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1. Introduction 

One of the interesting features of the nonlocal separable poten
tials is the possibility of obtaining with their help the so-called 
"bound states with· positive energy" (PEBS):. In the case of local 
potentials such states can appear in the many-cham1el problems, when 
in one of the closed channels there exists a ~ourid state. When the 
interaction between the channels is switched off, this state corresponds 
in the open channels to ''bound state embedded in the continuum" II -J/. 
After switching on the interactions between the different channels 

. this state becomes resonance in the open channels. The situation. 
with nonlocal potentials differs from that of local ones. In the case 
of n?.~ocal potentials one can obtain PEBS even in one-channel 
case 4 • This fact means that for a given positive energy besides the · 
usual solution of the Schroedinger-equatio-n with the asymptotic · 
behaviour 

'P (k, r) -,-+ 00 

A sin l k r + o ( k) ] I r 

there exists another solution which asymptotically decreases as 

r .... oo 

'P(k,r)--~o. 
r .~ ·oo . 

(1) 

. (2) 

If one uses the usual definition of.:the phase shift o( k ) according to 
which o ( k) is a monotonic function of the energy (relative momenta) 
then these PEB states have to be counted in the Levinson's theorem, 
namely 
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o ( k=O) - o (k ·= oo ) ~( n·+n '.) ir , 
(3) 

. ·~ / 

·· where the number of the _usual (negative energy} bound states is 
denoted by n and that of PEB states by n 'f4..:.s;. (There exists 

. another definition of the phase shift at the PEBS, see ref. I 9 !.. ) 
For convenience, in the present paper we investigate only those 

PEB states which are obtained with the help of one-term nonlocal 
separable potentials · · 

-+ -+ 

v ( k' k,) = - 'Ag (k) g (k,) .. (4) 

Accor-ding. to th~ results . of Martin and. Gourdin / 4 :51 , one 
obtains a P_EBS with the· help.o~ such a potential when the equations 

g(k).,= 0 (5) 

and 

2 .. 

A (k) = l _ >..P f 211 g• ( p) d p 
·2 . 2 ==o· 

p -.k 
(6) 

are fulfilled simultaneously for a . given k (here - P denotes the 
principal value and 11 stands for the reduced mass). . . 

In 1968 Tabakin ·proposed a one-term separable potential of such 
a kind ./ 10/for the description of the p -n scattering up to laboratory 
energy of 400 MeV and he claimed that this potential is convenient 
for the description .of the attraction and repulsion in the two-nucleon 
interaction. Afterwards it became clear that this potential is not good 
for the description of the three-nucleon systems, it giyes an additio:... 
nal three-body bound state below the energy of -300 MeV /Jz-u/. Now· 
it is well known that the main reason for the failure of the Tabakin;s 
one-term potential iri the description of the three-nucleon systems lies. 
in the fact that the two-body b·ound state obtained by this potential is 
not a Is-state (deuteron) but a 2s-state 114/. It was pointed out, to(), 
by Bolsterli !91 and the Levinger's group II4l that due to another 
(non-strong) interactions (e.g., due}o the weak, electromagnetic ones) 
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this PEBS probably appears as ·a. resonance in 1 
section. 'Really, if one changes a little bit the inte 

· (e.g., A-) then a resonance is obtained instead of 1 
It is easy to see· that a similar thing happens wh1 

· interaCtion,'e.g.,local one, to the original one. We 
that by means of coupling the channel-in which t 
toanother one the PEBS beeomes a resonance, toe 

2. The Two-Channel. Formalism 

There exist · different papers which are deali 
problems using nonlocal separable potentials 115-
the wave function is given by a.· two-component vee 

-

q• = ( :: ) . 

·and the two-body potent~al is given by a 2}{2 matrb 

v = . 11_ . 12_ 

( 
v v J 
v .. v 

·· · 2 I· 22 . 

whichhas the following matrix elements in the. mom 
tion: ·· 

-+ . -+ 

<k.. I v .. I k 1. > ~ -A .. g ( k.) g. ( k . ) ' 
Z 11 . 11 i Z 1 1 

· where k; is the relative momenta in the .i -th c 
A I 2 = A 2 I •) In this case th·e cross sections 

expression 

a 
2 

(k . ) 
• 

3 . 

~-IF k·r k 
2 

k' 2 · ; ; r. ; J ; ; f ; J I 
i 

; ... i 

5 



(3) 

. ergy) boim<l states is 
'/4-B/. (There exists 
:, see ref. I 9 I. ) 
investigate only those 
of one-term nonlocal 

(4) 

:1 Gou~din / 4; 5/ one 
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this PEBS probably appears as- a resonance in the scattering cross 
section .. 'Really, if one changes a little bit the interaction parameters 
(e:g., ,\)then a resonance is obtained instead of the PEBS /4.~.12/ . 
It is easy to see· that a similar thing happens when,.one adds another 

: intera'ction, ·e.g.,local one, to the original one. We want to show below 
that by means of coupling the channel ·in which there exists' a ?EBS 
to another one the PEBS beeomes a resonance, too. 

2. The Two-Channel Formalism 

There ·exist different papers which· are dealing with tvio-chaimel 
problems using nonlocal separable potentials I 15-19/. In these papers 
the wave function is given by a.· two-component vector, 

-

~ ( :~ ) . 

(7) 

·and the two-body potential is given by a 2x2 matrix, 

v. 
(

vll v1 2 ) 

v __ v 
. - . 2 1- 22 . 

(8) 

which has the following matrix elements in the momentum representa
tion:·· 

-> -> 

<k . I v.. I k ,. > = -A" g ( k. ) g . ( k . ) ' 
_t tJ - '1 i t 1 I 

'. (~) 

,· 

where k; 

A 12 = A 21 
expression 

is the relative momenta in the _i -th chamiel. (Ofcourse,' 
.) In this case the cross sections can be given by the 

--
'· 

a 
i-. i 

2 
(k . ) 

' 
(10) 
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.where 
'; ..... ~. 

,_ . 
~·~-; 

~/~ ._. ~ 

.:p_ k --~·_:-·: ,, ·. k k .,, . k. 
iJ.( ;) 4 TTviJ.;Ili i i gJ i)gi(i ), (lia) . · ·· 

. . ·. . ~ 

·" 

,•; 

1 
'[ ,\ii- dll (k ~ JI for i = j , -~here l f..i) 

.·. 

T (k.) --x 
ij ' D(k.)_ 

I 

'..;- ?\. 

~ 
. : . \ ,\ 

d -= . 1\ 1 1 . 22 

. 2. ,/ 

,\ 12 ' 

,\ 
12 

for i =! j ' 
. 

l 
. ·-' 

D(k.) =1-,\ ! (k )-,\ ! (k )+df (k')f (k ), 
' . ! 1 J 1 . . : 22 2 2 1 .1 : 2 . 2 

. r (k. J 
l 

•'.· '2 
g. (p.) dp 

' 211 i f 2 2 · .. 
p - k -· l E 

. i 

. (lib) 

~ 

·(12Y 

(13)·. 

(11) 

' ~·_·: . ~ 
~.Here 11 

"!_iJ mi2 
deriotE~s the r.educed mass ii1. the i .-th channel, 

m. + m. 
11 '2 •.. •.-• • 

and ;we have ·used the units 1i = c = 1 • 

".I 

) 
•. I 

. -
j ·. 

' -· · · Let _us assume that the first channel is open and .investigate the 
7··. 

' . . 
I~ 

'!,• 

transition amplitude ·5' 11 (k 1 ) • Let us assume further that I (k 
1 

) and· 
J ( k ) are given by · · · · 1 

. 
2 2 . .• 

J l ( k L ) = A ' +·, i B z ' l = 1 ,2 . . (IS) 
' . . . . . \ . 

Here the quantities At , . B 1 · • depend, ~f course~, on k 1 , but for 
. simplicity we do not indicate this dependence. (For the real formfac- .. 
tors g 1 (k

1 
). . .we have B 

1
"" o when the l -th channel is closed atthe 

given energy.) . . · . 
After inserting expressions (13) and (15) into eq: (lib) we obtain 

· the following expression for j' ( k ) "" F (k ) T (k J:. ·· 

~r 
11 

( /,: ) 
1 

11 ,1 li. L 11 I 

r· + i 1 · 
1 2 (16) 
-.----. F (k J 

rz -,\ A )-11+~l· 11 1 

11 1 2 

6 
•· 

·. ,. ·i 

! 

~ 

-~ 

~~ ' -~ .. · .. 
.• ~ 

with. ·? 

r ~ )o,.- . - dA , 
1 -. 11 ; 2 

,_. 
'· 

l' =-dB, 
• 2 2 

'f..=\ 'A-tl(A:A -BB·), · .. · 
1\ 22 2 1 2. 1 2 .... 

· r = ...:. 2 [ ,\ B + ,\ B - d (A .B + A H 
. 11 1' . 22 2 . 1 2. . 2 j 

,· 

In the case when in ·the ·first channel we hav• 
then, due to the fact that I ·- >..u A 1 depends-linear 
and it becomes zero at k 1 "' k 0 in the neighbourll 
matrix.;;; elements :j' ( k ) can be written down as J 

11 1 . . 

·l' + ·i r 
1 .2 . F .. k. 

. . . ( 
(k -k J-!\.f.2....r· 11 · 1 

1 ~ 2 . 

j' (k "' k ) 
11 1 0 

From: this equation one can see·that:wehave a Breit· 
for .. the · T -matrix· with resonan-ce shift rAJ a1 
( r) depending on k 1 ~ It is easy. to obt~in ·the ' 
meters· at k 1 =. k 0 when we have a PEBS in the fir: 
we have to use .the fact· that at: k 1 :;, ko the foli01 

1 - ~ A (k ·) = 0 
. 1\ 11 1 0.. . ' B (k ) = 0 ·. 

. 1·. 0 . 

After· ~nserting eq. (22) into. eqs. (1~) and- (20) Yie o 

2 
11 ( k = k ) = ,\ . .4 r k ) A ( k = k ) :: 

. _1' 0 12 1 o .. 2 1 0 

. .. 2 
l'(k >=k ) =-2>. A ·(k )B (k =k ) . 

·I.. ·o . 12 1 o . · 2 1 o 

•:..·· 

(._ 
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in. the i .-_th channel, 
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en and,investigate the 
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rse~· ,on k 1 , but for 
l:i'or ·the· real formfac- . · 
1amiel is closed at the 

nto eq. (llb) we obtain 
) T (k J: . 
. 11 1 

(16) 

I· 

..... 
•'' 

with. 

.... ~ 

., . : ~ 

r ;,;, >.: - dA , 
I · · II ; 2 

l' =-dB, 
. 2 2 

. ;. ..... . :: 

. ,. p7) 

(18) 

·, . .. · .. ~ . .. ~ 

'!).=,\ 'A...:d(AA -B B), 
22 2 1 2 1 2 

I' =..:. 2 ['A B + 'A B - d (A B + A B )]. 

(19) '···· .: . 

(20) 
. 11 1' . 2 2 2. ,: 1 2 ' 2 1 '. 

In the case when in the first channel we have a.'PEBS at. k = k 
then, due to the fact that 1 ·-'A 1i A 1 depends-linearly on k 1 at k: "'k

0

0 . · 

and it becom.es zero at k 
1 

"" k 0 in the neighbourhood of · k 1 = k 0 :: the 
.· . matrix"'elements :j' ( k ) can be written down as follows: • · ·. 

11 1 . . ' ' ' ' 

j' (k "'k ) 
11 1 0 

·r + il' 
1 2 '(21) . F .. ( k. .) . 

(k · - k J-"' + 1... ·r. 11 1 
1 ~ 2 ' 

From this equation one can see'thatwe have a Breit-Wigner expression 
for .. the · T -matrix with resonance shift r A) and reso'nance width 
( r) depending on k 

1 
.. It is easy. to obtain ·the value of these para

meters· at k
1 

= k
0 

when we have a PEBS in the first channel. For·that 
vie have to use the fact· that at k 1 = ko the follovi~ng equaliti.es hol~ 

B (k ) = 0 . 
1· 0 

.. (22) 

After· inserting.eq. (22).into. eqs. (19) and-(20) we obtain 
. ~ . . 

2 
!!. (k = k 

0
) .• = .\. 4 fk ) A (k 1· =k 0 ).' 

1' 12.1 0. 2 

. (23) 

. (24) 

. . .. .. 
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3. Calculations, Results and Discussion· 

, For the illustration we sliow some results of the calculations -
with .the formfactors 

1 
• g ( k . ) =· 2 + k 2 

i • {3iJ 

. a;. 

. {3 2 + k _2 ' 
i2 i 

{3 > {3 
i2 il 

a > 0 . (25) 

With the help. of such formfactors we obtain. a PEBS in the uncoupled 
i -th channel at ki . = k io- . .if the equations . 

(26) 

. 2 
( f3 •. 1 + {3 :2 ) {3. {3 . 

. · • ' •1 . •2 . · .. ' 2 
2{l . .\ :. 1T . .. (27)' 

( a . {3 . - {3: ) ( a. - i) 
• . , •1 . •2 • . 

are fillfill~d_ simultaneously. The pole motion for such a formfactor. has 
been ·investigated in / 2o/. ·. · . · · 

We have fixed the interaction parameters in the following way: 
in .. the first chann-el we have. taken both particles with the average 
nucleon masses (mu = m 12 = 938.9 MeV), fixed thePEBSalmostat the 
energy wher~ the Js

1 
p - n phase "changes" its sign ( in our calcu

lation E fa~ ~.s = 259 MeV) and required that in the case of uncoupled 
channels the low-energy scattering parameters agree with the experi
mental ones. For our parameters· the negative energy bound state is 
situated at the energy of E = -2.225 MeV and the zero-energy total 
cross sections a (O) =--- 3 637 mb. In the second channel one of the 
particles has beJn taken with the same ·mass as in the first one . . 

( m 1 = 938.9 MeV) and the mass of the second "particle'~ has been 
takJn different from the other ones. We have repeated the calculations 
for m22 = 1038.9 MeV and m 22 = 1138.9 MeV. In the first (second) 
case the second channel is open (closed) at the energy which corres
ponds to the PEBS. The interaction parameters have been chosen in 
such a way that neither a bound state nor a resonance appeared in the . . 
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decoupled second chan~el. The parameters used· 
paper a:re given in table 1. · · 

. In fig. 1 we illustrate the dependence of the ph~ 
· on the relative momenta k 1 · in the first channel wh1 
behveen the different channels- is switched off. ( 
convenience, we have defined'here the phase shift 
with ,the quantity :j"

11
.(k

1
) by the'equation · 

1 i 811 ( lt.l ) 
j" (k ) = -- e · sin o · ( k _ ) 

11 1 1T 11 1 

not as a continuous function of k 1 , but as those 
tinuity of + 11 at the PEBS. After switching on the int· 
the channels the PEBS becomes a resonan-ce. One 
also the . phase shift 8 11 ( k' 

1 
) (the real· part of 

threshold of the second channel) for. two different va 
for the case-of -m 22 = 1138.9 MeV. The resonanc1 
resonance ·width change according to the formula 

... In ·fig. 2 we illustrate the behaviour of the pha:: 
(the real part of 8 '11 r k 1 } above the. threshold of the 
i.e., above k 1 = 306.41 MeV /c) and· Re.[o 

22 
(k

1
} ]' 

of the momenta, 'corresponding to the PEBS ,in th1 
chanriel for the case of m 

22 
= 1038.9 MeV. For com 

also the· energy dependence of the eigenphase shif1 
for our case as I 2 II : · 

. 2io+ (le) 
e - • • 2 

S
11

.+.S22 1 -'(S _ S . } 2 + 4.S 12 
± 2 v 11 22 2 -· 

One can see that Re [ 822 ( k 1 }] • changes similarly 1 
there is a ''true'' bound state in another channel. I 1 71 . 
behaviour of. o 11 (k 1 J can be understood looking~ 
circle _h II* (see fig. 3) illustrating the dependence 
element s 11 (kl} of the s -matrix and remembering 1 
can be obtained from the following expression 
------------------------- -

* With the help of the resonance circles the re:;ona 
can be obtained with a simple graphical method 122·• 2; 

g· 
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decoupled second channel. The parameters used , throughout· this 
paper a:re given in table 1. 

. In fig. 1 we illustrate t~e dependence of the phase shift o 11 ( k 1 ) 

on the relative momenta k 1 in the first channel when the interaction 
behveen the different channels· }s swltched off (A 

1
; = o) • Fo·r · 

convenience, we have defined'here the phase shift o (k ) connected 
. with ,the quantity :c.f

11
(k 1 ) by the"equation 11 1 

1 i 0 11 ( "1 J • · . 
c.I (k)=--e sm.o (k} 

11 1 1T 11 1 
(28) 

·not as a continuous function of k 1 , but as those having a discon-
tinuity of + " at the PEBS. After switching on the interaction between 
the channels the PEBS becomes a ·resonance. One .can see in fig. 1. 
also the . phase shift 0 11 ( k' 1 ) (the real. part of 0 11 ( k 1) above the 
threshold of the second channel) for.two different values of· A 12 and 
for the case .of ·m 22 = 1138.9 MeV. The resonance energy and the 
resonance width change according to the formulas (19) and (20). 

~. . In ·fig. 2 we i!lustra te the behaviour of the phase shifts o 
11 

( k ) 
(the real part of o 11 ( k 1 ) above the threshold of the second cha!lne\, 
i.e., above k 

1 
= 306.41 MeV jc) and Re lo 

22 
(k_

1
) ]" in the vicinity 

of the momenta, ·corresponding to the PEBS. in the decoupled first 
channel for the case of m 

22 
= 1038.9 MeV. Fo.r comparison we sho:w 

also the· energy dependence of the eigenphase shift o+ (k) defined 
for our case as I 2 II : 

. 2i8± (lr.) 
e (29) 

One can see that Re [ 822 (k 1 )]. changes similarly to the case when 
there is a "true" bound state in another channel I 171 .- The "strange" 
behaviour of o 11 (k 1 ) can • be understood looking at the resonance 
circle h II * (see _fig. 3) illustrating the dependence of the diagonal 

.element S 11 (k 1
) of the S -matrix and remembering that Re [ o11 (k 1 )] 

can be obtained from the following expression · · 
------------------------- . * With the help of the resonance circles the re::;onance parameters 
can be obtained with a simple graphical method 122-.23/. . . 
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We have checked the·ftilfilment of the_many...:c 

theorem I 24- 26! and we have· found that the fall 
hold: 

... .. ~ . ' . 
• ~ r 

2 

~ [ 0.. (k .. = 0) 
i= 1 .. ···' 

0 .. . (k. = oo}];= 17.:, -. 
~! . . J. ~: . . .. ... 

. ~ ' [ 0 ( k ,; 0) ·_: ·i ( k :. ;,' oo) ;) = TT • 

i=+,-
. i 1 . i 1 . . . 

we· had really one bound state )n the coinp'o 
coupled channels. (Of course,· below the thresh 

:.channel we-have o22 ;;, 0 ,. o+ = o j 1 '·' o_ = 0 
Finally, we want .·to stress that our calculai 

\more that potentials like the Tabakin's _one-term f 
. cannot. be used :ior the: description of the p .-:: n iiit· 
fact that_ they contradic·t the experiments, accordi 
3 s phase we have : ·. . . . ·' . . . . ·. . ' . 

1 . . . 

o(k = 0)- 'o(k·: oo/ = 1T • •• 

and there ,is no resonance at the ene-rgy. where the 
above...:mEmtioned potentiaL "changes" its sign. M 
potentiais are more useful in describing another 
problems (s.ee refs. I 27· 2sl . ). · · . · 

The author is grateful to Prof. J.Levinge_~for 
on Tabakin's one-term potentiaf, to Pro{. W.Sand 
lyaev and V. F .Kharchenko for some useful discussi 
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'· We have checked the·'ftilfilment of th~:many-~hannei:Levinson~s 
theorem I 24- 26/ ·and we have· found that the following expressions· . . ,. 

hold: , 

2 

I. [ s ii ( k . = 0) 
i= 1 • t 

(3la) -~ · 8 .. (k. = oo)].= 17·, ·. 
~ J • J p ~. • 

\ . 

. I-'.[8; (k1,; 0) -:8i(k1:_;, oo.).] 

i=+ .- . 

11 • 

. We· had really .one bound state. in the composite.-system o(two 
· ·. coupled channels. (Of course, below the threshold ·of the f>ecorid 

. <.channel we have 8
22 

;;, o ,-8+ = 8 11 _, a_= 0 .)_. .: ..... 
_, ,_._. Finally, we want ·to stress that our calculations indicate once 

:\ri10re that potentials like the Tabakin's one-term separable potential 
. cannot be used :for uie. description of the p c- n interaction due to. th~ 
fact that. they contradic·t the experiments, according. to which for-. the ... , . 

3 s phase we have : . . . . . . : 
l . . 

8 r k = o J - ·a r k'~ oo J = 11 
'· 

and there -is no resonance at the energy where the pha.se- shift for the 
above:..rnentioned potential "changes" its sign. Maybe·; that s~milar . 
potentiais are more useful in describing another (non two-nudeol).} · 
problems (s.ee refs. I 27· 2a/ . ). · . . . . -~ . 

The author is grateful to Prof. J .Levinger for helpful discussion 
on Tabakin's one-term potential, to Prof. W.Sandhas, Drs: V.B.Be.:..,,, 
lyaev and V. F .Kharchenko for some useful discussions. ~ ·. · 
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Fig._~3. The resonance circle in the matrix element: 
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Fig. 3. The resonance circle in the matrix elements S 11 (k 1 ) • , At · 
~he trajectory we indicate some momentum values in units MeV ;c. 
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