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1. Introduction 

The well-lmowri con<;:ept of muffin-.tin (MT) potentials, 
useful both in solid state theory and in the theory of 
molecules, has been- generalized recently to clusters of 
MT:..:potentials -1 1• 21 to finite sets of angular momenta 
coupling potentials /3,4/. and more· gener~l to potentials 
being nonzero within arbitrary volumes·· I 4 1, the enve
lopping spheres of which may ov·erlap or noL Such gene- . 
ralized; non-spherically s~mmehic. MT~potenfia.ls have_ 
several possibilities of application and aspects of useful
ness as summarizing mentioned ·in I 4/ ~ The equations 
det~rmining the (both scattering and bound) eigenstates 
¢ >-. of such · gene'ral MT-potentials_ have been derived 

in· I 2/ and.·. I 41 usi'ng partially the ideas of the KKR-method. -· 
As mentioned ih I s,6/ these eigenstates ¢A correspond 
to the eigenstates of 'the Kl., T ;_or· S _-matrices· 'of these 
potentials on · the ·energy shell . .In the following this 
correspondence will' be treated ·in "more detail. This makes 
moil:~· 'clear simui taneously _the connection ·of I 2/ and I 4/ . 
wit~ the multiple scattering'theoryofLloyd- h,s/, Beeby/9/ · 
and Beeby and Edwards 1101.· In this usual multiple scat..: -
tering: theorY'- tlie ·spherically symmetric ···js-1o/ ··or 
non-sphericaliY symmefric :.;1 I scatterers are·assumed 
to be· nonoverlapping spheres. Such· a cluster is charac
terized by· a K-'- ·(or T-) matrix involving only the scat
tering sites (centres of the spheres) and the asymptotic 
or· far field properties of the single scatte_ring poten
tials /7.nl. These far field properties of.a singe scat
terer are described by its K- (or T -) matrix on the .energy 
sh<>ll. Here an attempt is started to treat also more 
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general case of non-overlapping potentiais within non
spherically symmetric volumes, the envelopping spheres 
·of which may overlap. Such· a more complicated cluster 
is c_haracterized by a K-(orT-)matrix involving as above· 
far field properties of the'single scatterers;butgenerali- · 
zed structu.re matrices· instead of the usual ones·. While 
the usual structure matrices contain really only ·the. 

. structure (that is, the s'cattering sites), in the generalized' 
ones certain near field. properties of the single scatterers 
occur .. This reflects the fact, that the far fields are only 
valid outside the .. envelopping spheres. Therefore in the 
case ·of overlapping envelopping spheres these far fields 
are not sufficient, although . the potential between the 
scattering regions is zero inplying ther·e a free space 
behaviour. It is hoped, that the developped formalism is · · 
useful ·for generalizations~ of both the KKR method for 

· bandstructure calculations of ordered MT-systenis .and 
·Lloyd's formula for the density of states of disordered 
MT-systerris. . · 

In Section 1 a single· general .MT-potential is consi:-. · 
dered: The scattering amplitude and the .K- and T -mat
rices on the energy. shell are expressed by the generali.:.. ·. 
zed phase·· s·hifts and :by the corresponding partiai wave< 
amplitudes. Two simple 'examples are discussed: A po-. 

. . . 
tential, coupling a finite set of angular momenta, and 
a cl_usJe·r of -usual (that is; spherically symmetric)·MT
potentials. In ·section. 2 ·for a cluster of general MT's 
the ·K- and T -matrices on ·the energy shell are·derived. 
Their eigenvalues determine the generalized phase shifts 
of the cluster and. their-eigenvectors are the correspond
ing par.tial wave amplitudes~ entering into the expression 
for the. wave functions. Also the trivial· scattering states .. 
with vanishing phase shifts are include<;! in the di~cussion. 
Subdividing such a cluster arbitrary intosubclusters, then 

· the multiple scattering within the whole cluster is fully 
taken into account, if :the multiple· scattering within and 
between these subclusters is f~Jly · .taken into .account. • 
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'2. A Single General MT-Potential 

In /. 41 the eigenstates . of, a general MT-potential, 
defined to be non-zero within an arbitrary volume . V , 
have been discussed .. In the far field region outside the 
envelopping sph/:)e the scatter.ing states are 9f the form 
(detonation see 4 

) • 
.... ~ ' ~ -

cp,\(r) = Z [j L(r)A LA cos:q,\- nL (r)ALA sin71 ,\]for r > r 0 • (2.i) 

Using. Kasterin's representation of the sphericll Bessel 
.and . Neumann functions (see for example 112 

) these 
generalized MT-orbitals (2.1) can be rewritten as 

... a e 
i {K r+ 71,\} 

cp\ (r) = A,\ ( . · _. } . + c. c. 
"'· K~ar 2~Kr 

.. 
with the partial wave amplitudes 

for r > r • 0 (2.2) 

... e ... . 
A,\(n) = Z (-i} YL(n}AL,\' . (2 .3) 

Because the coefficients A LA can be chosen real without 
loss in generality, the amplitudes have the property 
A\(-;;)= A,\(;.}. (2.1) shows clearly the asymptotic· be::. 

. ·haviour of a spherical wave with a certain linear combina
tion of angular momenta', (2.3), incoming with a phase 
shift -71,\ and outgoing with a phase shift +77 ,\·The usual 
situation of scattering theory, namely an incoming plane 
wave and an outgoing spherical wave, is obtained froin 
(2.2) by a certain linear combination (see /11 ) 

. ... . . . ... il] . -~ . 
cp_.(r)=4rr~·cp\(r}e AA\ (-}, 

K . ,\ "- "- K 
(2.4) 

yielding really - ... 
cp _. (t} = e iK r + {( . a ; ~) e iK r 

K ~Kar K r (2.5) 
-------------------------. * This formula is very similar to an approach, recently 
discussed by R.Lenk, Karl-Marx-Stadt, GDR (private 
communication). · · 
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(2.6) 

with .a scattering amplitude . 
' : 4 -- ~ .: i TJ \ 

[( ~ ... ,}' TT .... A () . . 1\A* n, n ;, -· .~:. ~ n stn 71 \ e .. · 
K A 1\ 1\ . A 

(i!'). 

Deriving (2.~), the usuaLexpansion of a plane\vaveinto 
spherical harmonics _ · · · 

e·IKr = 4rr ~ ifj (;)Y (~)= 4rriY (~)Y (-;_) sznKr 
. L L L K L L iKa'r' L K KT(2 . 7) 

~ ... 

-:•• 

has been used. 
The. connection of (2.6) with the T -matrix, defined 

by . ' ~ . ' 
iK I r -1•1 

. e 
T = V + v.c: T, C~ (;_-;_')=- ~ ... , 

· 4rrlr - r I (2~8) 

follows simple from its connection with the K -matrix 
, · defined by · ... · . 

· .. K. =. V + V C ° K , C 0 (;--;. ') 

I ~ ... ,1 cos K r- r. 

4 TT I;-~ 'I (2,~) 

Namely as:-.. a c_onsequence ._of these de_finitions; itho'lcts 

~ = K (i - i C o K) ' iG o =. Co - C o • , (2 10) 
' •. · . h h > ;+ - .. • 

with~ hoq~ogeneous Green's 'ftfuction 
"" ~":-<;!· ••• •• . . ,... ...,, 

... ..., . s&n t< r- r. . ... ·. ~ 
C0 ( r - r ) = - ,.. =+ = -t< I 1 (r )J (r ) • 

A.. . 4rrlr·-r'l L L L -. ' (2.11) 

With this expansi_on of · ·c ~ ·the matrices ()n the energy 
shell K LL' =;. (it.., Kj£. •) and . TLL'=(/L, T h•I are connected 
with each. other owing t~ (2.10) via .~ · 

"-I 
·' 

' i 
i 

t'l 

/, 
I 
I 

·I 

':l 

" ·- ' . ·-- . -1 -
'' T LL':= 2: K- ,J(1 +. il< K} ] , , . 

· , . LL L L · 
L .. 

l 
l '(2.12) . . , l 

_, 
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As discussed in . I 41 ·the coefficients · A LA ~form as· 
eigenvectors of the hermitian matrix KLL~an orthogonal 
and _complete set. Therefore KLL'·can be written as 

·• ." = .. . 1 
K ,= 2: A~ K~ A,--, K~·= ---tgTJ~· 

LL ' A L/\ 1\ .~L' ' 1\ . K . 1\ 
.. ·'~(2:13) 

Inserti'ug this into (2.12) Yields 

= . . -1 
T LL'-= ~ ALA TA AAL'' TA = KA(1 + tKKA} = (2.14) 

1 . . i TJA 
-·.- S£n TJ ,\ e 

K . 
showing that the coefficients A LA are sfmultaneously 
eigenvectors of T LL'and that the . scattering amplitude 
(2.6) differs from• .the ' t .;.matrix 'on: _the energy shell 

-+-+ -+,-+, 
~ ~ ~ ~. -iKnr ~ ~ iKn r 

T(n,n') = f.dr fdr'.e · · T(r,r')e. 

·.e. ~ e. ~ 
=2: (i) Y (n)T ·,i ·Y,(n') 

, L LL . L 
L,L · 

~ ~ 

2: AA(n} TAAA(n'-} 
A • 

(2.15) ' 

only by a factor -4rr. For completeness the wave function 
is-expressed in terms of K- and T -matrix, respectively, 

cpA=(l +C°K}JA~OS71A·• . . 
. . I A = ~ 1 LA L>\' 

,1, = (1 + co. T11' ' e -i71A f., 
'1-'A +'A ·' 

(2.16) 

involving matrix elements outside the enveloppingsphere 
(far field) only on the energy shell, buf inside (near 
field) also off the energy shelL Indeed with 

' . . ~; 

·' 
-~ ... ,} ' .... ' ( ... ) . (~') 

C 0 (r -·r = K ._. n L r 1 r . 
L ·. L 

for · r >-;• '(2.1~) 
.... 

one obtains for examp~e 
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¢>Jrl=i>._(r)cos1-J +Kin (r)K ,A 'A. cos'"'x forr>·r, 
. 0 . -~ • . A L,L ,L LL · L o 

·- '- ... - '(2.18) ·-
which a'grees with (2.1) via (2.13). 

Finally the K.;_ and. T -matrices are given fo·r two· 
simple examples of non-spherically symmetric· MT-po
tent_ials. Also a generalized· logarithmic derivative at 
r = ·, , defined by 

0 

. dR LA -1 
D , = I . ( R . )\ , I . 

-LL · A dr 1\1, · r=r 
0 

.. · (2.19) 

and occuring in the APW -method for such non-spherically 
·'symmetric MT-potentials /6/ will be given for comp;.. 

leteness. 

First we discuss a potential coupling a· finite set of 
angular momenta e .:;:; e 0 • As discussed in h/and I 41 the 
Schrodinger equation yields (e0 + 1) 2 solutions, the radial 
parts of which, R Ln and its derivative R;.~ at r·=- r0·'·' 
determine coefficients · · 

. a L = K r 
2 

[ ni R L - ne R ~ ] ' 
n 0 n n r = r

0 

f3 . · 2
["' R ·· ·· ·R' ] = Kr· . · -I · 

L n 0 I f. •. L n · f L n · r = r 
0 

(2.20) 

describing the wave function outside the erivelopping sphere 
(see./ 4! eq. ,(5.3)). Th~n th~ sc~tte"ring_ sta_tes ¢A are .. 
obtamed· by an appropnate lmear combmahon I (/J n y n A• · 
demanding . n . 

· I aL ·y-\ :o A_ L\ cos"1-J \ , I fJL y. \ = AL.\ sinT}\ •.. '· 
n n nl\ . 1\ 1\ n n. nl\ 1\ . 1\ (2.21) 

Instead _of solviqg (2.21) and· calculating the K- ,·· and 
T - and D -matrices via (2.13), (2.14) ana'(2:19), respecti- .. 
vely, these quantities can b.e evaluated 'directly from the 
coefficients (2.20) using the 'fact, that in this case the . 
amplitudes A LA of the (f0 .f-1/non-tri~ial scattering sta.tes 
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form itself (that is~ without the trivial scattering ~tates) 
a complete set. Therefore from (2.21) follows · · 
. . 1 "" . . . . 

I a. r y AA ,=·o 
n,A · _ Ln nA cos 1JA_ L · LL' ' (2:22) 

<" • .• 

•. •.. . iT} A_.,. 

I· ~aLn -ifJ Ln }ynA e · A~L' ~ 0LL" . 
,~! ,\... ~ ~- .. ·. ' ·... , •; · · c • , ; • ~- r l . "? _ .. ~ • .. 

yielding immediately th.e e.xpressipns, .. _. .. , .. 

K 
· '1 ~ {3 (a-'1)·. · ,. .. .. . 

,=--~ L nL ' . 
LL K n n 

,, 

1 . -1 

T = - - I {3 . [(a ~ ' f3). JL,, ·' ,· , ·• .·. -. ,._ · . ; · . 
LL' K n -Ln · ·. · · n .. · • -

· ···.: .;·- '·..:.'n': ·· )[{j~·--nf3F11~\.:_··.-< .(~. 23) 
D ,= ~(Jn a . .. a f3L. ;. , ....... . -nL ,r_-:-.r0 . :· ..•. 

· · · L L .. ~ '• L L n· - L · · · n · . . · · · • · · " , · J • · . 

'D'1: L' can ''be' 'expressed: even . directly by the; original 
quantities R · and R' ·. •. ' · · · · ·· ·: ! · ·: 

, ·' . ., ... • ;Ln~1 , • . · .•~n ,·:·:•, ... · ... ,_, . _,.··;· 
. D· ,= I..R · (R ') ,\· ·-· ·.:·· ···· •·•·· '·"· .... (-2·2 .. 4) 

LL ·. L n nl. · r = r , • 
n . · . 0 \.t · ;., ·; · :_~ ,~ •. 

owing to the Wronski- relation. ·· · ·· ., · . . . 
.· · As a second simple example we consider a cluster of 

usual (spherically symmetric) MT-potential, characteri
zed by sites R, and phase s_hifts ~:'-;·Again',. instea.'d"of 
calculating t}1e cluster phase .. shifts 11.K. and amplitudes 
A LA and inserting these results into (2.13), (2.14) and 
(2.19), the quantities of inserter can be expressed directly 
by it 1 and K~,;,(-'1/K) tgTJt: · _ .. - ··· ·. 

K. ,= I Fo;z (M-1}i1i2Ki~/2o, 
LL . t· ·'L' LL .. L L . L2 L L'· 

1'·1 1 ... 12 :·2' 

. i2' L2 

M ii , . - ~ -~ K t N ii '. 
· = u u - ·K · · 

LL '· ii~- LL' L LL' ' 

TLL' = I 
i , L 
1 . 1 

i 2 .I.. 2 

1o;1 (R-1) i;i 2 Ki2 I t 2o ,, 
LL 1 L

1 
L

2 
L 2 L 

2
L 
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~ 

it , . . ; c '· . i ' . ·ii·.,: < jj ~ 
R . ; = 0 , 0 < ;-· K K ( N - i I -: ) ' . ' 

LL ii L~ . . L · LL' . L~ '·. <"2 .~25') 

_,. • ·. · .. ',:" ' -1 ·. ..: 

D ,= ~ [j; o :,+·n~_i<K ,)[(j+nKK) ]·,~·,1: .. 

. ' ' 

•I'. 
l ' 

"1( ~ • 

:l' 
- ,l . ;\' 
.. I 

lr 
. 'J~. 

l 

•' .. • ; .... 
:,r . 

.. . ..... -. . . .... . u'-
as proved in Appendix 1. The structure inatrix: ... N M.' ,. 
i~~olved in(3.3), follows from the wave 'fu-nctions ;piA and .. 

:.· if;J1A:, . and :.its . norm~l. deri~~·tives along. the su_i-faces of'· 
. ·vi arid·. v,'. '· respecfively_, via corresponding .surface in-

{ .. I , 
· -LL .>, L LL. · L , -LE.. L .. L r=r

0 
. 

L • . . 
-!e~rations '(see·/ 4/ eq. (A2~3)): · ·. ·., · 

The expressions .for K'.and· Tar~ a spe~iarcase:of(3.8) 
· ~nd (3.?8), derived __in :•the foll7wing Section,. and agre~ 
with the .results of / .. a/ and . 111. ·· 

. . .,. 
3. Clusters of General MT-Potentials 

'· ' 

Now we consider ·a clus'ter: of general·MT-potentials 
V 1 ; each characterized· by a :K -matrix K 1 . yielding scat
tering states if;J ~. The envelopping ·.spheres ·may overlap 
or not, but the potentials itself of··course don't overlap. 
This latter non-overlapping condition is important arid 
will be used actively. Inserting the total potential- V = ~ V 1 

into(2.9)_or - ... . · .. : ·"' 

Ko::.V + v:cov + VG 0 VG 0 V·.+ 

Y.ields (see for example . (..' 0·~3' 
K-=~ K' +. ~ K' (J:..o· :·')G°K

1 
+ 

I I, i, - U- .. 

. - i, . i ,, 

.~ + ~~-~, K 
1 

(1 - o ii, ) G ° K (1 ~ o (i , ) G 0 _K 
. ~ i, i • i - . ' .. ·"' 

+ .. ~--- .; 

. (3.1) 

(3.2) 

. :Because the potentials' v:' ·don't overlap,· also· the· 
· K '-matrices' · ··don 1t overlap .. Therefore and owing to the 
factors (1 -· o,,.J both integrations pelonging to _)~ach 
Gr:e·en's·· _function are running over' different"vohimes. 
This _ allows . to replace · G 0 · the f?llowing expansion 

tl ·t 
. ~· ' ·-.. 

~-1. 

.·,; 

.. · 

_, 
... ...-_ · i ... - u' i' ... 

(l-ou' )GO.(r -r'J. ... ~ jA {r)KNM, j '(r') 
- .: A;A' - A~ 

·for· 
... 
r_ ~ v. i I I 

. - . . and 
' - ... 

r'(; v_,' 
• I 

,'(3.3) . 

.'; r 

' -~\ 
... 

.. :. ; 

i 
t·. . 10 

.... · ..... 
~·.. . ' .. ?··-· 

""':~ 4 ~ ·. 
'•' 

.,_ .. ". 

"t ~· ... -.. 

j 

i 
f( 

\ 
" ''I .. ' ·- -.-. :\. 

. ' 
i, '" 

J 
t 

... l. ,, 

' • ·' . • -J-

rv·;.;., =0 _""" oii, . ) . ~ ~. .11 d f [. _a cP ~ (r) 
szn · --- 11 A .rv. J .· .. a r 

' 

,. 
·;,}-.. 

·- .- i ... . ·. i 
6 

... :- rP\ (r}~) K .·:._ · •.· §. -> aif;Jp (r'). 
. . 1\ ... .. 'd f' [ .. 1\ ,. . a . ·' . . r sm TJ ' .. . 

- . . A'· rv J a7'. ·· _ _,__ 

·"·' -. . . 
' 
·' .· · .· a 1 - · · -- ..; .... . · ' 

¢' (r')-· -]-n:·(Kir- r'IJ.-. 
. A' · a?' · 4 rr o- ·- - - - · 

(3A)-
. ..~-

· (3. 3) ·generalizes the. know~ expansi'on of G a; · yalid inJhe 
case of iwn-Overlapping-- envelopping spher'es; In·_:·this 

·latter case (3.4) can be reduced via 
'·. 

ii' 
NM'''="·-~ 
'~' L,L' 

"" t ··:· . ii '. . I' 

AA' L NLL ,AL>..'' . ~. - -... 

'· u'-, · · £-f'+f'~-·· ... · .. ~ 
• N · · ·= (1 - o , )4 TT ~· C , , 'i -· n · ( R , ) 

LL'· ·. · ii ·~ ., · LL L . ·L" li . - : L . . . ., ·- -• 

. _, ·" ~- . ' - . ·. (_3. 5) 
~ . . ~ . . .. i i '· " -~ . . . . - . _:· ·... . . 

. to the structure matrix · N i"L~' .which is m!J~h more simple· 
··.than (3A),;· because .it involves ·only the centres ·of the 

· ... spheres, Ri: In the general case of overl~pping-enyelop-. 
. ping ·spheres ',this .. reduction (3:5) cis ·not- possible and the 

:-. . . more or less .. complicated ne~r cfield- properties .of th~ 
· · single . M.T-potent.ial~ Vi appear, described by ¢ i ·-

and a¢ '/an along the surfac~ of Vi • With ·-- - A 
A . . c· .·, • 

·.·;i' i•( :r-. :'1 i i._'-. i 
(J , K 1 , ) = ~ A, K · ,A ,_.,= K, on, 

.,- A A- L L' 1\L LL Ll\.· 1\ 1\1\ . 
.:.~ 

(3.6) 
•• ..r• 

and· . : . 

•/"'•'.: ·:· .... .. 
-~ '<II 

.·.': ....... 't·. 

., . ..,~ 
- .... ·.:. 

··' 
• .. 
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j . (;) = ~ j t ( ;)1\i 0 -
L '. A Jl.·. ll.L . (3.7) .. 

,. 

immediately .follows from (3.2) and "(3.3) the K -matrix: 
of the cluster . ·· · '· · · 

K LL ,= ~ 
;,A. 
i ',A., 

Jo; ·(M~1)ii'-Ki'·1 i'O . 

LA . M'--A'.A.'L'' 

M u' 
M'-

8 . . i ii' 
ii'· 8M'-- KKA NA.A.'' 

(3.8) 

As (3.8) shows the structure matrix N r;, is responsible 
for the multiple scattering between the MT-potentials. 
Its neglect means, that the K -matrices of the MT-poten
tials (related to ' the origin) are 'simple superposed 
additively. If (3.5) can be applied, then (3.8) takes the 
form ... ' :'• , .:,..:: , , 

K ,= ~ 1 oi(M-I)ii--K.i jio' 
LL · . L LL : L' L·· · L L - L L' 

'• 1 1 1 2 2 3 3 

;',12 ·S . 

(3.9)_ 

ii' ' i ii'· 
M , = 8.i' 8 LL,- K ~ KLL N .. , . 

LL · ' . . L
1 

1 ,hL 
This agress completely with the results of Lloyd (1969, 
1972) only with the difference, that the single scatterer 

· K -matrices on the energy shell, K~L', here are ex:.. 
pressed explicitly by their .e1gerivalues · K~. and. their 
_eigenvectors A tA.' that is KLL'=~ A~A K t A~L ;', corres
ponding to (2.13). In the special c!l:se of spherically sym
metric scatterers their K -matrices a·re diagonal; 
K{L'= 8LL' K t ' and (3.9) simplifies to (2.25), in agree-. 
ment with Is I and /u/ 

The eigenstates of-the cluster K -matrix, 

~ K ,B , = B K , 
L, LL · L 1L Lll ll (3.10) 
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determine. the asymptotic or. far field parameters of the· 
clusfer; Because K .LL' is a ,real and-symmetric matrix; 
the __ aJ?plit~de:s B LIL fC!~m an o,rtho~onal and complete set 

~ 8 -~ B ,, , = 8 . , i B B - , = . 0 ' , . 
L . f1L . L 1L lliL _' IL L 1L IL.~ L L ·. (3.ll). -

Therefore also 

·. K IL =: ~, BilL KL[_,B L 'IL' 
· L·,L · 

"' 
K L L , = ~ 8 L IL K p. B ILL , 

IL 
(3.12) 

holds. · 
The trivial scattering states (with KIL := o ) are. also 

included 'in (3.10). ·Form (3.8) and (3.10) follows, that 
th~y obtain the condition 

iO . ' i 
~~ BL =Dfor KA.f,O'. (3.13) 

A L IL. · · ·· . 

This allows, to represent the projection operator of the .. 
nori:.frivial scattering states in the follo~ing form 

~ 
ll 

(K f, 0) 
fJ. 

B · B , = 
Lp. ILL 

Oi -J ·u'· ';'o 
~ ] A (f . \>.,]A.'I., . 

i~A(KA, f,o) L . 

;',A.'tK;' f,o) 
. ~, ' . '.' .... 

This is proved in Appendix 2. 

. (3.14)-'· 

From· (3.8)· and (3.10) it also follows;· that the non-. 
trivial· scattering states (with Kp_ f, 0 ) obtain just the 
cluster equations, derived. in l4 l by an KKR-:like ap:.. . 
proach: . 

-ii'' t -1 u' .t'· 
~ [MM'-KA.K 'JM,] BA., 
·'\' . ll . . ll 

0 .· 

... 

' ·"' . (3.15) 
''• ... 

Here the abbreaviation 

i 
B 
~ 

'!_,· -~ ·,.· (!:-1).-.u'-'·. r'o · , ·; · . ' . . J ' ... 
=' ;:A.'tK'foJ -- A.A.', A.'L BLILforKx =1·0 
. 'A . ·.' ·. . .c·..,·: . . ;· 

0 . . . i . ' . ' for K ..:. 0 · · · l 
. . : A.-:-

;~ 

.· 

·< -~~ 

(3.16) 

.• .~· · .. ·, 
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is used. -This shows together with (3.14), .that vice-versa 
. the. far . field . amplitudes B LjL . can be calculated -from 
the near. field amplitudes B ~ via 

Oi i 
BL

1
.c=· ~~ ]LA BAll-· (3.17) 

' -- -

This again shows together with (3.11) and (3.14) , that the 
near field amplitudes B ~11 are "orthogonal" and "comp-
leten ·in the followingsEmse · · 

. , , - , , 
. i H i ~ i - i -1 U · 
l: B \ /AA' BA',J.' = 8fl.ll'' ~ B\ .. Bfl.A' =0 k_,. (3 18) .. 

i A 1-f./\ ll ''fA- • · 

i: A'- • . I . .· . • 

Finally, in this i-A -representation we have 

K,.,. = l: 
i,A 

. i'.-A': 

i -1 ii, i, i, 

B \ ( M ) ·K\, B\, , , 
1-f./\ AA' . 1\ . 1\ fl. 

-1 ii, i,. i "' i, 

(M )AA, 'f\, = ~ B~ Kll B p.A' 
(3.19) 

instead of (3.12). 
According to (2.16) the wave function outside the 

MT-potentials has next-:to the form 

cp ~ l: j B. cos 71 · 
ll L LIJ. ll 

L 

.. - , ·, . 'o 
j · -1 jj · i · I 

+ -l: n \ K { M ,. } K I \ , B cos 71 • 
.. i, A 1\ . AA, A, 1\ L Ljl . ll . 

(3.20) 

. t',A' · 
L 

This is similarly derived as (3.8), using (3.3) and (Al.l). 
With (3.10), (3.16), (3. 7) and (3.17) the wave function takes 

-. the form (in agreement with (3.2) of /4/ -) ·_ . 

cp: = l: [j 1 B 1 cos Tl - n\1 BL sin·n,.,. l · 
IL . \ A AjJ. IL 1\ 

1 '1-' 
i,/\ 

(3 .. 21) 
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This. describes the wave function·not only in''the far field 
region outside the 'envelopping sphere, .but also' in the 
near field region i~side this sphere. . . . . ' 

if the cluster consists of subdusters', then .we have 
instead of (3.8) · 

K LL'= ::£ 
i,n . \ . i • 1\ 

, , \, 
i,n

1
,1\ 

. , , 
in i n .. , 

0 . .~ 1 . , , . , , . , , 
I a_n 1 Of.":'"' ) ani i _.n 1-K' n 1' J, _n(O ' 

LA .A ·A' A~. A'L'· 

't;~ . . ·' , 
# 1n. ln_.., "·'. 

j 

M 
1 

,' ··= 8 , 8 , 
A A ii · n i n i 

8 ,- K K ' N ' ' 
AA · ·. A·· A 'A' (3.22) 

_ in. i 'n ~ 
with _an artificial double ~numer-ation. Here .N A ' A/ is 
responsible for the multiple scattering :·between the . 
MT-potential ri-1 of the subcluster i arid the _MT-poten-. 

. t'ial ";, ~f the sUI?cluster i' · . 'Splittii!g this quantity 
according t() , . . , ; . 

ini i;n '· . . ini. ini ini i nf:' 

N A A' . = ~t,NA·A' +0 -oii, )N_ A A' (~:23} 
•. : ..... ' ~ "' . . .. 

. ·into one part, describing ti{~ multiple scattering within·'. 
the subclusters, and another part, describing the multiple 

. scattering between the subclusters·, we dui rewrite (3.22). · . as . ,· . . . . .: 
,.;,·_ '·' 

in 1 i ni'· n
1 

n
1 

·. 
M \' \, = M \ \, · [ o , 8 · ·, 8\\, -: · 

'/\ /\• 1\ 1\ ii n n · 1\1\ 
l i 

(3.24) . 

- l: .(M-~1) ~~ n~~ K ~~i' 
"·.\" A A" .. n . 1\ . . . 
I I 

. Introducing explicitly the subcluster quantities· K,.,. 
'· Bin, then by means of 

J.p. . , : . , f n ,, 
l: B tnt K' B lnt- 'M-1) nt ni· K t 

. ,.., i, , . 
. an i .. n i, 

K (1 -.o u'.J NA"· A'_; ]. 

and 

.A,.t p. IJ.A'· _,, . A A'· A' ' 
' . IL , . . . . . ·- . 
· · which corre.sponds to (3.19), and 

. (3.25) 

., 
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1
,) 

"1111" _.,_. 
I 

n
1

, A 

n' A'· i • 

]Oi = I 
Ll1 n. ,A 

' 

. Oi n,. in. 
B ' ]LA A,L 

, , , , 
""in 1 in1 ini'· in 1' 

BIJ.A N A A.' B A.'Jl.' 

(3.26) 

the K -matrix of the whole cluster takes the form 

Oi -1 ii'· i'· i 'o 
K , - J (M ) , K , I , , 

L L - LJl . JlJl Jl · Jl L 

u' 1 u' 
M ,= 8 , 8 , - K K N , 

JlJl ii 11Jl Jl JlJl 
- (3.27) 

.in agreement with (3.8). The equivalence of (3.22) and 
(3.27) shows, that the multiple scattering within a cluster 
is fully .taken into account, if the multiple scattering 
within arbitrary subclusters and between these subclus
ters, forming the whole ·cluster, is also fully taken into 
account. . . . . . . 

All the considerations above can be performed also. 
within the language of the T ..:matrix. So the T -matrix 
of a cluster can be obtained in analogy with (3.1...8) 
directly from (2.8). Inserting (3.8) into (2.12) and using 
(A2 .1) yields of course the· same result · · 

Oi -1 u' i' i'O 
T ,=I l,(R J,,,K,,J,,,, 

LL · i,A Ll\ /Vl. 1\ · 1\ L 

i ',A.'. 

, , . ·' ii . . L ·ii . h . 

R A.A., = 8 ii, BAA.'-~ K K A ( N M, - if M, ) ' (3.28) 

i i i -1 
which by the way can be rewritten with K >., .;, T>._ (1 -i K TA. ) 
also as 

16 

.. 

Oi -1 u' .t'·--·i'o 

r Li' = I 1 LA fQ J M'.r>.., 1>..'i." 
t, A · · 

~ ,.,;-. 

t',A. ' .. 
.: :• 

(3.29) 
y' 

ii' i ii' . ii' ... ,· ~- ' 

Q.M.'' = 8ii, 8>..>..'- K TA (NA,A'.- i]A.A.' +i8ii'· 8 M'). 

Because K and T have the same eigenvectors B LJl·., 

the cluster .equations following from (3.28) or (3:29). are 
of cour.se equivalent wi~h (3.15). . · 

The author is grateful to Dr. W.John and Dr. K.Elk 
for useful discussions. · · 

Appendix _1. Proof of the Replacement _(3.3) 

In I 41 (se_e e_qs. (2.ll) and (3. 3)) it has been shown 

0 • 1 i i n: K,' = - n K j, , 
1\ 1\ 4TT 0 1\ .. 

t'· ... · · ... u' 
{1- 8 .. ' )n,, (r) = I j '(r)N M' for -;..f: V. 

u· /\· A ' 
A 

Therefore immediately 
, . i···.,,_. i'· i'· 

{1-8 .. , )G°K j" =(J-8. ,)Kn,,K,, 
" A, 'i . . . 1\ . 1\ . 

i ii'· i' 0 i '· 

K I }A NM, KA, '>..' A . 

, , , , 

(AI. I) 

(AL2) . 

(Al.3) 

i i l . l 
follows. With K>._,=fiA.'-' K i A.') the replacement (3.3)" is 
proved, q.e.d. . · 

l ..... 
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Appendix 2. The Projection Operator of·the 
Non-Trivial Scattering States 

(3.14) is proved in the following way: Abbreviating the 
right hand side of (3.14) with P LL' and acting on a trivial 
scatter~ng state B Lp. (with K/l= 0 ), yields really ~ PLr:BL'g=D 
owing to (3.13). The non-tnvial scattering states B Lp. 
(with Kfl. f. 0 ) obtain the relation 

K 1 
~.P. B =~ P, B, _.1!;_=~ P K B -

, LL' L, LL . L lL K LL'· L'L" L" K L fl. L ' . L 'L" fl. . lL • . .... fl. 
(A2~1) 

1 
=~ K ,B,-=B 

, L L L lL K Lp. 
L .. 11. 

Here PK =K has been used, following directly from the 
definitions of K and P and from 

iO 

'~ IA.L 
L 

Oi' ii'· 

I LA' = I A.A., • (A2.2) 

(A2. 2) is a consequence of the definition of I (see I 41 , 
eq. (3.6)). 
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