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1. Introduction 

Seriee of works have been successfully performed at 

present, iilvestigating the properties of the three-nucleon 

bound states by means of different approaches. Most of them are 

_quite well worked up and can be applied to the solution of the 

three nucleon problems involving rather complicated realistic 

interactions between-the nucleons. 

However, when the total energy for the three-nucleon 

system is positive,. each of the proposed approaches contauis . ~:: 

its specific difficulties_. For instBn.ce, using the·variatlon 

approaches or those based on aii. expansion _in terms of K- har

monics,one is faced with th~ problem of the asymptotic behavi-_ 

our of the wave f~ction ui the con£iguration &pace 
1
). F;u.ther-. 

more, in the integral equation formulation of the three-nucleon 

problem2> the consideration of positive energies leads to the 

appearing of. moving singula:dtie s of. pure kineaatic origin, 
. . 

which rather complicates the solution of the corresponding in-

tegral equation. In spite of these-serious difficulties a cer

tain progress in solving the Fadeev-equation at positive ener-

gies has recently been achie~~d3)~ 
~o posSibilities of o~ercomin! the_ above~mentioned 

. . ' 

difticulties will be considered below~ :rroll a methodical point. 
. . -

of view it is 1vorth comparing some .different methods of sol-

ving the integral equation using a model equation which has a 

rather simple st~cture and contains at the same time all·the 

singularities of the realistic case. The equation,.of Sltornyakov

':rer-llartirosyan_ for the a-wave quartet nd-scatterillg is ·just 

· of this type. This eq~ation has the following form: 

{~~- 2-; ~ O...(k1 ~\::.- G;(~~e:) -~ ~~t<.IS,(t<1 K') • £1.{"~~.) (1) 
K -1<

0 
') Z.lc.ICo 11" J 2.1c.~' .· 11. 'Z. •• ' 

. . 0 · K- " 0 -1 f. 
- 3 
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where a( i:::., _. 1<.~ ) is the a-component o:f the quartet nd-scattering 

amplitud~ and 
~ z ~ cfx . K+k-1 -E G.,(~<,k!J= ~ Q+JC-i£ ' Q= k.~' 

-J. . . 

where E = - d..2. + } K! stands for. the total energy of the 
.2. '2. 

system end the quantities ol and I<,J ~ are given by.·· 

2. "'e.t l. . l -

d.:=. ·t2.- ' K., =.!... -~ > .2- = £+1£ • 
. n 3 12. 

. . 
Let us now consider the dimensionless variables defined by 

K={f;,., i~t/f;.J.~~o=y}e ' . .~: . .~·d..=~·~.·.-' 
~d instead of the function a( ~:.. ~ K,) introduce a new func

tion 

B[Y.);:;:B(ll-,£o)= · _vea.(x.~£ .. ) · . · .... 
(2.o/'v'3 +-h.-:-:r)[i.+-c..;t,Ct;{£ .. ,£ .. )] 

which. satisfies the following equation: 

00 {3 ' 
E>t)t )= ·- ~(~;t.J ~ 1.. p{ .1;J,, r;.,r)l.,:~> ({-i.f.~ B~) <2> 

2.)(£., Jr ~:Jr;a 2.-,.)j J-2.-~,}- , 'df, > 

where G (L) • .-(2.) 
~(lt1!f)=G {">',~)+'11"\:r i'J<,J) , 

z, 4-M.\ ~Tit.,..,.._..,. -/'1 'i~2r,.I'J)=et""~; Yp(3) 

9(-t-)=~1. 
l.o 

1-t\<i 
1-I:J>i.. 
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As it is seen :from (3) the kernel o:f the integral equation (2) 
-· . . - . . . .· .. ~ . . ~ .. : •' .. 

has moving singularities of the logarithmic type defined by the 
"0 

··following equations.: 

ll )( ff.~ j .. aJ.= -2+ 2 vi~~ Vi 
. o~x.~ 2 

:h= ~ + '13 .Jt-;2. 
2 

. ). fi -~; j \}~;= 2.- 2 Vi-)t2 

.... > {3 . ·. ' 
.. :1-3 = 2 + "2:" ~i~xz .• 

'[3 '-X£1. 
2 - ' ' . ... 

' 

The position of the singularities of the kernel in the 

·plane is shoWll in Fig.1• . · 

2. The Expansion of the Iterated Kernel' 

.~ ' 

(x,y)-

.ls it was shown in Ref •2} the log~it~~' singularit1es 

: ~ 

. of the kernel in the Fad;eev e'qua~ion c~ be we~~~ed o~ .~b~li~ed . · 
performing a suitab.le ~umber of Uerations. ·Therefore~ Instead of 

•• •. . r .. :,.·',. :: 

equation (2) we shall consider an iterated one: 
t10 ' ' 

, SM=-7<.f~Je.,>+ff.rR.()t;~ .. )i.-)P)z2JrR{ll,~)r~~~? ~ii;'~ (4> 

•where 

0. 
..,.·-

..., . fi" 1'-1£1. . 
R(r- *"\- I' · f t · • . ¥-~ 2 a r ,. 
' /:;/-4l'~p~~~6o{JC,:f). }2.-~f .· '=""o~/~) 

·~·' 

The kernel R(x,s) ea~rging after .the iterations does not contaiD. 

moving suigaia:rities and therefore it is natliral·to 'anticipate. 

that it~·exP~~ion. in the ·~ori-~si>onaing set of orthogonal fun;.. 

ctions will c~~~e;ge f~~t;;r th~ the' ~lll.ogoua e:xp~sitm of the' 
orig~llJ. k~~el G~ (. X,c'f . ). ·. • "'·; '·->·: · · " 1• . · ; ·, 

I:t one considers in more details the structure of the 

iterated kernel R(x,z), we .. have. : 
~ '"-.. 

R(r-,r)= R1(l',~Yt-~·R2.('~~,i) 
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and "ror the quantities R1 rind R2 the·. following deco.mpositions 
. •· 'I take place': ·. 

R . .ft.) l2.) l4) . ...tl) · .. J..(.,./r)= K.s.. (.k, i=)+ RJ. (.k1Z;) + RJ. (.k
1
11-)+ "1. (~1)4) 

o (. ,U.)( ) li> · rll >( ·' . R{l),t. ) "'t. J~.,~)= "'z. ~.~ +Rz. {.,.,l-)-4;"-2. l',~)+ z. ,i,~ > 

·I 

where 
i. . 00 VJ.~l . 

...Ji.) {) { .l.L_ AI.) (i.) . (..IILfj+gr»=-l ~.J, -fi.) ~<'i. (,.,~)=+_,l !};;<>- rJC,~)c; {~,i)+Pl_~ c~z..~. .. z.) v·r,..~),.-r:J,l-) 1 
rJ..l.) ,'Lr ( ..l.¥: r <.z.~ U.) 
1\j_l'r·,i-)=-~ ~ :r'Z.-x;- \:)oo ('l'•;;,)c;: r~,=t) 1 

R(J)(). l-(=·fi. Jt.. t .1.. ..f1.=i;I. c;.\9/,k ") b-(2.}1'11 ~) 
!.. I :J 2. tJ~ ..)~<! 't'--~L. (/ IQ' (QI ) 

0 i. <:J . • -li.>c, ~'=- 'G . .i.... . r.L. n:=p; c;Ji.>(,., ") GJ.1l~ ~ \ 
K'z. I ) 2. *J1 {-a- :t-lfl . . d ldl '/ .J 

R.~>(ll.-~)= i( :n:: t.~ .. ·~ f;l'2.l"" "J·b.tzJ;., ~). 
£ 4,~ .)'"'(I' · ILt.- ,. 2. (J l<r l f:sl ) 

0 ~ -· . 

R~>(,.,-i-l=!" fdb ~.:1- t. G;.tt.>("1~)Gtz.J(c¥1 i). . -r1~ ~·a- ~ -x. . 

!8k1ng into account the bebaYiour or the coaponent RJ1>cx,s) ot 

the iterated ltemel 1Jl the rep OR ot the points 0
1 

.1 and. oP ot 

the Tariablea x,7 we in.troduce three q'steaii o-r orthonoraal. fun

ctions tor the ezpasion ot the integral kernel. . 

. Ill the rep~ [o, 1l the c:oaponen~; B}1>(x,~) will)~ 
expanded 1n. teraa ot the tunctiOna Pn (x) ~d ~ (x) , while 1n 

the res10n b,CI"J - 1a t!raa of t~ functiOns Pn(1/x). Here 

the_ P• (x) are the aaual. Lesendre.' po}Jnodnals and the ~(x) are 

· defiiled b7 

'Pv (,c)= '~-•h-x \/ Nt-!l)(z.~+~)~ ~i.,2.) . 
\)+.t. ~ r2:1t-:L) 
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where ~he Py(1 , 2) are th: Jaco~i polynomials._ The fun.ctions 

tf'y ()<.)are. introd11ced for tho~e components RJi) (x1 z) wllch 

contain the functions G(2)(x,y) .as integrand. Using these 

.three orthonormal. functions" for the expansion in eq.(4)' one 

obtains for its solution.t 
. . . •" ~ '" 

l
·- (;~{lL,~v). 8 R( · . (1_ \'l.~ I?U,.) I 1?. {··II· j_ 

2.lLJLo + 3ir lLJX.,)-t-1;31") ~ ~:...,... y:.., ~ .J. at X? 

6()1.)= . -
. "' (6) ' 

·- G,.(ll,~) +~R(Y.)~I>)+~r[~c~t~rll)+{-e.,t'fvc>)J 
at )c <.. :L. 

Here the unknown coefficients c~i) and .c~ are to be. found as 

a result of solving the corresponding system of algebraic 

equations. 

3• The Interpolation Method 

·The second approach for the solution· of eq. (2) 'is a 

well known standard ~ethod:for solving integral_ equa_tions! 

This method·involves the transformation of the integra1 

equation to a set of algebraic equations for the unknown fun

ction B(x) calclllated at some knot points. However, because 

of the presence of the singularities in the kernel of eq.(2), 

this solution procedure of an integral eq11ation cannot be 

applie~. Providing that th~ solution of eq.(2) is-~ smooth 

fun~tion in each of' the intervals (0,1] and_ [1,0i:>.1 it ~an 
be approximat~d within the ·intervals by me'ans of. a Lagrange 

polynom.i~l •. A simHar approach was also used"in. Ref.3e). Con~ .. . 
sidering the above-mentioned the integral in the-right~hand 

side of eq.(2) can be decomposed as a sum of two integrals 
""' . .:L . , .00 • . 

P s~~b.~)B(~)= ~~ \<.(~·~)B(d-)+P~~\::(v.~JB(-a,)}7>. 
0 0 :L. 

7 
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where . 

K f,. •c'J )= llt.· ~ .. ll'•.'f), 'lf'-;,'lf .fi::F:: 
<f ZlL'L 2. . L. •• 

u ... (8) 

As it :follows :from exprea*iDRs (3) Bnd.(8) the firsts~ o:f the 

right-hand side in (7) contains the moVing logarithinic singula

ri~ies, while the second one contains that part, which corres

ponds to the pole term. Now we can single out the singular tao

tor G0 (x,y) in the first integral in (?) and put down this in

tegral as a sum o:r integrals over intervals h = ifN 
l. . "' Jh ' 
5~~b-.,(1',Jf)cpf~)= ~ ~dJJC.,(lC/J-)1' (J-), (9) 
0 tt -I (J-1)~ 

where 
2. ,B 

lP(~ )= L' _(-1. I fi:iz 
21-::J- ~ 2._ ~:- l3 (Jf). (10) 

Since it was supposed that the function 4?(y) is a smooth one 

in the interval · L0;-1] , it can be approximated in each of 

the subihtervals by a Lalll'ane;e interpolation polynomial with 
a high accuracy: 

<f~r~ \= L.!!!fJ.)C/Jr&k). a c~J I< . , (11) 

here ~ (yk) are the values of the function P(y) at the int-er

polation knots. On inserting (11) ~to (9) one can see that . . . 

the corresponding integrals may be obtained analyticallY •. 
. ' . 

Thd second integral in eq.(?) can. b~· treated 10· the 

same manner by decomposing the interval [.1, 00 J into two· parts. 

8 

:rD. so doing the integral for the first interval can be taken 
·' . . ·.· ,. . .. - .. 

by the method described above and to eval~ate the f#tegral :for 

the second interval we, use the Gauss quadrature approximation. 

A simpler method usuaJ.1y used for. solv:f:ng the principal value 

of an integral can be applied: 
Oo . 00 . . 

P~~k()I,~)B(})= j ~- ~fF(lc,~)B{!f)-F(ic,£.)Brz .. JJ+ 
1. 1. ~--~· [ .. (12) 

. -<> . 
. ( tiM-+- F(l',£o)S{.Xo) P f :fz._Je;; ) ... 

with 

F-(l',~)=t~o (lC,jf/04-'13~~z.-i.) . 
2. xg l~ 2. . 

In the first integral at the·right-hand side of (12) the integ-
. . . . . ~ _, . .,.. 

rand is a smooth function at y ~ 1 and therefore it. can be cal-

culated using again the Gauss quadrature approximation. It 

should l;)e noted that the functi~ ... P (y) in. (10) at y = 1 has·.,. 

a· derivative which becomes infin~ ti ve and therefore, in general,· 

it is impossible to use the approximation (11). However, in 

the sense of integrals the ap;~oximation<11 ) 'is sufflciently 

good. We have analogous situation for the function F(x,y) in 
the expression (12). 

4. Results and Discussions 

Using the two approaches described above,_ the soluti:

ons of the integral equation (2) have.been obtained f~r.som~ 

incident neutron energies from 4-20 •ev. ~e expansion coe:r

ticients, defining according to (6) the solution,of equation 

(2), obtained by the first proposed method, are given in Table 
. .. . -- -. - .. 

1. As it is seen all coef:ficients decrease rather rapidly 

9 
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with increasing the number of expansion functions. Koreoyer, 

conside~ing that the orthonormal polYnomials are bounded, 

the coefficients in the Table indicate a good convergence 

of this method~ The solution of eq. (2) for the real and. : 

imaginary part for two different incident neutron energies 

6.7 lleV and 13.4 lleV,respectively, is given in Fig.2. 

Using the second approach for the solution of eq.(2) 

the number of subintervals in the interval (0,1] in the 

expression (9) has been varied froa N = 6 to N = 30. More

over, the desired solution according to (11) has been appro

ximated for each subinterval by a Lagrange interpolation·poly

nomial of the 4th degree. Representation (12) has been used 
11for the ·i.D.terval from 1 up to oo , whose regular part has 

been again evaluated by meazis.of the Gauss quadrature appro

ximation with 18 knots. It was ·:round out from the calcula

tions that the differences between the solutions for'the cases 

with. = 20 and If:= 30 do not exceed 1%. 

The relative differences between the solutions of 

eq.(2) predicted by the two ·approaches proposed are shown in 

Figo3• As it can be seen the agreement betWeen the two solu

tions is rather ·satisfactory and in all cases the difference 

does. not exceed a few percents. 

In Pig .4 we show the dependen~e ·of 1<. c~'S!. on· the 

incident neutron energy, where S!. is the. real . part of the 

a-wave phase. The relative differences of-the phases predic

ted by the tWo approaches amount to one percent. As it can be 

seen in the figure, the curves obtained by calculations with 

the S -function potential rep~oduce the shape of the experi

mental dependence of the quartet phase on the energy • 

10 

i 
.) 

f 

l 
I 
I 

j 
t 

I 
i 
f 

~ ,, 

t 
f 

: l 

l 
I 

. ( 
'l 

5· ·conclusions 

In the present paper we have.shown that.the two comple

tel7 different approaches to the solution of the singular equ~
tion (2) result in practical coincidences: It is worth noti.D.g 

that the second approach which is based on a polynomial approxi

mation of the resultant function is simpler to use thiui the one, 

based on an expansion of the iterated.kernel of the equation (2) 

in terms of orthonormal f~ctions. The use of the iteration for 

the solution of the equation (2) should be considered as a 

methodical task in order to check the simpler second approacli. 

·We appreciate·nr. P.Beregi for the valuable discussi

ons and reaarks. One of us (E .• G.T.) is S7ateful to Prof •. N .A~· 

Perfilov for the permanent interest.in the work. 
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Table 

The real and imaginary part of the coefficients, defined . 

by expression (6) for equation (2) and calculated by the 

first described expansion method are given for two diffe-

rent energies of the incident neutrons. 
N = 11 -

E = 6,69 MeV E= 13,36 MeV 

Re em Im e Re e Im em . m m 

0.84103 -0.38700 4.01040 0.03696 
0.12392 -0.00261 0,31427 0.284D 
0.01796 ·+0.01098 -0.00055 0,05450 

-0.001D .. ' 0.01256 -0.00129 0.03361 
-0.0006 -O.OIIOO 0,00861 0.04133 

0.00178 -0.02047 O.OII24 0,07027 
0.00073 -0.01079 0,00469 0•03526 
0,00002 -0.00181 0.00019 0.00390 

-0.00009 0.00199 -0.00154 -0.00559 
0.0007! 0,00167 0,00287 -0.00388 
0.00145 ·-o.ooo24 0,00744 -0.00281 

Re c<l) Im e<l) Re e<H Im e(l) 
m .. m m m 

-I.07984 -0.62621 -0.52708 -3.25708 
0.23443 -0.79817 1.82421 -2.78396 
0.08427 0.05823 0.47234 0.40002 

. 0.05157 O,OII27 0.28566 0,15426 
0,02019 -0.00625 O.I7916 -0,09864 
0.02006 -0.00017 0.13068 0,00383 

Re e< 2) 
m 

Im e< 2> 
m Re e~> Im e( 2 ) 

m 

-D.8II6~ -0.46209 0.57243 -2.13414 
0.04888 -0.51804 -0.13947 -1.96408 

-o.07325 -0.05446 0,30938 -0,14151 
+0.09528 -0.03261 0.15722 -O.II516 
-0.08445 -0.01350 O.III04 -o.ouu 
0,07735 -0.01220 0.07377 -o:o4765 
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Fig.3: The relative deviations obtained by the:proposed two 

methods for the solution of eq.(2) 

----- real part of the deviation 

------ imaginary part of ~he deviation 
1. -En= 13'o4 MeV 

2. - En = 6.7 MeV 
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one is the result of Ref. 5. 
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