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Asymptotically exact methods of studying of many-particle
systems were developed in Bogolubov's papers[‘l,Z] in the cour-
se of creatingmicroscopical theory of superconductivity. Mathe-
matically rigorous background of the offered methods was essen-
tially pointed in paper[}]. The problems which admit exact so-
lution in limiting thermodynsmical sense (V""”‘; A/ - ""‘)

V/ = const , where ¥ - volume of the system, A/ - the
mumber of particles) occupy perticular place among the model
problems of modern statistical physics. Later on rigorous from
the mathematical point of view methods of proving asymptotical
exactness of the results obtained for such model systems have
been suggested by N.N.Bogolubov (Jr.), and there has been also
congtructed a general method of studying asymptotical behaviour
of such values as free energy (and its derivatives), one-time
and many-time correlation functidns, and Green's functions
[4:5]~

These methods, originally developed for studying Bardin-
Bogolubov model systems [1-5) with Hamiltonian® :

= 4 N
H={T;a5a,- vg,l(yff'}a;a_, .,

ZUHe:ma and further we use ’_phe’;ollowins notations: j:fﬁs) ;—-j=(—7is)

P -momentum, 9 -spin, /{:5' -A&; M being the chemicalTpo-
tential; a%,a; are the Fermi operators. Positive value T¢
means the cogxst t of interaction; Op, I, J¢¢ are Pauli ope-
rators; SL - pairstates number; & 1is the number of parti-
cles, and ¥¢ -~ external magnetic field.



got successful application in the studies on quasi-spin models
[6-7] witn Hamiltonian of the Thirring type:

Hef €G- 225 Goroe

ped
and on the Ising model C8,9]

H=- %’g GG~ Mo %Z (3

i
Later on we shall show that for model problems with Hamil-
tonian of more general type sﬁch as in case of the superconduc-

tivity type system, inhomogeneous 1in spin variables

H= 277/’)07 Q.- Z ZI(P/’»SS)aﬂ 2,4 .F—s‘af’s'}

Pss'

our method [1 5] glives a possibility to find asymptotically
exact expressions for correlation functions, one-time and
many-time ones, and Green's functions as well.

Further development of mathematical methods for studying
modsl problems is undoubtedly very interesting.

H;ere we shall consider the expression with Hamiltonian of
a general type:

H =T-21{¢§9‘“3¢%«+ ) (5

.’.
where dynamical operators T; z"%" are not concretiged |
but the fulfillment of the following conditions is demanded

T=T" ILI<A IT4-3Tl<4,
Eh-3E<F  IER3E1<

(6 i

where V is a finite volume of the system, Ai are some po-

sitive constants under V —— o ('-g -'C'O"S't). Coefficients
9‘ in (5) are taken positive in comnection with the fact

that only the systems with negative interaction are discussed

in this work.
As "approximative" system for the model with Hamiltonian

(5) we suggest the system, described by Hamiltonian
+ ]
Hatc)=T-2V2g (03 +Ci3. )+ Krc),

which depends upon the parameter C , representing the vec-
tor C (Ci Cz,,. C( in { ~dimensional complex space
EC J{{C) constant and, if it is neces.,ary, can serve as
parameter of normalization.

We must note that for Hamiltonian (7) free énergy per
unit volumez) C
on space E( of all points C . Later on the expression

is a function of the parameter sy determined

muw (C) will denote absolute minimum of the function
rc) .

fy{Ha)i“ Ee .

Note, that the procedure of minimization of free energy
per unit volume for Hamiltonian(7),as function of the parame-
ter C,allows one toget conditions determining the set oit
points C—'=(C_'4,C_',, Yy E() in which absolute minimum of
fy-(Ha) is reached, i.e., the equality

Fr{HalC)} = rmin Fr {HalC)} (8)

is correct.

<) Under free energ;y per unit volume for system with arbitrary
Hemiltonian H we mean the expression f.=-£ ¢n Spe” y
where parameter 8 is temperature (in energetic units




In this paper we shall show that the expression for free
energy per unit volume for Hamiltonian (5) is asymptotically
close to the corresponding expression for free energy of"appro-
ximative system"with Hamiltonian(7) under the assumption of
fulfillment of conditions (6).

For our investigation it is more convenient to treat the

so~-called Hamiltonian with sources:
A=T-DVgpz -Viag-sp) o

in which includingwsource parameters are proportional, accor-
- Ved

,dingly,to(;" (:L with positive coefficients of proportiona-

lity:

V=l V=G =T >0, 443 ¢. (O

As it is shown in [5],the choice of these parameters in form
(10) allows one to avoid difficulties under true definition of
quagi-averages for considered model systems.

In order to have a possibility of true selection of quasi-
average for "systems with sources" (9) it is necessary to

choose a corresponding approximative Hamiltonian [5]:
{a = T—ZVZ% ( COL}* +C,~ ;.J-V‘Z',é (C.?;? C}‘) +K(c) ,('m)

which evidently corresponds to approximative Hamiltonian 7)
for model Hamiltonian (5) under alteration of parameters ékc
in the latter according to the rule

Fm%r Y, =42t (12)

Therefore only "renormalizationPB) of gku constants in expres-
sion (9) for f£ with necessity results in that Hamiltonian
(41) becomes approximative for primary Hamiltonian (5). We
emphasize that term K was not necessary for it,obviously,does
not contain itself neither in motion equation nor in finite
expression for average < .. >4 . Hence, we have the right
to add arbitrary but constant part to a model Hamiltonian
which will be

A-T-00(4-2%3 -V CFCH).

The choice of corresponding constant term in the form
- =
ves us an opportunity to rewrite (13) as
vz CC gl P y

i i‘T_Zch(ﬁ—%‘}Zi+ "VZ‘L,_ (c:-*luéﬁﬁ)wk('m)
VIR GG = H VI -G -C),

where H 1s the primary Hamiltonian (5). Positive coeffici-
ents Zl and dispersion QZ according to the rules: !
= -~
G=2% % , T=0 (15)
A,
G =G-CUE-C), w=42.,¢

glve us a possibility to rewrite (14) in the form convenient

for us:

#=H-2V] %47 (16)

3) i.e.,transformation according to the rule:

e



Let us start obtaining asymptotical behaviour of free
energy for Hamiltonian (16). First of all,we state Theorem 1,
which confirms the possibility for asymptotically exact des-
cribing the model system (5) with the help of Hamiltonian (7).

Theorem 1.,

If the operators T, % in Hamiltonian (5) satisfy con-
dition (6) and free energy for Hamiltonian T is limited

/']lv(T} |< A, = const,

then we have the inequality
O< min fy {Hatc)} - frlr) < E(£) - e

in which positive constant 5(’6‘-)—'0 in thermodynamical
limit V—’Oc uniformly with respect to 8 in the inter-
val (0 < B< & , where 90 is an arbitrary fixed tempe-
rature.

The proof of Theorem 1 is given in [4]. We mention here
that Theorem 1 does not answer the question whether the limi-

ted"’expression

£ (H) = bm £ (H)

exlsts.
The answer is in
Theorem 2.
—
If in Hamiltoniasn (5) the operators , and 3’ are
defined for all points of P -space and the set of disconti-
nuities of the functions is a set of measure zero, then under

the fulfillment of condition (6) the asymptotic free energy

P

t
!
0

S

B

for Hemiltonian (7) exists and for all C:,_ from set

{C : IC.L' < A- =2A1},:Lnequality
| f {Ha(C)) = £ { HalC)} | < B (18)

is correct. Here <0_-V- "'0 uniformly with respect to & in
the interval 059‘.‘. gband fo_ {Ha(c)} possesses continuous
partial derivatives of all orders with respect to variables

»* » >*
C_I‘)Czl.-.) C{) C_{’C‘lu.)CJ
for all complex values of these variables, This function

reaches in space E{ gbsolute minimum realized on a set

{E) , L.e.,
e fem (Ha(C)} = £ (HalC))

and here will be fulfilled the inequality

£ (H) f {Hale)) | € B = E(F) *Dv o,

where S“V' - 0 uniformly with respect to 9‘ in the
interval (< B < 9[, .
Proof:

Let us estimate the difference

04 = fr {HalCl} = Fo {HalC)],

i.,e., the difference of free energies, corresponding to one
and the same approximative Hamiltonian (7), but chosen for the
syst.ems with different values V ana V7 U/, where Vs
the value, finite in the framework of this proof, and. U is




some arbitrary value. After some simple transformation and
having made the 1imit transition {}/+o< (in general statis-
tical sense) we get the inequality (418) which together with
the inequality (17) results in (19)

| folH) - £ {Ha (€ | = | fr(H)-miim £. {HatC)}| =
= | flH) ‘”,"g;/"/vfﬁa(C}}*/(fghﬁ{H,(C)]—w# {Ha(cjjlé

< [i-pmin i (bl b ()i )| E6) .

(¢/

Thus, we proved limit theorems for free energy functions and
got correéponchng estimates for a model problem with the Hamil-
tonian of a general type without concretizing the dynamical
operators - /)

We must mention that in the case of concrete systems exact
expressions for limit values of free energy can be obtained.
For example, in [‘IO] it was shown that the expression for free
“energy per unit volume _V- ,answering Hamiltonian (1) pre-
liminarily diagonalized with the help of Bogolubov-Tiablikov

canonical transformation, could be found in the form:
FlHl0)=2L 0,66 A (65) 4L tnte™) @

and underv""’ will be approximated by the following asympto-

tic expression

FHC) 2L 4.6, - ey BT -280u 26 ) o v

where
Ef: V'];f *Aj Af =2§’g¢€nl¢(]‘) (22)

are standard aotions and )u'(f) are “constant of interac-
tion" and satisfy conditions

A ~F) = -AMf), A=12,..,2 .

Further we discuss the problem of asymptotical proximity of
free energies, obtained on the basisof Hamiltonianﬁ and H ’
correspondingly:

Foth)=—E tnspet
.7‘1/' (H)= _1% &?SPe—g .

Evidently, under Z =4 , i.e., under %=T,=..=7,=1 we obtain

Hhes = T-OVL 465 C) A g G = HC)

and therefore

(23)

A £H(C) @

so far as (O, =( always.
On the other hand, % ZH unter O0<T <4, £=1,2,.,¢
and we can affirm that the inequalities '

Fr(HC)) = 4l )2 FilH) 26)




are valid if: (J < ((; <{ L£=14,2..,4 .

Then

0% fr {HalC)) = fr(H) & | £ {HO)} - £itH) | +
+| £ AHE) - £, {HC))]

or taking into account theorem 1:

0= f (HE)} =~ fr(H)< 0+, @

and,correspondingly,

0< fo h) ~folH) € D¥ v =77
0% f{HIO)) - Frth)€0r 0y =T

The application of these inequalities for obtaining of corres-

(28)

ponding estimations for correlation averages is based on
~Bogolubov?’s (Jr.) majorizing inequalities [5] .
For a system described by the Hamiltonian linear in

parameter r(:'
Hr =Ho+TH, (29
we can determine the expression
) _H
fy(Hr)=-1—§{% pe & (30)

as a function of free energy per unit volume for a given

model systen.
It is easily seen that

12

c—é‘%y‘v(Hz)=%<H,>Hf, (31)
and ,correspondingly,
2 £ o~ _Hpp o Hr
L folrhe)= 4 J<H.ETH e Ty gy,

is permissible, where /:71 = Hl - < H{ 7}-/1_-

But it is known that
dz

2; /-y- ( HZ'} < 0
and, correspondingly ,

{c%’ Fr (HT}}'LE{ éjfffr//%)é {% fr’(H't)}ﬁo (33)

and free energy difference may be taken in the form

/V (Hy *H,) = o (Hs) = jé F-(He) o, (34)

where )< T <4{ .
Thus we obtain the inequality

{ % FolHe) ] < o) ~Fo(r)< (4 Wi} G

with the help of which we 8imply obtain:
A
V <P € FlHoH)-folHe) € <H, 7, . o

Definite choice of parameters in the inequality (36)



/.-LEH HI ;ﬁ _H =2VZT;9“0; 37 | Tn the next papers we shall developmethodics of calculation
ry

of a correlation function and quasi-averages for model system of
with the account of the first of inequalitites (28)permits one Y
such a general form, and an application to concrete system of

to obtain the following estimate for binary correlation
statistical physics will be made.

function < 0: >ﬁ, 3
In conclusion the aunthors would like to acknowledge

22 q ?% <& 027" és:r *57 ' (38) Academician N.N.Bogolubov for valuable remarks and Professor
A N.H.Bogolubov (Jr.) for helpful discussions.

Thue ,is proved
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