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1. Introduction 
The importance of crystal field ef'fect3 in Oificnetlc materials 

has long been recognized.For certain rare-earth compounds,3uch as 
those of MeCl structure with croup-V onions,it is possible foi' the 
crystal field to be compared to or even dominant over the exchange 
interaction between the гаге-earth ions.Thus,the crystal field is ex
pected to play a very important role in the nature of the macroscopic 

h materials ' * .Theory of these substtincea 
.ЪГоге complicated a-echanisnis,e.g.,orbital 

con be as lar^e as, 
or even larger than the exchange interaction. 

Isotropic biquadratic interactions of the form |\ (S^ S ^ J » 
in addition to the usual Heiaenbere bilinear ones 

1 1 1 . 
have been of current theoretical interest '*' ,since Harris ы.О Owen, 
Bodbell et al.,Bertaut and Rubinshtein ' ^ poited out that they could 
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have significant effects on the magnetic properties of sntiferromag-
nets,like IftO» oC -btaS,EuSe,and ferrimagnets. 

The authors of ' " ^ noted that since two order parameters at 
least are to be considered for such systems / that ie < 5* > = ^ 
and < ^ ? ) " ^ S { " P - V ^ " Q - / ,ordering in the quadrupolar uniaxial 
parameter Q. might occur аз a separate phase transition. 

Quadrupolar ordering in magnetic crystals has been investigated 
theoretically / e " 9 / in connection with experimental results on magne
tic апб orystaiiographic/multiple, separate / phaae transitions in 
some rare-earth compounds such as ' ' ByVO^j .A general purely quadru
polar system may have up to 21+1 « 5 independent,nonzero order рагаше-
tcra ' tthaugh this number may often be reduced by a judicious 
choice of axes,when the system possesses appreciable symmetry.The 
aaymmetry biaxial parameter does not ,in fie» 
nerol, vanish and both P and Q may well be necessary 
*W to describe statea of quadrupolar order in low-symmetry magnetic 
crystals such as the rare-earth vanadates,phosphates,and arsenates. 

The mathematical methods employing in the theoretical papers ci
ted above and in ' 1 1 ~ 1 6 ^ are those of the double-time temperature de
pendent Oreen functions ' '' or Bogolittbov variational principle' ' ', 

The diagrammatic method of Vaks et el. was applied to the 
investigation of Heisenberg /Anti-/ Perromognet with single-ion ani-
aotropy in ' 2 0 - 2 2 / . solyom considers eingle-ioo anlsotropy as a per-
turbation,Ginzburg has been calculated correlation function 
4 5" j £% **>• molecular field approximation taking into account 
the anisotropy term exactly and matrix form for the operators S ( Ь . 

Ksschenko et el. ' ' have also considered this term ежа -
ctly und analyzed collective excitations and their damping.However 
they state that the inclusion of the single-ion anieotropy term into 
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zero order Hamiltonian give» rise to the absence of on analog of itficv 
theorem and in order to calculate blocks,containing the transverse 
components of spin operators it is required to use the definition of 
T-ordered product of operators: 

p 

where summing rund over a l l possible permutaticinsof the ( / t imes " b-

and @(t,*-!•) i s Heavis ide ' s function. 

Xitaev et a l . * *' hove calculated i r reduc ib le polar iza t ion par t 

Z in zero order and obtained exc i ta t ion spectrum,when zero or-

der Hamiltonian contains — t Z \ ^ ~ ^V\ in addit ion to that in 
/22/ ^ 
' ' : they diagonelize this zero order Hamiltonian and then apply 

/22/ the procedure of ' r . 
In this paper we present the perturbation theory for arbitrary 

spin Hamiltonians with s=s t on the basis of general statistical tficlc 
theorem / GSWT / ' ' and its application to spin Hamiltonians for 
S = i / 2 5 / .According to /2^-25/the statement of the authors o f ^ 2 ' 
on the nonexistence of en analog of Wick theorem is not valid. 

Detailed discussion of GSViT 'tor transverse and diagonal ope
rators is given by the example of the Hamiltonians of Anderson and 
Hubbard type in ' : this евве may be considered as в general 
one in such a sense,that the set of the transverse operators consists 
of the Fermi and spin type operators,that has an influence on the 
character of realization of GSWT-

This article is organized as follows: In sec.2 and 3 we decompo
se the Hamilton!en into the unperturbed and interaction parts end re
present the last term by the etandard-basis operators /t5 f24-25/ ̂  
respectively,In sec.4 the realization of GSWT for transverse and die-



fional operators is commented«Finally,in Appendix В the rules for draw

ing of the graphs,holding for arbitrary interaction,are obtained. 

2. Decomposition of Hamilton!an 
Let us consider a system of ions, on translationally invariant 

lattice in uniaxial D and biaxial E crystal fields,intera
cting in pairs according to the following Hamiltonisn 

where R is on external magnetic field, J * M ' and К%м' 
are usual Heisenberg and biquadratic exchange interactions,respecti
vely.The above Hamiltonian represents and contains the cases of con
siderable physical interest /2~9»11-16,20-22,23/ .Therefore it seems 
very required to construct a systematic perturbation theory for such 
Hamiltonians,due to which a part of Haniiltonien /l / as large as pos
sible could be included into zero order Hamiltonian.This becomes pos
sible because of the formulation of GSWT in ^ 2 4 ' .According to ' *' 

by unperturbed Hamiltonian wo can mean an arbitrary part of Hamilto
nian,which has the form 

Ho = Z H „ , A/ 
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where Но-н. is one^ion Hemiltonian. and con be a linear sell'-adjo

int combination of rum matrices,or that of spin operators.ef course 

H o x can contain,frequently,some mean fields corresponding to 

some order parameters.For example,the mean field 2 J S C M / ^ S * ^ 
/19/ г^-ч31' 

in ' 7 / corresponds to the order parameter <̂  £ / * 
From the mathematical point of view one may considered the more ge

neral single-system operator ''-'' than that in /1/ .But then,as It таз 
pointed out in' ' , we can always find e unitary transformation 

and constant С so that Ux Hint, Ox "t" С becomes of 
the type / for s = t / 

Expressing the scalar product Ŝ .- Ьг<.' in terms of cou.ponenta 
$ S we can rewrite the Hamiltoniun /:/ in th<? form 

H = R. +v <- с , л / 
where zero-order Hamiltonian H e ia given by /2/ with 

H»x = -Vi & - p s \ - i E [ b~„ * &) i /5/ 

the interaction term : 

л- /* 

t i k„*. st & + ] „ * [ s;. si(su.:£,f+ (-£ 5"Л-& ->~Л +• 
and constant С ia equal • 
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+ î ^ э . . < 0 . < V^->o "4 5(5 + ̂  V*c*' } -

In the following t h i s constant in / 4 / w i l l be dropped,The effect ive 

parameters ^ , P i E aepend on the mean f i e l d s (1о~1Ка}УП0 

$ Ко Фо J 'ij Ко Ро , corresponding t o the order parameters 

in the following way : 

Here Tifio , Qi0 , P 0 are the averages / denoted by <•••>» / 

/ 7 / over the unperturbed Hamiltonian /2,5/wid 

_( u » ^ i si. » s * ** ' 6 ' 
are of the type 

A„= A „ - < A>„ . /s/ 
Such a procedure has been done for operators,which heve the non-zero 

diagonal part in the representation,where Но-к in /5/ is diago

nal /from now on all further considerations will be velid. for S - 1/ 

3» Interaction in the standard-basis operators/ in diagonal repre
sentation / 

The unitary transformation [>•*. diagonallzing the subsystem Ha-
miltonian /5/ has the form of the ЗхЭ matrix 
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where 

Then 

<X О - Ь ! 

\Ь О GJ 

U~ и.» и* = H.» = -л а" - & й£ , А / 

U» 5~ U*. = i a b a" +- а г s'i _ £ s* 1, 

Ut Ы Ы U* = а 5* - Ь s% , u t (- s^s;)1А< = b£+a , s£ , Ж/ 

where the operators are the spin one 

operators S , ^ , S" , Ь~ 5 г , - 5 х 5" .respectively,in t n e new 
representation.The role of the operators b11 , 5 . "5 as 
the transition ones between energy levels 

H' l = - (д +V>, Wk = о , H'JU = д - s АУ 
of Ho*, lo /10/ «as otressed In /'5r 16,24-25/ _ 

The operator /4/,under the unitary transformation 

takes the form 

H = H, +• V , _ /a/ 
where (-(„ i s the sum as In /2/,wben VUic-* Wait ,glv«n by/10/ 

and the in t e rac t ion V i n / 4 / according t o / 1 1 / i s equal to 
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The non-zero pair interactions in /13/ are : 

U3,iV |д , „ J 

V ч,« ( v ' ' v ' 1 = ^Д,«. ^ ' • ^ = i с ( ] K „ • - K« .̂0 , 

V Г,, ~„ Ь.', >;' - i \ X ^ of ]»,,. + i C* k x * , ] ( 

\ / i , .n Ы,-м1 = V.r3 j l. (.x\x) =- a be (I*»,! - кякО, А/ 

Using the Graphical convention presented in ' '' , \/ in /13/ may 
be rewritten as follows 

V = ©~- © 4- ©• ® + ©~—"~® * £jkww@ + 

+ (5K~~wjg) A- ©^~~-v® V @Л~ ^ g | + @ л ^ © + 

4- %ъ^~ 05J 4- щу,—^~J$) V ®^- ^э) + ^ — ~ - ^ | ) + 

+ ©• @ t <3ь~—^® + ЕЬ~~~~Ш /is/ 
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4. Realization of GSWT for transverse and diagonal operators 
From the form of the interaction in /15/ it follows that we ha

ve to use in the reduction ' " six /maximal possible number / free 
Green functions G of Bose type, corresponding to six transverse 
spin operators 5 /2A--2j,27/ . 

G''(t-i') = e«|>L(t-tf)H'.t.] [ YHtf6|T-v) +(Пед +48(т'-1)] = 

and L Дц**, is the imaginary Bose frequency. Ac cording to the realiza
tion of GSWT ^ 2 ^ in the case S = 1 / 2 5 / and to the definition of 
the reduction procedure ' '' we obtain the diagrammatic representa
tion of transverse operators t3 ̂  given in Appendix В : two cases-

particle and hole - are introduced here / ac in ' '' / for conve
nience.Analogously as it was done in ^ '' we get oil possible repre
sentations for diagonal operators ' •*' 

replacing — U ^—(?T) by Tu"l on the figures with two Incoming 
and one outgoing directed lines in the particle case of Appen -

dlx B.The hole case / Q^i — - i5Jt' / o f representation may be consi
dered in a similar way .From the table of products in App.A and the 
comnutation relatione in ' •*' eccordlng to /13/ we obtain the dia-



grammatic representations of £t /diagonal operator/ in tenns 

of [<f) with one incomming and one outgoing line 

whero Ik s 12,32 . 

There i t should be noted, tha t the above described diagrammatic 

representat ion of both the t ransverse end diagonal operators may be 

employed in the case of more ceneral in te rac t ion than tha t in / 1 3 , 1 5 / , 

The process of the reduction of averages consis ts of two stages 
/277 
' ' .At the first one we are using the transverse operators for the 
reduction,Шеп they are exhausted,i.e.,the onl^ diagonal operators re
main under the symbol of average,then we employ the analog of GSWT 
for diagonal operators / for all definitions and notations we refer 
the reader to ' '' end here we point out the new aspects for this case/ 

<(xi Q I - Q;>. = «f QJ •• •Q:>O + 

where the operators (x' s run over the set 



The zero-order result for the averages of operators /19/ takes 
the form : 

Ao/ 

Zo = \[Z.* ; 

Z»~ = T-r { eAp[,3(u^Q^ 4- p„ Q* )] } = 

= \ +- exp[(3(!U + V ) ] + exp[-/J(u-x-B*)] . 

The differential operators P^ /diagonal reductoro ' '' / corre
sponding to diagonal operotors /1*3/ are to be chosen in the folio -
wing way : 

P" s ?/эГ,зД«) , tC = о/э^р»), 

The lattice site inuieea introduced in /19-22/ are to be omitted '' 

in /18/ after calculatione. 

In contrast to ' ' in the interaction /13,15/ there are the 
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averages of which -vanish ,but it la not so,when differential opera

tors /22/ act on them,i.e., the averages ^(2'"Ъ *** / 2 3 / и" 6 t o be 

treated as constants,and this is why the differential operators 

correspond also to diagonal ones /23/. 

5. Conclusions 
This work has first of all the methodical meaning.Though the dis

cussion is restricted to spin Hamlltonian constructed from spin one 
operotors, the procedure described in the aeci,2-4 may be easily refor
mulated for the caae of an arbitrary spin. 

When the uniaxial anisotropy appears in the Hamlltonian ea the 
additional term to that in / 1 9 / , the operators 5* , S 2 , ? do 
net form the closed algebro with respect to the commutation relations. 
The way of gettingthe corresponding closed algebra is demonstrated 
in ' 2 4 ~ 2 ^ / ш а i t i S |in general, a Lie algebra of Lie group SU/n/ / 2 e / } 

where n = 2S + 1.0f course the operators S~ , Ь can be taken 
as the generetors for Lie algebra of Lie group SU/2/ '"*' . 

In contrast to ' 2 2 " 2 3 / presented here diagrammatic method allows 
us to construct the diagrams for arbitrary interactions and to arbi
trary interaction order according to the rules listed in Appendix B. 

In conclusion we would like to point out that in the second 
part of this paper / reffered to as II / we shall uee the presented 
approach to study the Heiseberg Ferromagnet with uniaxial crystal 
field.In the limit of the anisotropy constant t>-^»0 |the corre
lation functions- transverse and longitudinal-obtained in IT to or -



der ^/2) ,where Z is the number of spins interacting with 
any given spin, take the form of those in /' 1 9 /' . 
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Appendix Л. jroduetK of transverse and diagonal operators 

S>2 a ' 2 = - a 1 2 S 1 2 = Ц 2 3 S 1 2 = S 2 3 S 1 3 = 2 S 1 2 Q 1 3 = 2 S 1 2 ft73 =2S 1 2 

s 2 3 a 2 3 =- Q
2 3 s 2 3=- S 2 3 Q 1 2 = s 1 3 s 1 2 =-2 a 1 3 s 2 3 = га 7 3 s 2 3 = 2 s 2 3 , 

2 s 1 3 a 1 3 = -i«' 3 s 1 3 = s 1 3 a 1 2 - - a 2 3 s 1 3 = 2 s 2 3 s 1 2 -

= 2 S 1 3 o " = 2 Q 1 3 S ! 3 » 2 S 1 3 , 

2 S ' 2 s ' 2 = I 1 3 S , 3=4 Г 1 , S 1 2 S 1 2 = S 2 3 S 2 3 x 2 P 2 , 

2 S 2 3 S 2 3 = S , 3 S , 3 = 4I> 3 , 

where V i s the project ion operotor on the eigenstote 
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Appendix BtDiagrasunatic representat ion of transverse operators 

Fa r t i c l e case 

3lJ as tlr? cre& 
t ion operator 
of^purt icle i j 



@H*->|-***<D \.Л*<3) @Н*^ 
+ Ml i t-i) * • , * л# 

^-Hg^y-» 

-A»-*(g)*?-*. .-AJ-^g)*-*-

всяэсжз 


