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An intensive accumulation of experimental data stimu
lates more and more thorough theoretical investigations 
of low-lying nuclear excitations. Especially extensive 
studies are made in the "classical" region of spherical 
nuclei near /. *-r>0. It has been known long ago that the 
properties of the lowest excitations of the nuclei of this 
region are not at ail embeded in the framework of the 
simple picture of harmonic quadrjpole oscillations. Ap
parently, so much time one has tried to account for the 
properties of these states including in the Hamiltonian 
different kinds of anharmonic corrections. In this case 
both phenomenological and semimicroscopic models ''' I 
are used. Undoubtedly, there also exist some other ap
proaches to the description of the structure of the excited 
states of Sn isotopes and the neighbouring nuclei''-'. 

At the same time, simple considerations show that 
the properties of some low-lying states of the (V. Sn and 
( A isotopes must exhibit noticeable admixtures of non-
collective components. This is also confirmed by experi
mental data '*'. 

There also exists a phenomenological model in which 
account is taken of the effects of coupling of two-particle 
and vibrational excitations in the structure of the 1С and 
(.A excited states . This is the so-called Alaga model Л••'>/. 

' In the review /' I one can find references to the 
main original papers devoted to this problem. 
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In the framework of the semi-microscopic approach 
these effects have been studied by Soloviev by the example 
of deformed nuclei Iй/. Recently some papers have 
appeared which employ the same formalism for spherical 
nuclei / 7> 8/. 

In the present paper we study the effect of the inter
action of two-quasiparticle and vibrational excitations on 
the properties of the I" = 2 ' , 3 ~ states in tellurium, tin 
and cadmium. The investigation is performed in the 
framework of the superfluid nuclear model ' 9 ' on the 
basis of the equations obtained and investigated in detail 
in ref. I"**'. 

The energies of the states, their quadrupole moments 
and the electric transition probabilities have been calcu
lated. The operator of the electric F.K -transition is 
taken from ref. I91 (chapter 6, § 3). The Hamiltonian 
of the spherical nucleus in the superfluid nuclear model 
is known to include the average field for the proton and 
neutron systems, the pairing superfluid interaction and the 
quadrupole-quadrupole and octupole-octupole residual 
interactions. 

The parameters of the average nuclear field are given 
in Table 1, they are chosen on the basis of the results 
of papers /10 / T h e single-particle spectrum and single-
particle matrix elements of the multiDole operators are 
calculated by the program of ref. / Г 1 1 ' .The pairing con
stants are taken from ref. ' ' 2( the remaining constants 
are chosen so that the theoretical and experimental ener
gies of the 2 ,+ and 3 7 levels coincide. The effective 
charge necessary for the calculations of the electromagne
tic characteristics is chosen to be 0.6. 

The wave function of the states with l" = 2 + ,3 is 
found to be: 

A i M i • 
A , i . , 
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Table 1 
Saxon-Woods potential parameters 

Region of n u c l e i for 
which the s i n g l e -
p a r t i c l e l e v e l schen.e 
was used 

A , N , г r 0 fm V 0 Mev « f n , 2 a bi 

I s o t o p e s Cd . .=109 11=63 

.--=109 2=^7 

1 .29 

1.24 

4 4 . 0 

5 5 . 0 

0 . 4 1 3 

0 . 3 3 5 

1 .613 

1.5£7 

I s o t o p e s Sn .-.=121 ::--69 

. .=121 .̂ = 69 

1 .23 4 5 . 5 

5 5 . 4 

0 . 4 1 3 

0 . 3 4 1 

1 .613 

1.587 

•\ < 124 
I s o t c o e s Те 

A > 121 

..=•12 1 ..=69 
--127 2=73 

-=127 2=5 3 

1.22 
1 .28 

= 5 .5 
4 3 . 6 
59»5 

0 . 4 1 3 
0 .413 
О . 35 и 

1 .613 
1.613 
1.527 



The variational procedure is used to obtain the following 
secular equation for the /j state energy 

de t lU, . - r, , )S.. , - K(ii') ! = 0. ( 2 ) 

The expression for K(ii') is given in ref. '•'. In fms. (1) 
and (2) the following notation is used: Q л / t i . 0 л ^ i - ш е 

creation and annihilation operators for a phonon with 
momentum and projection A,/< and the number i ; 
ft .. - the energy of the phonon excitation Qm |0 - . ; 
r - the number of the root of eq. (2); ! о p ) h - the pho-

non vacuum, Q [\n ( )"'|,i, ^ ° ; • - ^ / i , л „ ц ., | 1ХГ- - m e 
Ciebsch-Gordan coefficient. 

In the wave function (1) | , Л) л 2 2 ',;i~.This results 
in the loss of certain components which, however, are 
found to be important only at energies higher 3.5 MeV 
for the states with positive parity and 4.0 MeV for the 
states with negative parity. Therefore we have restricted 
the summation over i in eq. (1) by the condition i _ 1. 
All these restrictions, including also the neglect of 
three-phonon components, imply that it is in this energy 
region alone that we can claim to a correct description 
of the experimental situation where the main role is 
attributed to the twc-quasipartucleandtwo-phonon( (,) .J Q' 
or Q „'j (J Д ) components. 

Note that when calculating the two-quasiparticle ener
gies we have tal'en into account the blocking effect / a • 
which, in some cases, makes the agreement between 
theory and experiment better (or the second and higher 
levels with I " = 2 ' . :i _ . 

We now pass to the discussion of the results of our 
calculations. They are given in Table 2 (states with 
I "- 2' ) and in Table 3 (states with 1" --3~ ). Here are 
also given experimental data the main fraction of which 
is taken from refs. ''' ! ' 1 1 ' . 

In the To isotopes the 2 ., -level energies are in 
satisfactory agreement with experiment. The exception 
is the nucleus ]--'\e alone in which the difference 
I'.t I'1,) - ч .,„ reaches 400 keV. According to the coinci
dence of flfe theoretical and experimental probabilities 
for Kj transitions and quadrupole moments, it may be 
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Table 2 
Some experimental and theoretical characteristics of the 
I " . 2' states in the i c , \ i and Cd isotopes 

Nucleus i ex;>. t h e o r . exp. t h e o r . 
Щ-iptl 

exp. t h e o r . exp. theor 

122 , e 

i 
2 
3 

561 573 
1260 i 6 s i 
1752 1993 

0.66 0.46 
0.020 C.057 

0.007 

-0 .30 -0 .22 -0 .55 
0.37 

- 0 . 3 1 
0.35 -.087 

0.016 

121 , e 

1 

3 

602 604 
1325 1199 
-ЗЗБ 1625 

0.527 0 .48 
0.0165 0.025 

3x10" ' 

-o.08*o,i:- -o.io 
0.26 

-0 .44 
0.34 0.13 

0.005 

^ re 
1 

2 

3 

666 649 
1420 1444 
2190 1665 

0.47 0.46 
0.004 ЗхЮ" 4 

9xlO" 5 

-0 .16*0.16 - 0 . 1 1 
0.15 

- 0 . 4 1 
0.17 0.15 

0.008 

1 J 5 
1 

3 

74j 743 
1 5 . . 1551 

1757 

0.33 0.34 
0.011 0.213 

0.003 

-0 .1**0 .13 0.19 
-0 .25 
-0 .35 

0.07 
0 .01 

1 1 

3 

531 Sc5 
1597 1523 
1651 167" 

0.30 2.22 
0.001 0.002 

-0-19*0.15 С.1Э 
-0 .18 
-0 .22 

0.004 
0.007 

n: 
-• 0 | i 

i з 

1260 1264 
2160 24bS 

2.257 :.,"0 I - 0 . 1 5 ; 0 . 1 6 0.19 
2.214 | - -0 .14 
6x10 - 0.09 

0.046 
0.007 



Table 2 (continued) 

1 1 4 - г , 

1 
2 
3 

1300 1281 
1926 2428 
2239 3121 

0.23 0.24 
0.0019 
0.0014 

- 0 . 1 3 
0 .11 
0.16 

0.07 
0.002 

1 1 6 Sn 
1 
2 
3 

1293 1269 
2111 2447 
2225 3182 

0.216 0.23 
0.0012 0.0026 

4xl0~* 

0.08+0.13 - 0 . 2 5 
0.19 

- 0 . 2 1 
0.05 
5x10"* 

1 1 8 Sn 
1 
2 
3 

1230 1227 
2040 2304 
2409 2731 

0.218 0 .20 
0.022 0.0012 

9x10"* 

-0 .23+0.16 - 0 . 2 3 
0.13 

-0 .036 
0.03 
0.006 

1 2 0 Sn 
1 
2 
3 

1172 1188 
2361 2394 
2735 2563 

0.206 0.19 
0.0019 0.0011 

2xl0~* 

0.09+0.10 - 0 . 1 8 
0.076 
0.012 

0.013 
0.0Э8 

1 2 2 zn 
1 
2 
Э 

1140 1152 
2412 2405 

2604 

0.202 0.180 
0.0011 Bxl0~* 

1 .4X10 ' 4 

-0 .23+0.17 - 0 . 0 8 
0.05 
0.06 

0.023 
0.003 

1 2 * S n 
1 
2 
3 

1139 1134 
2130 2119 
2431 2343 

0.169 0.15 
4xl0~* 0.0024 

0.0016 

-0 .09+0.15 0.021 
-0 .07 

0.07 
0.023 
0.003 

1 1 4 C d 
1 
2 
3 

558 518 
1209 1590 
1364 23ВЭ 

0.515 0 .43 
0.0095 0.07 
0.007 1X10 -* 

-0 .40+0.15 0.56 
-0 .45 

0.33 
0.40 0.07 
0.065 0.009 

1 1 6 U d 
1 
2 
3 

514 541 
1214 1324 

2508 

0.63 0.48 
0.019 0.02 

4 X 1 0 - 3 

-0 .90+0.25 0.34 
- 0 . 2 9 

0.34 
0.36 0.15 

9x10" 



Table 3 
Some experimental and theoretical characteristics of 
the I" 3- states in the Tc , Sn and CA isotopes 

Nucleus 1 В (5,') Kev 

exp. t h e o r . exp. t u e o r . t h e o r . 

1 2 2 1 . 1 
2 

2170 2182 
2632 

0.11 
0.013 

0.47 
-0 .26 

124 , j . 1 
2 

2294 2271 
2536 

0.11 
0.002 -0 .80 

1 2 6 I . 1 
2 

2320 2288 
2591 

0.10 
0.01 

- 0 . 3 4 
0,45 

128 T B 1 
2 

2500 2503 
2807 

0.10 
G.01 

-0 .24 
0.39 

130 _ f l 1 
2 

2320 2405 
^866 

C.12 
0.005 

- 0 . 1 0 
0.23 

1 1 2 an 
1 
2 

2355 2371 
3222 

0.049 0.040 
2 x l 0 ~ 5 

0.32 
0.28 

1 1 4 S„ 1 
I 

2275 22B7 
3114 

0.062 0.05 
6 x l 0 ~ 4 

0.2? 
0.31 

1 1 6 J » 1 
2 
3 

2269 2297 
3320? 3200 

3806 

0.067 0.067 
0.001 
2 x l 0 ~ 5 

0.12 
0.28 

-0.ОЭ 

118 J n 

1 
2 
3 

2321 2337 
3362? 3207 

3812 

0.072 U.063 
6 x l 0 ~ 4 

0.003 

- 0 . 0 9 
0.22 
0.10 

1 2 0 Jn 
1 
2 
3 

2408 2423 
3467? 3382 

4107 

0.069 0.056 
1x3 ^~ 5 

0 .. 

-0 .24 
0.20 
0.20 

122 J a 

1 
2 
3 

2499 2525 
3367 3567 

4478 

0.068 0.048 
4x10" 5 

0.012 

-0 ,30 
0.17 
0 .21 

1 2 4 j n 

1 
2 
3 

2612 2636 
3009 3750 
3516 4790 

0.069 C.042 
6x10~ 5 

0.017 

- 0 . 3 1 
0 .11 
0.19 

1 1 4 C d 
1 

2 

1950 1 9 3 8 

2742 

0.09 0 .13 

5xlO~ 3 

0.12 

0 .11 

1 1 6 Cd 
1 

2 

1945 19S0 

2932 

0.075 0.12 

2 x l 0 - : 3 

- 0 . 4 0 

0.39 
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said that we describe the state structure satisfactorily. 
It contains, on the average, 60-70% of the component 
Qj, 0 21 and 6-7% of the component Q+2i • It is only 
in"i30Te nucleus that the 2% states contain mostly 
noncollective components. The 2j -state structure is 
a superposition of noncollective one-phonon excitations. 
The energy of these states is found to be noticeably 
lower than the experimental one which is associated 
with the singk:—particle level scheme. 

It is worth noting that in the structure of 2 2 states 
of nuclei with N =- 80, 84 which were studied in ref. ' l r >/ , 
the admixture of the QliQoi component was far smaller 
which resulted in some cases to an unreally small value 
of B(I''2,2 +, ч 21,) . In the Те isotopes the situation is 
noticeably better. The obtained characteristics of the 
2 + levels of the To isotopes are, on the average, in 

satisfactory agreement with the results of calculations 
in the framework of other models '' . The only noticeable 
difference is observed in the probability!!! V:i. 2\, « O ^ J . 

The information about the .V" levels in the ?<• isoto
pes is related only to the energies of the first !~states 
so that we are unable to verify our results. The :ij-level 
structure is found to be complex, however, the component 
Q ̂  Q .'(1 is the largest one and reaches 40-50%. We 
wa'nt to note here again that in the N 80, 84 isotones 
the 3^ states are found to be practically two-quasipar-
ticle ones. 

In the Sn isotopes the mixing of the vibrational and 
two-quasiparticle components is the strongest one in the 
region of nuclei in question. The Sn isotopes are divided 
into two groups, according to the agreement of the 
2* - state energy with experiment. The light isotopes 
H2-ll8 S n belong to' the first group. Here one observes 
experimentally pairs of closely spaced 2 + levels which, 
in our calculations, are at a large distance from one 
another. At the same time, the energies of the second 
and third 2 + states in the second group of the isotopes 
agree well with experiment. A disagreement observed in 
light Sn isotopes appears to be due also to a not quite 
suitable choice of the single-particle scheme of levels 
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(in the given case - the neutron scheme) in these nuclei. 
The exper imenta l data on the quadrupole moments of the 
21 levels of the Sn isotopes a r e r a the r contradictory. 

On the whole, they point to the sma l lnes s of the quadru
pole moments in the i r absolute magnitude (at leas t , 
compared with te l lur ium and cadmium) and to an 
i r r egu la r change of the sign of Q.,(2f) from isotope to 
isotope. Our resu l t s ref lect this fact, although quanti ta
tive agreement between theory and exper iment is of an 
i r r egu l a r cha rac t e r . Satisfactory agreement with expe
r iment К' / is also exhibited by the quantity H(F.2,2.' >()„'„)• 
There a r e no data on the F.2 t rans i t ions 2+ -• 2J "in 
the Sn isotopes . However, in ' , H Sn the rat io 
IHK2. 0 _| > 2!,) 

--]"- 7— is known to be 0.05. Our r e su l t s give 
I!I 1.2. 2., • 2jl 

for this rat io the value 0.04. All these p rope r t i e s of the 
2 s ta tes a r e direct ly assoc ia ted with the contribution 
of different components to their s t r u c t u r e . For example, 
a comparat ively smal l (Jo(2'|)is connected with that the 
contribution of (,}.), Q j | to the wave function of the i{ 
level is not la rge , 2-4%. On the other hand, the component 
Q '21 l i t t le contr ibutes to the 2 i - s t a t e wave function 
which leads consequently to a smal l probability of the 
t ransi t ion 2 ., • 0 '„_,._ . The admixture of the two-
phonon component Q~Vj (J t,j in the 2 2 - s ta te s t r u c t u r e 
ranges between 20-50%, and the remaining par t is re la ted 
to the noncollective phonons with i l .That is h e r e we 
have s t a tes of a very complicated s t r uc tu r e . 

The 1~ s ta tes in the Sn isotopes a r e studied expe
r imental ly be t te r than in te l lur ium. Here we know many 
3~ s t a tes the energy of which is quite cor rec t ly d e s 
cr ibed in our calcula t ions . The exception is t h e l 2 t S n 
nucleus where in addition to the 3~ s ta te a . ' ins ta te 
i s known whose energy is much lower than that calculated 
by us . The 3 7 - s t a t e s t r u c t u r e is mainly of a two-quasi -
par tuc le cha rac t e r (contrary to the Те isotopes) , the 
admixture of the Q21Q31 component va r i e s in the in t e r 
val 5-10%. Of all the e lec t romagnet ic c h a r a c t e r i s t i c s of 
the 3 " s t a t e s the Hi K:3,0 '_ч>37)alone have been studied 

II 



experimentally. They are satisfactory described in our 
calculations, though agreement with experiment becomes 
worse in heavy isotopes. 

The low-lying states with \n- 2 + in the C:d isotopes 
have been well studied experimentally. However, in these 
nuclei anharmonisity of quadrupole vibrations is found to 
be very strong (the ratio a,2] /77 2i = '-9 ), andour results 
are, on the whole, unsatisfactory. In these nuclei the 
energy gap is large, and it seems that in the wave function 
(1) we should take into account the three-phonon compo
nent 0 j1, Q 21 ^ a t n e e U e c i o i which is expected to be 
strong. "The necessity of such a complication is seen 
from a bad description of the 2 J -state energy even in 
one of the satisfactorily described i so topes , ' , ( Cd. But 
in this nucleus the two-phonon component 0 2 i ^ 21 i n 

the 2 .' — state structure turns out to be too small which 
leads to a wrong result for the quantity li(K2.2' 2 • 2)). 
A somewhat better situation is for the" f 'Cd nucleus. 

Thus, our analysis has shown that in the region of 
nuclei under consideration mixing of vibrational and two-
quasiparticle excitations is of much importance in the 
formation of the state structure. This is especially clearly 
seen in the Sn isotopes. Inclusion of the two-quasipar-
ticle components to the 2H -state wave function has 
resulted in noticeable improvement in the description of 
the 2j-and 2 ,',-level energies, as well as of the quantity 
H(E2. 0+, ^ - 2.; ) It is seen from the comparison of the 
results of our paper and paper / | B / for the Sn and 
I c isotopes that the values of the energy and the quantity 
15( К 2 , 0 +_s -2^) came, in all the cases, nearer to the 

experimental ones. In many cases this change is appre
ciable, for example, in the l 2 0Sn isotopes the theoretical 
value H( K2.0 + ч_ •> 2 3) decreased by a factor of 10, and the 
2+

2 - level energy - by 600 keV. 
" In conclusion we thank Prof. V.G.Soloviev and R.V.Jo-

los for the interest, useful advices and remarks. 
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