 1 1 ~~~ ~ -1 .\Ill + , + , 9 0 · -=-•xpl- - I I I (Y, , ) ¢ , A (qq )A (q q )1'1' , c7 > .JN , 4 I qq ' ~ q~ QQ q2q 2 2 2 00 

where N' ia the normalization factor 

afll Y 00 • 0. 

Since eq . (6) should be fulfilled f or all multipole and spin
multipol e phonons, the wave function o f the ground state is 

(~) •o"" " ' o <B> ~ 

and it should be written as 

'1'0 =~ expt - .l I ~ I (t/1 ,\11, 1 )- \p /..p.~ A+(qq ')A+(oq' )1'1'
00

. (8 ' ) 
y N 4 ~..p. 1 qq ' qq ' qq ~!:!q 2 "2 2 

2 2 

Let us derive the expres s ion fo r <B(qq ' )> 

<B(qq')> = ('l'o*B(qq ' )'l'o) = 

=I I, ,(t/1 g , f 1
¢, , ('1'0 A +(~~ ) A+(qq")'l'0 ) = 

~ q2 Q 2 Q q2 Q 2 Q Q 

I g - 1 g g2 ri • + 
( cfJ , ) ¢ , , ¢ , 'I' , ( 'I' 0 Q Q , 'I' 0 ) = 

q2q2q " q2q2 q q qq ~ q2 ~ g2 
I , 

gg2g2 

= I , I, , ( t/J g ,)-
1t/l g ',¢g ~ ,¢ g ',= I I , ¢g ,¢g, 

gg ~q2q Qlfl2 q2q 2 q q qq g Q qq q q 

Or we can write 

<B(qq ' )> = ~ < B(qq ' )>Ap , 

<B(qq'h =I ¢ AfLI¢ /..p.l . 
"P lq , qq ~ q, q ' 

(9) 

(1 0) 

(10 ' ) 
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These formulae have been obtained strictly with the commutation 
relations (3) . 

To calculate the functions <B(qq')>Aft one should take into 
account all the roots of the secular equation; this is not 
difficult to perform within the quasiparticle-phonon nuclear 
model. The functions < B(qq')>Af! for q~q' should be small. Indeed, 
it fo llows from the conservation of· quantum number K that 
<B (qq') >Af! "' O at K,IK'. For K= K', q~q' the sum (10') is alter
nating and <B(qq')>Ap is small.This is confirmed by the numeri
cal calculations , according to which < B(qq ')>,\p:l0·4 at K= K 'and <II q' 

Taking into account the small value of < B(qq' >)_ for q,l q'condi-
tion (4') can be ~ewritten as follows: P 

..!_ I (t/lg,r/lg',-</>g ,</>g',)(l-.l.< B(qq }>-.l.<B(q'q')> )=l> , 
2 qq, qq qq qq qq 2 2 gg (11) 

and further, we shall use only the diagonal with respect to q 
expressions. For the average number of quasiparticles in the 
ground states, we introduce the following nota tion: 

nq = 21 < B(qq) >= ~ nAp Aft q • 
(12) 

nAP,. ..!_ ~ (¢ >..p_t l 
q 2 iq, qq 

{13) 

2 . DETAILS OF CALCULATI ON AND METHODICAL INVESTIGATIONS 

The model Hamiltonian consists of an average field as the 
Saxon-Woods potential, pairing interaction and residual isosca
lar and isovector multipole and spin-multipole forces . The 
parameters of the Saxon-Woods potential and the pairing cons
tants have been taken from ref / 9·141. The single-particle neut
ron and proton levels from the shells with principal quantum 
number N= 17 9 have been taken into account in the energy in
terval from -36 to +40 MeV. For instance, in the calculations 
for 166Er 108 neutron and 132 proton levels have been used , 
as '<lell as from 1200 to 2100 single-particle matrix elements 

for each multi polarity >..p. 
The multipole one-phonon states with Ap= 20 , 22 , 30 , 31, 32 

have been taken into account in the calculations. The contri
butions to nq of the multipole phonons with Ap• 21 , 33 , A=1,4,5 
and of the spin-multipole phonons with >.. = 1, 2 have been neg
lected, since according to the calculations the total contri
bution of these phonons to the average number of quasipar
ticles in the ground state nq does not exceed 0 . 001. 

4 

Expression for n contains the summation over the roots 
of the secular equation i for each multipolarity >..p. Let us 
consider the contribution of the first root and of the first 
ten (fifty roots for Af!-20) roots to n>..P. Table 1 shows the 
corresponding values (in per cent of a~fL ) for the quadru
pole and octupole one-phonon states i n 152gmand 166 EX These 
results are obtained for the isoscalar interaction ( Ki ) =0); 
the constant~~) has been chosen according to the energy 
of the lowest vibrational levels with I" = 2 +, 3-.0nly the 
states q for which n,\fL > 0 . 05 have been considered. 

q 

Table 1 

Contribut i on of the first one-phonon state and first t en 
(f if ty for >..p= 20 ) one- phonon states to the total values of 
n~P fo r 152 Sm and !66 Er. 

1 

10(50) 

20 

40- 70 

85- 95 

22 30 31 

80- 95 75- 80 75- 85 

90- 95 95- 100 85- 95 

32 

80- 85 

85- 95 

33 

75- 85 

85- 95 

It is seen from table 1 that the first r oot of the secular 
equation corresponding to the most collective state gives 
a dominati ng roonr.rihution ro uAf, and the first ten (fifty 
for Ap = 20 ) roots exhaust to a great extent the total value 
of n~P . Hence , it follows that , f irst, the contribution to 
~fL of the giant resonances (in this case of the isoscal ar 
E~-and E3 -resonances) is>..negligibly small. Second, the calcu
lation of the values o f n P can be restricted by the swmna
tion of the first ten Cfi1ty for Ap= 20 ) r oots of the secular 
equation only . This is just the case with the calculation of 
~ . Table 1 also shows the o+ states which are specified by 
anomalous large values ofn~0 and by a large degree of spread
ing of n!0 over the r oots of the secular equation . These spe
cific features of the o+ states are due to the collectiveness 
of the first o+level and to the method of exclusion of a spu
rious state arising because of the nonconservation of the 
number of particles. 

Since we study the use of the RPA in the quasiparticle
phonon nuclear model, we are first interested in the cases of 
maximal with respect to q values of (nq)max and (n,\f>max 
Let us consider the influence on (nq )mu and (n,\[>max of the 

5 



Table 2 

Maximal values o f n~ll - 10
2 

for 166Er with and without i sovec t or 
residual forces 

All 
Ap. 

Wt 
[MeV] 

20 1 . 460 

22 0 .786 

JO 1 .66) 

)1 1.8)0 

32 1 . 458 

20 1.7 

22 1.0 

)0 2.0 

I /((A) .. 0 /(<t>=- 1 .5K(~)·-
B(EA) 1 l -:-:-- 2 A--
, exPB(EA) (n''~-') .10 B(EA) 1 (n ll) .10 2 

J 1 q _ m_a x l~Q..-·-max - -· 
[s.p.u.] (s.p.u.] N I Z ,[s.p.u]! N i Z 

-
5.3 

).0 

-
6 . 1 

(,}ll =wAll 
1 exp 

J . J 15 

7 .5 8 .9 

7 . 2 2. 1 

5 . 9 1. 1 

5 .1 2 . 0 

B (EA )t <! B(EA )exp 
I 

___E' ... ) 5 .4 

2 1. ) 

-L.----- -

J .9 4.0 27 8 . ) 

4. 6 12 14 15 

2. 4 10 ) .6 6 . 5 

0 .7 9 . 1 1.0 1.0 

1. 1 9 .0 i 1.6 1.9 

1.5 1. 7 6 . ) 2 .1 

2 . 9 8 .6 4. 4 4.6 

1.5 4. 9 1.1 2 .0 

(A) 
values of the constants of i so scal ar and isovector forces ~< o 
and K~A) and of t he number of single-particle ,\ l evels used . 

The infl uencc of t he isovec t or forces on (n f ) max is shown 
in tabl e 2 .. The cases ~<fA ) =0 and ~<\A'l:_t . 5K~) a r e considered191 

The conslant. of t he isoscal.ar forces has been fixed i n t wo 
ways: 1) by t~c ex,eerimental energies o f the fi r st. vibratio
nal states ((v 1 t =we~tp ). 2) by the experi mental valuE:> of the 
reduced probabilitles of the EA - transitions t o the corres
ponding first non rotational st\tes (B(EA),_ ~ B(Ei\)e xJ provided thal 
the energies of th~sc states wefp are descr ibed approximately 
Note, that t.he fi.rst way gives very oft en ~onsiderably ovel-
estimated va.l ues of. B (EA) 1 • The energies wefr and the quan
tities B(E~)e1Ifan be correctly described taking into accounl 
anharmonic corrections. Since the s i ngle-parti cle basis js 
sufficiE:r·tly large the effective chaxge has been taken to 
be equal to zero. 

It is seen frorr. tahJe 2 that the considerati on of the 
isovector forces in many cases results in a noticeable in
crease of (n~ll )max • Thj s j s due to t he fact that the isovectot 
i nteraction increases the collectiveness of the first level . 
At K ~,\)f. 0 the ratio (nAil )N /(nAit) z i s seen to decrease. 

q m:tx q max 
6 

'} 
1 

:J 

Table 2 also shows that t he increase in the B(EA)1 -values 
of the first vibrational states resul ts in approximately t he 
same increase of (oAf )Jax · The quantity (nqll )~ax is determined 
to a great extent by the co l l ectivene ss of the first state, 
corresponding to a given All, the measure of which is the B(E>.)-
value . I 

The above investigations have shown that the dependence 
<~f)max on the number of sing l e- partic le levels is negligibly 
small. However, upon diminishing grea tly the number of single
particle levels, one should i nt r oduce the nonzero effective 
charges e~~~ and e~~) ·The introduc tion o f the effective 
charges may somewhat di mi nish (n~_)max with a correct descrip 
tion of the energ ies and t he BthA) 1 - val ues fo r the first sta t e 
with given All . 

3 . RESULTS AND DISCUSSION 

The average number of quasiparticles in the gr ound sta te 
depends on t he energy of t he single- parti cle l eve l E(V with 
respec t to t he Fermi level E(q r ) and on quantum numbers 
K" [N n z/\ 1 specify i ng t he single-parti cle s t a te . Let us show 
thi s dependenc e by the exampl e of 166 Er , l 5 4Sm and 152Sm. 

Figures 1 and ~ give the values of n>;j a nd nq for t he 
neutron and proton s i ngl e - pa r ticle states of an average field 
in 166 Er. The single-particle l evel ener gy i s gi ven o~ the axi s 
o f abscissae. It i s s een from figs . 1, 2 tha t nq and nl have 
the largest value s f or t he l eve l s l ying near t he Fermi surface . 
This is clearly seen fo r n q . The quantity nq be ing equal to 
0 .10-0.08 near E(q F), decreases when going away f rom E(qF) 
and for the l evels far from E(q r ) mo r e than by 4 +5 MeV becomes 
l esser than 0 . 02 . I t is seen f rom fig s . 1, 2 thaX we do not 
observe any asynunetry in t he values of n q and nl fo r the 
pa r tic le and hole s t ates. 

The d i ffe rence in t he characteristics of t he sing le-par 
ticle l eve ls cause1 a nonmonotonic nature of the general t en
dency of Dq and nt to decrease when going awily f r_em E (qF ). 
When passing from level to leve l values of Dq and n ~t s t r ong
ly fluct uate (see figs. 1,2), and what is more , for the pr o
ton states the quantity n~0 is rel atively small near E(qF ) 
and has t he maximal values only at the distance 3- 4 HeV from 
E(qF).Thi s is due to the fact that the singl~-particle mat r ix 
elements of t he particle-hole states with K " ;o -. i ncluding 
the level s near the Fermi boundary, arc much lesser than the 
matrix e l emenl of t he state 4001551~. 
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Table 4 

Experimen t a l and ca lculated energi es C<J~ and the reduced 
probabi lities B(EAh of the first vibrat i onal s t ates in 161Sm 
154 Sm , 228 Th and 28BtJ. 

l r>2sm 1&4 sm 

A p. exper. calc. exper. calc. 

Ap. . 
B(EA) 1 

AJ.t B(EA ) Ap. (l)~f.l 8(&\ ~ 
(<) 1 (<)1 

s.p.u.I 
(<) 1 B(EA) 

[ s.p.u.l [Me vi (s.p.uJ [MeV] [MeV) [s.p.u.1 [MeV] 

20 0 .685 1. 0 1 . 0 4.0 1.100 1 . 0 1.6 2 .1 

22 1 . 086 3. 4 1.4 6 . 7 1 .400 2. 8 1.9 4.1 

30 0 . 963 14.7 1.05 4.8 0 . 922 8.1 1.2 11. 3 

31 1 . 511 8 . 2 1. 511 2. 3 , .457 6 .0 1.7 7 . 5 

32 1 .650 - 1.650 9.9 - - 2.0 6.3 

228Th 288 u 

30 0 . 328 - 0 . 328 31 0 . 680 27 0 .68 16 

Table 3 shows the value s of n~P. and n q for a number of 
single-particle levels in 152Sm and 154Sm. A The calcula t i on s 
have been performed with t he constants K ~ ) and A K ~ ) chosen 
f r om the condit i ons B(EA)1 ~ B(EA)exp and K<t =-1.5KJ). The cal
culated energies C<J1P. and reduced probabi lities B(EA)1of the 
first s t ates are gi ven i n t able 4. 

A It is seen from t able 3 t hat as fo r 166 Er. t he quantities 
n f and nq have the l a rgest values f or the level s lying near 
E(qF).with increasing distance f r om the Fermi energy , n~ 

a nd n~ decrease and become l ess t han 0 . 0 1 f or the states f~r 
from E(q F) by 5 and mor e MeV. As in 166 Er the quanti ties n :r 
and nq strongly depend on q, what is clearly illustrated by 
the neutron states 65lt and SOSt The smal l values of n~ 
and nq for sost are obtained sue to t he fact that in the vici
nity of E(q F ) there are few l evels whi ch can form with the 
level SOSt,having a large projection K ( K = ll/ 2), the particle
hole state with K~ 2. This is also due t o the small values of 
the corresponding single-parti cle ~~rix elements. 

Let us consider the change of rt(f and n q when passing 
from a deformed nucleus 154Sm to H'2Sm, l ying on the boundary 
of the region of deformed nuclei , in which mostly the first 

10 

states with K17 =0+ ~nd 2 + are lowered . It is seen from table 3 
that the value of nqP. (apart from n~0 l increases when pas
sing from 154 Sm to 15~mby 1. 5-2 times. At Ap.~O n~0 increases 
stronger ; in some cases up to an order of magnitude . The spu
rious states 0~ are included into the ground state of a doubly 
even nucleus. This fact should be taken into account for a more 
detai led study of correlations in the ground states (see 
ref/ 15/ ) . Due to a large increase in n2q0 the total values 
of nq i ncrease by 1 . 5-3 times when passing rrom 154 Sm to 152 Sm. 
The maximal values of nq in 152Sm achieve 0. 24 for the neutron 
and 0 . 36 for the proton states. Thus the basic condition of 
the RPA (5) is not fulfilled in 152 Sm. To calculate t he 0+ 
states in this nucleus , one should use a modified version of 
the RPA, for instance , in the form given in ref / 4 •16 1

• 

The values of Cnq >max in some Sm isotopes have been cal-
culated in ref. 17' . It has been shown 171 that (nq)max in-
creases when passing from 144 Sm to 150Sm and in 150Sm becomes 
larger than 0 . 5 . The comparison of our results with the re-
sults of ref. 11 1 shows that the value of (nq)ma in 152 Sm is 
much lesser than in 150 Sm. x 

The analysis of the values of nr f or the well deformed 
nuclei and for those lying on the boundary of the deformation 
region has been performed also for the actinides . The values 
of n~o in 228 Th and 238 u have been calculated. The calcu
lated energies w/\P. and reduced probabilities B(EAh of the 
first states are shown in table 4 . It is seen from this table 
that the f irst nonrotational states with K" =o- in 228 Th and 
23Su have small energies and are strongly collectivized. First , 
the specific properties of these states have been described 
in ref./ 171. Our calculations show that in 228 Th the value of 
(n~0 >max is equal to 0 . 17 and 0.12 for the neutron and proton 
states , respectively and in 238tT to 0 . 03 and 0.06 . Thus, 
a strong collectivization of the first states with K" dr causes 
large values of (n~0 )max, especially in 228 Th. For 238 U the 
condition (5) is fulfilled whereas for 228Th it is violated. 
Note, that in ref. 1 181 the corrections to the RPA are calcu
lated, which allow a correct description of the low-lying 
states in the Ra and Th isotopes. 

The correlations in the ground states of rare-earth nuclei 
have been studied earlier in ref. 18' . Among several versions 
of the isoscalar residual forces used in ref/8' the version 
of surface 8-forces (neglecting the particle-particle and 
exchange particle-hole interaction) is the most appropriate 
for our calculations. The results of ref. 18 (e.g., (Jq0>;ax "' 
.. 0.03, (n~2 ~ax ,.0,05, (n3q0 )~u: .. 0 0? in U'>

4sm l are sufficiently 
close to our results for the states with K" ~o- and somewhat 
worse for the states with K17

"' 2+ and o+ 
11 



4 . CONCLUSION 

It has been calculated the average number of quasiparticles 
in the ground states of: a) the well-deformed nuclei 154 Sm 
and 166 Er, b) 152 Sm lying at the boundary of the range of de
formed nuclei , c) 228 Tb and 238 u having low and strongly col
lective states with K " =o-. The calculations show that in the 
well deformed nuclei (nq )mu = 0.05-0.15 . Therefore, the con
dition (5) < B(qq')>= 0 is fulfilled. In such nuclei the vibra
tional states can be described by the RPA, and the one-phonon 
states may be a basis for the calculations in the quasipar
ticle-phonon nuclear model. In the nuclei at the boundary of 
the region o f deformed nuclei and in the transitional nuclei 
the first vibrational states should be described by using any 
method that takes into account the correlations in the ground 
states. 
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