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Metal-Insulator Transition in a Two-Band
Hubbard-Model with Application to- Vo

A model is considered containing two hybridizied
narrow electron bands. It is shown, that in such a model
a metal~insulator transition occurs, connected with a jump
of the conductivity. Some analogies to the Lifshitz
instabilities are discussed. As a possible example for -
such a behaviour'the properties of VO are’studied quali-.
tatively and quantitatively. ' .

Communications of the Joint Institute for Nuclear Research.
Dubna, 1973 .

1., Introduction

To describe the electron correlation in narrow bands

the Hubbard-model

H =2 T.ete i
Hubbard o i LG’%G‘*U;Z"H”H; "[a—=f.’;c;; )

(Hubbé.rd 1963) 1is frequently used. This model describes

an isolated s -band; ;b , ¢

«T

: are the creation
and annihilation operator's for an electron of spin. <

in the Wanniler state at the - (-th lattioe site, respecti-
vely, Ti' is the hopping integral, and u
describes the electron-electron interaction between two
electroz}s of opposite spins oocupying the same iattice site.
The operator (1) is used, for 1nsta.n’ce, to discuss the
metal-insulator transitioix, occui'ing by. some oxides,
sulfides and selenides of transition metals, A‘bon the basis
of the electron correlation (Cyrot 1970, Weller 1972). Usu~
ally instead of the conductifity the occuraﬁce of gaps

in the one-particle density of states - '

1 |
D(E)é—;Jml—;‘,Z-G (e+id), Sz )
with ’ o
G (e)=«¢_:c > '
ko . ko) ke TTE : . (3)



(we use the notations given by Zubarev (1960)).1is considered;

For the Fermi energy € inside the gap the system . k e

is den| : :
oted to be an insulator, for &F inside the band -~
to be a metal. Unfortunately there are considerable
‘difficulties to obtain reasonable solutions for G, (&)
ko

in the interesting region [I/w = 1 2w = b;nawidth
of T:g ); henoe the results obtained by different

authors do not agree with respeot to existence and. type of
such phase transitions. Usually one getsa phase transition
of second order (see,e.g. Cyrot 1970). This is in contra—
dictlon to the experiments showing generally a jump in the
conductivity and some hysteresis effects. An interesting

way to obtain theoretically auch a Jump is recently proposed
by weller (1972), considering 1nstabilities of .the electronic

system in analogy to the so-called Lifshitz—instabilities
(Lifshitz 196p). ’

In the present paper -instead of (l)va«tno-bend model-is
considered in the form . 3 e

H = Z‘ l’" Vv + H.‘ﬂ- L B Tt e
»=q . :>7 :
'-3 Loy J

L R Vo T '
H T.. c. Cory +U Z"“v .'A‘HW"/. - (4) .

H'u: Z [A c. Te. +kc]

The alm is to demonstrate, that -in such a model a metal-
insulator transition can occur, in connection with a Jump
in the ocnductivity, with a change in vbiu.me, and there-—
fore with some h&steresis effects. In contradiction to
the above mentioned situation in the s =barnd model (1), :
the results of the model'(4) are rather 1ndependent of the

approximations used.

The operator (4) describes systemswith two narrow bands,
which may be strong coupled. Examples are Ve, '7: ’
Cr , and some sulfides and selenides. The fonndation’
of the operator (4) in the case of V0O = 1s discussed
in the next section of this paper. -

Two-band models of the type (4)‘or in similar form-are
discussed by several authors (Harris and Lange 1967,
Sokoloff 1970), .but they considered only bands isolated
from each other. The case of conpletely'degenerated bands
is discussed by Schneider, Helner and Haubenreisser (1972)5
using a pure Hubbard like interaction between the bands.‘
In oontradiotion to those papers, in the present paper the .
case of . different bands with strong overlapping and strong
hybridizstion is,considered, . o

2, Foundation of the modelioperatgg
2,1. Experimental situation in VO

“For the system VO, ' " with's 080 4 x <X 430

a lot of experimental results is known, Extended reviews on



t‘his matter are given by Adler (1968) and Goodenough (1972). ) ! . . 1972, Mott 1971), as well at the V- sites as a.t the o
Unfortunately there are considerable dirriculties connected - ‘ . _A . - C: -sites. By these vacancles a trap-ba.nd 1s caused, obser-
with the preparation of samples, so that for the case . . % i : ved in many experiments (seeye.g. Goodenough 1972).From

= 1,00 considered her.e the results obtained by : g‘ . these properties a simple model can be derived, applicable
different authors do not agree. In some experiments (Morin g : also to.similar.-systens‘ (Tu. 0,.', Cr C) .« 7 -
1959, Warren et.al. 1967) a metal-insulator transition v;_as k V 7 ‘ ‘
observed with a transition temperature T, = 126°K , : v o
connected with a jump of the oonductivity of the order v . ; 2,2 _Two—band description"'

A40° . other authors hive not found such a transition : o ‘ ‘ ( o _ S
(Kawano et.al. 1966, Warren e_t.al.197o)‘. Altogether the : _ We consider the usual "Hé},miltonian describing the electro-
.experimentaly results for the conductivity in ‘this region ) o nic syst‘em: h 4 o »
differ ty several orders of magnitude, presumably the ‘ S ! :
different samples d1d not contain . pure \/C ‘s but rather ' k ) : H=2 T' ¢t te ' P Z \/)l”\ o 3,« Gy ,C ®)

& mixture of several oxides, mainly =V, Oy s and pure ‘ i ) l’{m i o v

V s essentlally influencing the properties (Adler ’ Sincena.rrow' bands are discussed, the interaction matrir’

1968). Therefore it may be of considerable interest to L VLJI.M » of (5) has the’ properties, generally

discuss the properties of Vo, obtained on the basis . studied by Hubbard (1963). Following him, only -the interaction

of theoretica.l models,. ‘between electrons’ occupying the same lattice site_is .ta}cen

- ' means
The eXperiments agree in the following points’ Ve _into account, Ithat eans

has a rocksalt structure (crystal para.meter a = k- 1 A )y Y o T (6)

: : , e Vi, — 32U/, /.
the Fermi energy lies in the centre of. the fzg ) -subband, ‘1 - . I "~
and this tz} ~band s well isolated fron .all,,other o o *1o avoid misunderstanding. theA author does ~not'clain‘| to
€0~ S — . -
pands € 3 and r tend). This situation i ‘ solve the problem of vacancies in this unusual way. The
agrees also with theoretical calculations (’l‘ewari 1972, ‘ \‘ '

considerations of this subsection are only used to motivate '

Heine and Matthelss 1971). Furthermore there are nearly
the two-ba.nd model.

16% randomly distributed vacancles (Adler 1968, Goodenough




The overscript v (= 4 or 2 ) denotes the

-fact, that the lattice sites 11 are related to a

certain subsystem (occupied or vacant sites, .respectively).

The kinetic energy part of (5) can be approximated by
an Anderson operator (Anderson 1958), where the difference

between the diagonal elements of Tfj describes the-

different potentials at occupied and vacant sites:

£ ' - ',1
‘i T € = } i iois re(alel{ic v=" (7

For convenience the zero point of the energy can be ohosen

in such manner, that

I

ccc P N N -
e =0 A A : (8

considering the case U" = , ‘the’ subsystems can be
described by a density of states, which can be obtained
using the coherent potential approximation (CPA) (Soven- .
1967, Velicky ete.al. 1968). If the density of sta.tes D, fs)
of the m™ideal" crystal (without vacancies,. ¢ o )’ is-
written in the form ' ' e
Docer = 3 4 (e, wy,
(9)

Safsf(i(s,W)-/f Pig,w) =0 i le] >w,

/

.
-

then the local CEA-;densities are defined by

‘w CcTA
» G 3
Da (g)=— 7_:' Tm C‘PA (10)
4—(e?-W)G !
where the coherent. potential \N/ is given by
W = ceo, + W(w — W) GCPA
crA ! Sy
G (g) = EO(E {€e _tle,w) w) ( ) ’

E—\A/'—E.

v )
A" 1in (1lo) is the oocupation number of the v —-th

subband,

s 3 -e 1

A = § v A (22)

¢ 1s the conoentration of vacanoies ( ¢ = 0.1€ in VO),
and w  describes the band width of the "ideal"

crystal. . . el o

In this form one obtains a two-ba.nd description of the
discussed system, :Ln agreement with experimental densities
of states (Goodenough 1972). Genera.lly both the subba.nds
overla.p, since the shift between -the centres of the bands -
is smaller thanthe band width W . Furthermore the
subbands are strong hybridizied' the matrix elements Al}
arise from the transition elements T’EJ between the

si‘;ces of ditferent sﬁbsystems. :



Using this desoription, VC is an example for a two—
band model, described by the operator (4). - v

2.3. Model parameters

In thils subsection the most essential'properties of the
densitles of states Doyte) of both the subsystems -
are discussed. Furthermore the influence of pressure is con-
sidered.

To obtain approximate expressions for the densities of

‘;
states Do (£) from (1o), we use the moments

SJE' " ;Do)’(i) ’ . )

<

, .
° ~ 1s given by the A’ from
(12), the first moment 1s related to the centres of the

up to n = 2 . M
bands which are given by the corresponding atomilc:levels,

e
Since M, is defined by the band width. w’” _ of the
Y - th  subband, it 1s possible to write .

D, e = A"{(z ~e W) (1),

with - 4(9 »./). "from (9).(By the way, using a parabolic_ -

‘density of states, this is the exa.ot solution ot (10)

~in the case o, —> o= . )

. In (14) the band widths w” ' are needed, Since in first
order. the band widths are related to t'he nunber of nearest

neighbours =z in the form

v e AT 1 T
W ~ Z _~ ,_" Y= v (15)
e 5
one obtains
.74). N (4 - C) w : 1 . . -
W = . iF ov-= (16)
cw N .. yi

in agreement with measurements (Goodenough 1972).

of ootvu'se, using the CPA-densities of. states "(1'0) or-
(14), band tails up to the full width “w  of the original
band are neglected. However, the density of states of these
tails 1s very small, hence, following Mott (1971), the »
corresponding states are well loca.lized and are not important

in  the-further considerations. :

Changing the crystal pa:r:ameter 2] N perha.ps»in

dependence on presssure . )0, ; the most pa.ra.meters of



" the model change. This changing can ve expressed “by the
_ compressibility ' ‘ o o -

v
Q

,x°=_

_‘
® o
<)
411

1
o I T an

. 1_7

Conside;ring the dimension of the different parameters it
follows

ow” Y ew”
- = 4 - = 2 .
o Th, S enw Wty o

v Aij shows the same dependenoe on | ,o as the band
widths. R

|
A

3. One—particle properties .- .~

3.1. Green’s functions

The Green’s functlons -

)

LYY : . SRS :
G () = & C- - Ca 1—, o4 .
o () T K Sew Gerr Te A9
' 'm,) RS . _
r’;'i‘r (w) =& n‘-_”;c;u_w/‘cim,, ’?.1/4 ooy 7 (20)

are needed in the following. With' | from (4) the

equations of motion

o » |
[ H, Cc?:\r_]_ - -2 ";5‘ c}'r‘rr_“ f‘;-rfccw -,ZA*~C— 7, (21)

i* ¥ ' ‘ K
- (u + —I-E;. )nf-'J‘V'CL‘U'?‘ - <n:—u—)" >Z‘AL“' ¢

follow (with » + » ). In (22) the kinetic enargy

part is decoupled using Hubbard's procedure (Hubbard 1963).

This approximation 1s.usable:, since here 18 not discussed

1

the manner of the appearanoce of gap‘s‘(i:hese"essentially

remain unchanged in  the further calculations).

13



Only the fact is used, that gaps exist, whioh is right,
however, at sufficiently large u s independent of
the used approximations (Harris and Lange 1967).

In (22) the hybridization term is decoupled'aﬁalogous;y
to the hopping energy, sinde both tei-ms are of the same
order of magnitude. From (21) ‘and (22) a oioéed‘éystem of
equations for ((w) and [t follows, which can
be so0lved straightfnrwqrdljr. For the paramagnetic case

»
(4»\.-0_‘,_7—“_/2 ’H._ =4"’¢ff+"'{.v‘>)+)

wr » [Ag ) 7=
wa) = [F~ (=g — __;_h___;] (23)
= B Flen-¢g 41

18 obtained, with the expression .

» PR A v
F(w=['4 n /2 L 72 1'4(24)
)

e~ N :
. o v, 2 w—w oy, —U”

known from Hubbard’s decoupling .prode_dure'. The . sk" are

» »
the Fourier transformation of TC;’ (4—43_) with

+)The application of these gonsiderations. to the ferromagne-
tio. or antiferromagnetic state is possible: in the s.ame
way, but with additional effort.

14

cmen s DS | e

TL;} from (4). In the case of ’|/0 the subbands
were obtained using the CPA. Therefore,the gk » 4a.r'e '
the (complex) one-}article energies corresponding to the
CPA,—dex_lsit‘y of states Dr(é) ‘ o . A,

is the Fourler transformation of At’j ‘e

The other Green’s functions follow from (23) by

Fr A / e ‘
Gkr(w ———L—- G (w) [: ._“’f_i“;‘f";(;,‘w;(zs)

Fllor- ‘b X N %41 U (4-n/z) 7

Ana];ogously‘ to (2) from (;23) the deng,itiés of states

-_D',(:; " follow. Closed expressions c_a.n'be obtalned, 1if
the similarity between the subbands (14) is used, and 1f
the matrix elements ' Ak' are assumed to b‘ev udgbe_ndent
of k ,iee A, — A « Since in (23) the pybridiz;;
tion 1s important only in a small region of Kk . .
this a.pprdxima.tion, essehtially simi:iifying the fl;rth'er i
calculations, 1s usable, If follows

Fle ) v v, [E%e
—5 —3(:)){(.¢Am,w)—( —
A e _——‘B (£l

Drer-A" L (26)



where o’ = w /W

A(E’ - 4 F(CI
2

2
F(z) +

e £y,

“]cm

3e3. Ground state energy-

Also the energy. E  of the ground state can be
expressed in terms of G (e :

o From (4) ana (25)
i follows (with T—0) ‘

E=<H>=—-Jm]4~2 £ +M 1ar

k (28
s -t.../ -u {4__) +F(wl—ék }6_ ( )

R

Jn the same way as for . J) (€1 " one obtains

. ) Z“ﬁw : }A : f Sl ,, )
L Z A f”l ; )4(.{ wr,w')+ Zz. (UI.{(,:_ Biwsw)
N .

IS A = B(& s (29)
where
»oo Un"/4 Fle F( 2
= s 4
= (pon sl B2 - o
Z (wl= (3(,_,,+_UL Floty 1 Flo Ml (30
4 Wty -U” )(‘F —Alw )"T‘,;

The Péimi cnersy .-

‘ : T

“ o h = Zu'A"

) ’ » ').‘f.-"

i\ sinde in (24) the = F ()

; ‘system of equations for

eFl

- n

“depend ‘on -

‘»,

!

13 defired by

e
"

fe - .
w2 fao D@/ AT

Qry

el .

**y ‘a’ coupled

and’ D)

S follows, whioh can be solved aelf-consistently. It this

is dons, E

eu_ug-_ag__swm
m;_mg.m_fez_s_@zmu

o |y

can bo koaloulated by the integral (29,

From the 'l'moni‘o'ondit'ion for thermodynamio stability

[P

it follows, that - the seoend’ deriva.tion ‘of the free energy -

F ' 4n dependonoe on prosaure must be pol:ttive. Hence

if a region exists where

N ) et w e N . “
A 2 ' eyl
P)
R / < 0
B e ')P) )
.Q,

7




.,then this region is instable, a.nd a tra.nsiticn ta.kes plaoe .

" to the same Pressure P\

i med, that in

:
e

from a volume Uf, N to a volume U; ) both belonging
: ke Suoh a trsnsition is always -

. connected with the appearmnce of hxsteresis.

Por the model (4), without interaction between lattice
a.ni electronic system,

Fo= Flattice t.s F eleotron A (34):

Since only phase:»,ktrga.nsit:ions are cons:id.ered, which - are
oaused by the electrcn-electron cori'elation, it can be assu-

Flattice no- a.noma.lies exist. Hence

. (see e.g.leller 1972)

i a i:l.afh'ue } o z), : oo ; B - e
BT R A e ” o9

Herein. . - %, - 1s the (hypothetical) compressibility

of the lattice with fixed electronic system. The electrcnic -
system & considered at T=0. , henoe VQ:F_
mh B

electrcn
from (29) _rherefore the condition fcr the

appearance of such a phase transiticn As

"(E/N)
pt

+ .3 v, < 0, (36)

E “(

N

In (8) the pa.rameters depending on pressuxe are (w’*f'
u” ., ana A eIt s suitable to. relate 511
these values to the ba.nd width W and to discuss the

fjm.oportionality of E '( to _»,/ , sepnra_.tely. "ithf(le)

‘one obtains e
Bz PE |
R w';au»‘ Ml

Rt kzw.;f 7, N

Lo

where only the dependenoe of the energy on the L{"* i

occurs.i'ﬁf' e S G e o L RS

4.2, g gative beha.viour '

The beha.viour of the density of sta.tes in the case A 0
is plctted in i’ig.l, assuming a pa.ra.bolic ba.nd

” 12(;;/) ,/— @W._.:.) (38)

Q(H 1s a step- fu.ncticn.) Of ‘course " the qualitative results -
are independent of this pa.rticular form.é




upper (A u

Fig.la.. shows the density of states for . c = 0 - with-"

- out electron-electron interaotion (Ll 0) . In fig.l b.

the’ splitting in the subbands 7 p= 4 and = 2 is

Plotted ( ¢ + 0’ u”=0) . Finally fig.l.ce shows the
 splitting caused by the eleotron—electron correlation

(u”+ 0 ) o where each subband once more splits into
, 2u) and lower (411, 2{) subband,
If the original band was half-filled, the Fermi energy lies
in the gap, hence the system has the properties of an insu—
lataror semiconductor . ( D(£.) = )

Changing' Llu_ s the 2u -subband moves through
the gap of the band l. Thereby the Fermi energy Er

e
moves from the gap into the 1ower subband 4 l (fig.Z),‘u
hence the System becomes a me tal (D(e.)+ 0 ). But with '

A =0 this transition causes a continuous change
of EFF « The width of the 8apy that means the differenoe

‘between the lower bound of 2(4 and the upper bound of
| 4;l’f= ; “can be used as"small’parameterﬁ«in the ‘sense”of
Landau’s theory of phase transitions. Therefore’this phase’™ ™
transition is of second order, nithout a Jjump in the
conductivity. Now the influence .of the hybridization

(A+0)  will bediscussed. If the subbands "2 lie
in;the,centresaple, these effects are rather sma;l.l.;_“Thisr .
is not the case at the.edges og;the,bands,,that‘meansbinir

thevregion

U®y w, = U™ (44n’/1), ' (39)

e, 25
)

,corresponding to. the region or the expeoted phase transition.

Here the. hybridization effeots a strong ohange of . the density
of . states, for instance: the appearance . of additional small
gaps, and therefore an essentially changed dependence of

the Fermi energy on the Llw « A Nsmall parameteré
does not exist, in oontradiction to the .case :A»;= 0\ .'
Hence in the case. zl + 0 a Jump of the conductivity can
be expected, caused by the mentioned instable regicn.

Weller (1972) oonsidered a-similar situation. He discusses:;
the disappearance of the gap “in the usual 3 -band model )
(1), likewise resulting a shift-of ° sgﬁ‘ "."By the ohange

of the form.of the density of states at the band edges, -
this shift also shows discontinuities, caused by the »
existence of a thermodynamioally instable region (33)',:"3>
However the manner of the disappearanoe of the gap depends?
on theuused,approximations,‘1nfiuenoing there:creithepidyp,ue
type of the'resulting phase transition.]Such a dependenceifk
does not exist in the present paper, since 1t is. only
assumed, that generally gaps, exist, whioh is certainly .
right at large u” (Harris and Lange 1967). Essentially,
changes of the form at the. band edges are only caused

by the hybridization, which is oompletely taken intok :‘

acoount.

Altogether these qualitative oonsiderations show, that /

in the strongiy hybridinied two-band model -a phase transition

e | B



¢an occur, connected with a“jump of the conductivity. 2
‘Thereby hysteresis effects are mainly caused by the
jump of the volume, obtained: simultansously.

4 merioal results:

The qualitative discussions of the subsection 4.2 will .
be completed by some quantitative oonsiderations. For that
the dependenoe of the ground state energy E  on the_

: Ll" is studied in the reglon (39).7 :

The strongest change of .6 "appears‘, 1 U
essentially stronger ‘depends on - p “than M4 T Therefore
it is suzficient ‘to study only the case of the same
dependenoe on pressure’ of both U"- ¢ If already -

“in this oase the condition (37) for appearance of an instable

region can be Iulﬁ.‘l.led, then this is possible also for
other relations between the U"-_* “»-In consequence of (18)
1t is improbable, the ' ” “-weaker:depends on - p thaii

In 115.3. the behaviour or E versus U (=U u*)
is pletted :tor ditferent values of A . 115.3. shews

also

'3
Flur= (1-2ul CUrsE ) (E/mw), 49

A consid erations F( Cl) '

which oorresponds to the first .term of (37) in’ the case
u*=ut - u . In agreement with the qualitative
“1s strongly ‘negative for :

larger A + Therefore it is possible to fulfill the

equation (37) for appropriate oombina.tions of the parameters.

a

To study quantitatively the behaviour of VO "y the
band width - w . can be obtained from theoreticallycalculated
densities of states (f.l‘ewari>‘1972, "Heine and Mattheiss 1971)

wWith W o~ 0. 45 Ry -, is given by the lattice

parameter o = 4, A (Adler 1968), For ¢, and
o, experimental value.s are not known, v’l‘.herefore the"
value ®, ~ 5. 40—1_1 dyn™" cm® , valid for similar
systems ‘(Leibfried 1955), 15 used. The same value 1s assumed
for ®, . With these perameters the condit:l.on‘(37)‘ is
really fulfilled for sufficiently 1arge hybridization o

(A ~» c. ‘Jw ', see fig.Jc).

From (39) it is possible to caloulate the critical pressu.re .

Pm for the metal—insu.lator transition. with (18),
Uu*=~ u? , ~ and ey - amd U7 from experimen-

tally observed densities of states (Goodenough 1972) it

follows

o1 2|u,| 0. 672 ;
P, == ——— ( @

23



-4

' (_Js:Lng X = 5 /tc~1l-d7n CMI (af F:-C) and
(Leibfried 1955) Pu * 35 “’"",

ba’xc /2 Pp = & %

follows. with_. T‘ /’2p = — 3 /kbar (Austin 1962)

a transition temperature of Ty = 1c0° K (at p=C 7 )

1s obtained. This result surprisingly well agrees With the

value Ta = 42¢°K “‘obtained by some

%" measurements (Morin 1959, Warrenet.al. 1967, Austin 1962). -

5. Conclusions:

For the two-band Hubbard-model (4) the possibiiity of
a phase transition from.an insulator to a metal'is proyed,
as well by qualitative considerations as by numerical
calculations, This transition shows some analogies to the
Lifshitz-instabilities, and 1t :is connected with a change
of volume at the transition’ point. Thereby hysteresis and

Jjump of the conductivity are caused.

. Simultanebusly it is shown, that‘the model (4) describes
some properties of the system V’O with 16% vacancies.
Hence by these theoretical considerations it oan be

proposed, that in this system a,metal—insulator transition

oocurs, although the experimental results are not oompleteiyi

evident,-
The author wishes to thank prof. G Heber, prof. WJWeller,

prof.P.%iesche, DreoWsJohn, and Dr.a.xuzemsky for raluable
discussions during this work. The numerical calculations
are carried out at the CDC-6200 of the J.I.N.R., Dubna.
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