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Asymptotically exact methods of studying of many-particle 

systems were developed in Bogolubov's papers[ 1,2) in the co~ 
ee of creating microscopical theo17 of superconductivity. Mathe

matically rigorous background of the offered methods was essen

tially pointed in paper (3). The problems which admit exact so

lution in limiting the~cal sense ( Y __ .,,,. J ff....,.. ...-,, 
(": COnSt t Where y - volume Of the system, ;{ - the 

D.Wllber of particles) occupy particular place among the model 

problems of modern statistical pb;ysics. Later on rigorous from 

the mathematical point of view methods of proving asymptotical 

exactness of the results obtained for such model systems have 

been suggested by N .N .Bogolubov (Jr.), and there has been also 

constructed a general method of studying asymptotical behaviour 

of such values as free energy (and its derivatives), one-time 

and 1118l1Y-time correlation functions, and Green's fllnctions 

(4,5). 
These methods, originally developed for studying Bardin

Bogolubov model systems [1-5) with Hsmiltonian1>: 

H :::fr, a;a1 - =f {;,I (fj')a; a:, q1,a1, c1> 

1)Here and :rurther we use~he,;onowing notations:j=rfsJ ;-J=r-/.sJ 
P -momentum, S -spin, It =2 -,JL j }' being the chemical _j>O-

tential; a.+1 , a.1 are the -rei'nli operators. Po s1 ti ve value Tc 
means the constant of interaction; <Tr, o;t, <Ti' are Pauli ope
rators; n.. - pairstates number; .IV" is the number of parti· 
cles, and '/It - external magnetic field. 
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got successflll application in the studies on quasi-spin models 

[6-?] with Hamiltonian of the Thirring type: 
.ti. ..n. 

H == L f,(1.-vpa}- 2Tc [, o::-[v,,+ 
P=! .Jl. p•1 p I' 

(2) 

and on the Ising model [ 8,9] 

H = - %-r u/-u/ -}lo W,[ 0:2 

t:/ I i=I. L 
(3) 

Later on we shall show that for model problems with Hamil

tonian of more general type such as in case of the superconduc

tivity type system, inhomogeneous in spin variables 

H_\'T .. _1.\[J ...... . • • C't) :.L.. ,I ( PJa;..s a.,,S' 2V' L. (p,p; S,5) O:,,/J~r.-s a,,!.s. a,,'s' 
f1 s,s p. p• s,s' 

our method [1-~ gives a possibility to find asymptotically 

exact expressions for correlation functions, one-time and 

many-time ones, and Green's functions as well. 

Further development of mathematical methods for studying 

model problems is undoubtedly very interesting. 
"'"· 
Here we shall consider the expression with Hamiltonian of 

a general type: 

.t 

H = T-2~£ rt'"J~'J + (5) 

where dynamical operators T, J:.. J JtJ..+ are not concretized 

but the flllfillment of the following conditions is demanded 

T = T.. DJ~ II"= A1 BTi_-fT II~ -'a 
uii-tJJJ~$ ft't-l!T//~ *" (6) 
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where Vis a finite volume of the system, Ai. are some po

sitive constants under Y - coo= ( ~ -: Const). Coefficients 

~ in (5) are taken positive in connection with the fact 

that only the systems with negative interaction are discussed 

in this work. 

As "approximative" system for the model with Hamiltonian 

(5) we suggest the system, described by Hamiltonian 

H,/C) = T -2Yf fo1. (C-.1/ + c: , ... ) + J{ (C) ' (?) 

which depends upon the parameter C:. , representing the vec-

tor C = ( C1, C2, ... , Ce in {, -dimensional complex space 

Ee ; J<fC) constant and, if. it is necessary, can serve as 

parameter of normalization. 

We must note that for Hamiltonian (?) free enerr,y per 

unit volume2) is a function of the parameter C: , determined 

on space Et of all points C • Later on the expression 

min.ff c) will denote absolute minimum of the function 
(C) £ 
jvfHa)in t · 

Note, that the procedure of minimization of free enercy 

per unit volume for Hamiltonian(7) ,as function of the parame

ter C,allows one to get conditions determining the set of 

points C=(CJ.,C,., •••J Ce) in which absolute minimum of 

jvf Ha.) is reached, i.e., the equality 

/v{Ho.(CJ} = 7tf' fv { Ha(CJ} (8) 

is correct. 

2 ) Under free en;;;;.- per unit volume for system with arbitrary 
Hamiltonian H we mean the expression Jv.= -.fi. In. Sp e-H , 
where parameter e is temperature (in enertetic units). 
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In this paper we shall show that the expression for free 

energy per unit volume for Hamiltonian (5) is asymptotically 

close to the corresponding expression for free energy of"appro

ximative system"with Hamiltonian(7) under the assumption of 

fulfillment of conditions (6). 

For our investigation it is more convenient to treat the 

so-called Hamiltonian with sources: 

~ = T -2V[ i;.].4'f:. - VI <~'J--+ + ~1~1 (9) 

in which including.source parameters are proportional, accor-- -.., 
dingly I toC"' J c_,_ with positive coefficients Of proportiona-

lity: 

v"'" = i""'crJ.. {= i"'"t;_* t = i: >O) ..L·~~··:1t. <10> 

_As it is shown in [5],the choice of these parameters in fo:rm 

(10) allows one to avoid difficulties under true definition of 

qua.of-averages for considered model systems. 

In order to have a possibility of true selection of quasi

averae:e for "systems with sources" ( 9) it is necessary to 

choose a corresponding approximative Hamiltonian [5]: 

h-a = T-2V[ i. (('J-.+ +C~')j-VJ 1:_(f:'j:+C:J)+J{(CJ,<11
) 

which evidently corresponds to approximative Hamiltonian (7) 

for model Hamiltonian (5) under alteration of parameters ~rj. 

in the latter according to the rule 
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~-i+t J ~=i,2, ... ,t (12) 

Therefore only "renormalization"3) of 9-~ constants in expres

sion (9) for ~ with necessity results in that Hamiltonian 

(11) becomes approximative for primary Hamiltonian (5). We 

emphasize that te:rmK was not necessary for it,obviously,does 

not contain itself neither in motion equation nor in finite 

expression for average <( ... /.,(. • Hence, we have the right 

to add arbitrary but constant part to a model Hamiltonian 

which will be 

h,=T-2Ylfi-tlil -Y[;((]++c;JJ · (13) 

The choice of corresponding constant term in the form 
- -~ y[ '1, c ell. gives us an opportunity to rewrite c13) as 

,;. ~ 0(. 

i · T-ZV[(~-~J'-'1.+ -VE -i. (f +'J.•'+c"1;1,)+ 
"' 16- /J.A ;.. "- ~ I"- .,_ ~ (14) 

+ ~;.~~ = H+Vf ~ (~-~K1: -~'I:), 
where 1-/ is the primary Hamiltonian (5). Positive coeffici-

ents i;. and dispersion o;. according to the rules: 

'tol =2'f:.i.Cjt1- ' 1:;_70 (15) 

o;_=(J_-(J(J.+-c:J, o1-=1.,2, ... ,t 
give us a possibility to rewrite (14) in the form convenient 

for us: 

~ ~ H-2VJ: T.t.g-""o;, (16) 

3) i.e., transformation according to the rule: 

a --a,::::. a -1l!. 
(ti.. if"' !""- 2. 

(12 1 ) 
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Let us start obtaining asymptotical behaviour of free 

energy for Hamiltonian (16). First of all,we state Theorem 1, 

which confirms the possibility for asymptotically exact des

cribing the model system (5) with the help of Hamiltonian (7). 

Theorem 1. 

If the operators ~1 ~ in Hamiltonian (5) satisfy con

dition (6) and free energy for Hamiltonian ""(' is limited 

/j-V'(T)} ~ A0 = const) 

then we have the inequality 

0 ~ mJ,n, fv { Ha(C)} - frfH)' l,(~J • 
(C) 

(17) 

in which positive constant C (+J->rO in thermodynamical 

limit V----'?'e><=> uniformly with respect to f}. in the inter

val 0 :!G [}. ~ ~ , where 90 is an arbitrary fixed tempe-

rature. 

The proof of Theorem 1 is given in [4]. We mention here 

that Theorem 1 does not answer the question whether the limi

ted.,..!!xpression 

f_(H) = &m }y(H) 
v-..... 

exists. 

The answer is in 

Theorem 2. 

If in Hamiltonian (5) the operators T and 'J are 

defined for all points of p -space and the set of disconti

nuities of the !Unctions is a set of measure zero, then under 

the fulfillment of condition (6) the asymptotic free energy 
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for Hamiltonian (7) exists and for all c;, from set 

{ C : J C.i.. I ~ A = 2A.t}, inequality 

I fv {Ha.(CJ) -£{Hate)) l ~ r.... (18) 

is correct. Here hy -rO 
the interval 0 ~ ~ Bo and 

uniformly with respect to /} in 

j_. {Ha.(CJ} possesses continuous 

partial derivatives of all orders with respect to variables 

Ci_, C2 , ... ; Ce} C 
... .,. ~ 

-s, Cv"',) Ce 
for all complex values of these variables. This function 

reaches in space fl absolute minimum realized on a set 

{E) , i.e., 

~ fi. { Ha(C) J sf- [ HafCJ) 
and here will be fulfilled the inequality 

Jj.,, (H}- ia {Ha( CJ} / ~ ~'V" = l ( ~} + b,,- , (19) 

where Oy ~ 0 uniformly with respect to ff in the 

interval o~e~eo 
Proof: 

Let us estimate the difference 

'iJf ::= fv {HafC)j -f,,+,,,{Ha(C)}, 

i.e., the difference of free energies, corresponding to one 

and the same approximative Hamiltonian (7), but chosen for the 

syst~ms with different values V and V-+- 7./, where V is 

the value, finite in the framework of this proof, and 7J' is 
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some arbitrary value. A~er some simple transformation and 

having made_ the limit transition if--oc:> (in general statis

tical sense) we get the inequality (18) which together with 

the inequality (1?) results in (19) 

lfv(H) -f- {Ho.fCJJ / == lfv(HJ-'Wf f- {Ha.fC)} J == 

= / f y(HJ-n;ff jy{ Ha(C1+1'1f :/r{HafCJ}-rft-/;. { H,(CljJ~ 

~ Jfi-lH)-~ Iv { HA(CJ)/ + /'!:f" fr { H,(C»-wJ. {Ho.(C) JI~ e~J + br. 
Thus, we proved limit theorems for free energy functions and 

got corresponding estimates for a model problem wi~h the Hamil

tonian of a general type without concretizing the dynamical 

operators · T, 'j 
We must mention that in the case of concrete systems exact 

expressions for limit values of free energy can be obtained. 

For example, in [10] it was shown that the expression for free 

-·energy per unit volume V ,answering Hamiltonian (1) pre-

liminaril,y diagonalized with the help of Bogolubov-Tiablikov 

canonical transformation, could be found in the form: 

j., {J-J.(cJ) = 2I ~;.'' -!vf (~ -71 J +~f &(J+e-'~J c20) 

and under V ~o-Cwill be approximated by the following asympto

tic expression 

:f {H,_(clj =2f ~d,~c: -Ii;; J l~-~ -2fJ.~ r1+iEJ~~ c21) 

10 

where 

E;=VTj·1:1~· ll;=2f f-.~A.i.tfJ c22) 

are standard ootions and J.o(, (j) are "constant of interac

tion" and satisfy conditions 

A.1.f-f)= -).';JffJ, rJ...=J.,2, ... ,t. 

Further we discuss the problem of asymptotical proximity of 

free energies, obtained on the basis of Hamiltonian?t and H 1 

correspondingly: 

fvf/,,) =-~!Ai Sp e--~ 
fr (HJ= - : en, Sp e -j · 

(23) 

Evidently, under 7: = J. , i.e., under 'Zj=~"' ... =~=i we obtain 

i1r=1 = T-2Yf ?) cy: +E:JJ + 2VJ: 1;. ~ '* • H Cc J 
(24) 

and therefore 

i ~H<EJ (25) 

so far as o;_.., 0 always. 

On the other hand, A, 'ii' H under O< 1;;.. '- 1. 
1 
~ = 1., 2, ... , -l. 

and we can affirm that the inequalities 

fr {HfCJ} ~ Jrf/i)t!J /r(H) (26) 
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are valid if: 0 £ '0, C:::. i ,,l,:::i,2, ... ,-t . 

Then 

0 6- fv {Ho.(CJJ - fvf H) ~ lf(?O {HfCJ) - j,(H) f + 

+If .. {H(CLJ- fv {HfC)j I 
or taking into account theorem 1 : 

0!!£ f,, {H(CJ} - fr(H)~ F-r + 'ii-r, (2?) 

and,correspondingly, 

0 6 fr (I&} - f.r(H) ~tr +by= '1Z 

o~ fv {H(C)j-fv(/i)t:~r .. Sr= 12 
(28) 

The application of these inequalities for obtaining of corres

ponding estimations for correlation averages is based on 

.Jl,ogolubov's (Jr.) majorizing inequalities (5]. 

For a system described by the Hamiltonian linear in 

parameter 1: 

HT = H 0 + rt Hi. 
we can determine the expression 

1.( 7· B C' _Hr JY He == - :y In ,;p e F 

(29) 

(30) 

as a function of free energy per unit volume for a given 

model system. 

It is easily seen that 
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1; f.v. (Hi) =- {r <:.. Hi""? H'C , (31) 

and,correspondingly, 

f/ f·dH"J:::. -fv S < R, e-fJ!JR, e tl/ <t- ~»Hrclfo2) 
U.7: 0 

is permissible, where HJ. .:: HJ. - < Ht /He 

But it is known that 

di. 
d't' fr(Hr)~ O 

and, correspondingly, 

{ ~ f.v. (Ht:) J=, {:d~fr(Hr)~ {J:r fy.(Hr) }-r=o (33) 

and free energy difference may be taken in the form 

' frfHa+H,)-/rfHo}= J-J;fr(Hr:Jck, (34) 

0 

where 0 dO 7: ~ J. • 
Thus we obtain the inequality 

{c! frfHr) l=1. ~ fv.(Ho~H,)-fv(H.)~ (Jf·dH'T:J)T=o C35> 

with the help of which we simply obtain: 

ef: <H,/Ho-tH1 ~ j..,(Ho+HL)-fv(Ho) ~ f<H, "/Ho • (36) 

Definite choice of parameters in the inequality (36) 
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H=H 0 H1 :ai-H =2Yf ~ff"'~ 07) 

with the account of the first of inequalitites (28)permits one 

to obtain the following estillate for bine.r;T correlation 

f'unction <.Ci;_ /4, 

2& q;_1"-<o;_~ ~ ~T ~~y C:~B) 

Thus,ie proved 

Theorem 3. 
Under the fulfillment of condition of theorem 2 for Ha-

mil tonien /,, in fo1"11l (14) the following inequalities holda 

O~frf/t)-frfH) ~ ~ 09) 

f 1'-.(.(j.-C,,_J(f-C:J:?~~ f. 
here ~ ::: ~y-+ t)'l' end it tends to zero as Y-- - and 

~e the w1n11DAl of the quentities 'l;, '[,, ... 1:~ which satie-

'fr the condi tione 0 C:: 'l;. 41. , of.= i, 2, ... , -l 
The inequalities (39) confi1"11l the poBSibility for ae;ympto

tical~ exact describing model s;retem with Baailtonian (5) 

with the help of Hamiltonian (14), because from Theorem 3 it 

follows 

~j.,(/i) = /im,fr(H}. 
y .. - "V'•r> 
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In the next papera we shall develop methodios of calculation 

of a correlation function and quasi-averages for model system of 

such a general form, end an application to concrete SJ'etem of 

statistical ~Bice will be made. 

In conclusion the author• would like to acknowledge 

Academicien B.B.Bogolubov for valuable remarks end Professor 

B.B.Bogolubov (Jr.) for helpful discussions. 
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