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I. Introduction 

Recently, the effect of crystal field anisotropy on 

the Curie temperature· (Tc) of a Heisenberg ferromagnet 

has been extensively studied in the approximations both 

of the molecular-field theory (MFT) /l/ and of different 

Green-function decoupling schemes~2 ' 3 '4 ' 5 /. The discrepan

cy in the results, obtained in the MFA on the one hand 

and with the aid of Green~function technique on the other; 

is especially great in the evaluation of the sensitivity 

of Tc to the anisotropy parameter b .. In the case of large 

crystal field anisotropy with easy z-axis, the best Green 

ifunction theory prediction/Sf for the asymptotic value of 

Tc (D) as D ... oo . is the same as the MFT result, though it 

.- seems more likely in this case the Curie temperature to 

approach the Ising model one, than the too high MFT value 

(see/ 4/) • 

As, in the absence of exact results, the most accura

te estimations of Tc are available from the exact high 

temperature series expansion (HTSE) for zero-field suscep

tibility, it seems of interest to analyze t,he, problem by 

this method. 
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It should be noted, that HTSE method has been applied 

in recent 

neralized 

py term 

investigations of the critical behaviour of ge

Isingmodel, including a crystal-field an~sotro

of the form1 6 r 71: 

D z 2 
J{ =--l:(S. ). 

cf 52 i 1 (1) 

Although fewer terms of the zero~field susceptibili

ty series.have been derived, than for the_pure Ising 

model, the estimates of T
0

(D) are fairly confident. The 

sensitivity of the extrapolated Curie temperature to D 

was found to be very close to the MFT_one (see/7/>. 
In the present discission we retain the form (1) fo"r 

He£ but assume Heisenberg (anisotropic) exchange interac

tion, which, in contrast to the Ising one, does not com

mute with the so-chosen He£ operator. 

We restrict ourselves to derivation of HTSE for the 

longitudinal. component xf
1 

of the initial susceptibility 

tensor x 0 
1 ·and the case of positive D is considered 

rr 

only. In the case D < o , the other components of x,~ 

should be taken in consideration too (see/l/). 

II. HTSE for the .Zero-Field Susceptibility 

The Hamiltonian for the system is: 

J{ =J{ z +J{ ex +J{ cf • (2) 
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where 
ll z 

J{ =--Hl:S., 
z -.S i ' 

J{ 1 . [ z z 1 ( - + + -;] =-- l: I S .S. +- g S. S. +S. S • , 
ex ·sz . ii ij . ' 1 ' 2 . ' 1 -' 1 . 

and He£ is given by (1). 

The exchange interaction 1 ii we assume 

to the nearest neighbours. In the sum.~ 1 i-
•t 

over all ~pin~·in th~ lattice. 

The-longitudinal component 

ceptibility is give~by: 

0 
XII of the 

kTS2 
1 

Tr{S:"S~ exp(-{31{ -{3 J{ -
1

)} 
· __ 0 = .J... }; • 1 ex c 

ll 2 ~~~ N. ii Trlexp(..:.f3J{ex_f3J{cl Jl 

1 where {3 =
kT 

As we place no restrictions-on the·rela 

of D and kT = L , the expansion for· x0ll 
f3 - -

in powers of {3H ex only. Since H cf a~d 

will 

Hex 

mute, the fol-lowing expression is used: 

exp(-f31{ex -f3Rcf )= 

_oo n 1 T n., 1 

=11 +n}; 
1
(;..{3) f dri ;., f drnJ{ejrn) ... J{ex(r 1 )exp(-{3 

= 0 0 

where 

J{ (r}= exn(-{3 J{ 
1 

r)J{ exp(f31{ 
1 

T f. ex . c. c ex c 
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I 
'· 

where 
Jl z 

J{z=--HIS., . s j I 

and H cf is given by (1) • 

The· exchange interaction 1 ij we assume restricted 

to the nearest neighbours. In the sum I I i· and j run 
ij 

over all spins in the lattice. 

The longitudinal component 

ceptibility is given by: 

0 xn of the initial sus-

(3) 

where (:3 = :1' 
As we place no restrictions on the relative magnitude 

of n and kT = ~ , the expansion for· x:rl 
in powers of (:3H ex only. Since H . and ... 

cf . 

will be carried out 

do not com-

mute, the fo~lowing expression is used: 

(4) 

where 

}{ex (r) = exp_{ -(:3 J{cf r )}{ex exp( (:3J<cf r )". 
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By substitution of (4) into (3) we obtain suscepti

bility expansion of the form: 

s2 0 00 {31 n 
--2)( =~a ({3D}{-2). 
f3p. II n=O n S 

(5) 

The first two terms in the series (5) coincide with 

the corresponding ones of the case of Ising exchange in

teraction/7/. We have calculated in addition a 2 ,a3 and a 4 
for all cubic lattices, general spin value and exchange 

anisotropy, described by parameter g • The explicit 

expressions for these terms are given in the Appendix. 

At D=O, we have checked our coefficients by comparing 

with those given by Dalton and Rimmer/S/ for the anisotro

pic ~eisenberg model. 

Our method of analysis of the susceptibility functio

nal series (5) and the estimation of the Curie point has 

been discussed in/7/, which paper we refer to for detaiis. 

We remind here, that d ~.Alambert cri:terion is used for 

estimation of the singularity point of the series (5), 

and the successive approximations to the Curie temperature 

(T~1 ) are calculated from the equati~n: 

an ( D / k 1' }n) ) k T (n) 

·= __ c 

J (6) 
S 2 a ( D /k 1' TnJ ) 

n-1 c 

For n=l equation (6) yields the MFT result, i.e. 
T(l)=~A (see/4,5/). 

c c 
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III~ Res~its and Discussion 

Here results for T (D) are given in the - c -
isotropic exchange interaction ( g =1) • 

Evidently, the number of terms at our d: 

insuffic1ent for decisive conclusions to be c 

cially about the critical exponent v • Nevel 

far as Tc(D) is concerned, we think that our . 
provide some useful quant1tative 1nformation 

effect of the crystal-field term (1) on the c 

rature. 

The accuracy of extrapolation is illustJ 
, k1'r 

Table I, where our est1mates of o -- at 
,. :!~./ RW 

compared with the corresponding f1gures Or 
. /9/ 

th~ formula given by Rushbrooke a~d Wood < 

mation to the Curie point of pure Heisenbeig 

s l 

3 S=2 

Table l 

fcc 

e (o) 
c I 0.501 

- Rlv e 0.501 
c 

e (o) 0.434 
c 

8
RW I · o.427 
c 

7 

bee . I sc 

0.480 I o. 

0.478 o. 

0.419 o, 

I o. 408 I o. 



~e obtain suscepti-

(5) 

(5) coincide with 
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iition a 2 ,a3 and a 4 
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The explicit 

in the Appendix. 

cients by comparing 

I ~or the anisotro-

eptibility functio

e.Curie point has 
r 

fer to for details. 

on is used for 

the series (5) , 

e Curie temperature 

(6) 

T 'result, i.e. 

I .. 

I 

III. Results and Discussion 

Here results for Tc(D) are giveri in the case of 

isotrop~c exchange interaction ( g =1) • 

Evidently, the number of terms at our disposal is 

insuffic~ent for decisive conclusions to be drawn,- espe

cially about the critical exponent v • Nevertheless, as 

far as Tc(D) is concerned, we think that our estimates can 
' provide some useful quant~tative ~nformation about the 

effect of the crystal-field term (l) on the Curie tempe

rature. 

The accuracy of extrapolation is illustrat~d by 
k Tc 

Table I, where our estimates of o c 
at /J, .1 - o are 

:!~J 
compared with the corresponding f~gures o:<w obtained from 

the formula given by Rushbrooke a~d Wood;g; as an approxi~ 
mation to the Curie point of pure Heisenberg ferromagnet. 

Table 1 

fcc bee sc 

e (o) o. 5<n 0.480 0.421 
s l 

c 
= 

El'" 0.501 0.478 0.456 
c 

1 
e (o) 0.434 0.419 0.375 

s c = 2 
9

RW 0.427 0.408 0.388 
c 
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The situation for Dl1·>0 can be visualized on Fig.l 1 

where our successive approximations 8 !nJ are plotted 

against lin for a few DIJ and three cubic lattices (S=3/2) • 

The extrapolated values 8 ~x are shown on the kT axis. 
c ' c 

Since the convergence of the series does not change 

strongly 1 we may expect for D If •> 0 

racy than. at Dl1 =0. 

not much worse accu-

Further we concentrate our attention on the f.c.c . 

. lattices, for which convergence is most rapid. 

In Table 2 the values of 8 J D 1 J ) and the extrapolated 

values ee;(D If) are given for S=l, 3/2 1 f. c. c. lattice 

and several D If 

Fig.2 contains plots of e!~ · in the·cases of Heisen

berg (solid--line) and Ising (broken line) exchange inte

raction for S=l and some values of the ratio DIJ. 

In Fig.3 the estimated Curie temperature.as a fun.:.. 

ction of DO is plotted (H) in comparison with the gene

ralized Ising model (I) and the mdlecular-field approxima-. 

·tion (MFA) results (S=3/2) . 

There is on~ notable feature apparent on Figs.2 and 

3, namely 1 . the asymptoti·c (D II .... oo J coincidence of the 

Ising and Heisenberg model 

S=l/2 Ising model one/lO/. 
Curie temperature with the 

Indeed, for Dl I·>> 1 1 only th~ · 

doublet with Sz= ± S is expected to be appreciably popu

'lated at T- Tc and effectively we have a spin l/2 Ising 

system. This statement can readily be proved by taking the 

limit in the coefficients a (DikT) , given in the 
n 

D-+oo 

Appendix. 
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The sensitivity of the Curie tempera1 

ratio D /] is illustrated in F!ig. 4 I where thl 

the generalized Ising model (I) and the MFA 

plotted too.· 

In Fig.5 the curve TJDI!JITJO) .obtaine< 

series (f) is compared with the results of 

Gree~-function decoupling schemes 1 all giveJ 

lattice and S=l. The other curves represent 

(a) Narath's result/2/; (b).Anderson and ca: 

sult/3/; (c) Lines's result/4/; (d) Devlin': 

(e) MFT result. 

It is evident that our curve, although 

stronger dependence of Tc (DIJ) on D/1 than 

is in sha~p contrast with the results of th' 

on decoupling schemes. This is not too surp: 

the only one of the latter, predicting fini· 

T (DIJ) as· DIJ ..... oo 1 namely Devlin's result (l c . 

atD ll=oo , i.e. the MFT result (see Fig.3). 
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proved.by .taking the 

rJ , given in the 

The sensitivity of the Curie temperature to ·the 

ratio D/1 is illustrated in P.ig.4, where the curves for 

the generalized Ising model (I) and the MFA result are 

plotted too.· 

In Fig.S the curve TJD!])!TJO) obtained from our 

series (f) is compared with the results of different 

Green-function decoupling schemes, all given for b.c.c. 

lattice and S=l. The other curves represent respectively: 

(a) Narath's re~ult/2 /; (b) .Anderson and Callen's re

sult/3/; (c) Lines's result/4/; (d} Devlin's result/51; 
(e) MFT result. 

It is evident that our curve, although showing 

stronger dependence of Tc (D If) on D/1 than the MFT one., 

is in sharp contrast with the results of the Green-functi

on decoupling schemes. This is not too surprising since 

the only one of the latter, predicting finite value for 

Tc(D/1) as· D/1 ... oo 1 namely Devlin's result (d) 1 gives ec=l 

atD ll=oo 1 i.e. the HFT result (see Fig.3). 
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Appendix 

Expressions for the susceptibility coefficients a.J\ {j3:Z 
I XY 

d.n Cf3::U) =a..., -+an · 

r . 
a~_correspond to the case of Ising exchange interaction 

· XY 
completeness they are reproduced 1. too), and a.h to. the 

model. 

! XY-
Glo · ~ WI 2. · Clo = 0 

I 2 ~y 
a.~ .. 2 ~ 111 2. a.:.. ::: 0 

r 1• z 3 t 4 · ·-""~ ) ·} Glz.='1i! #t1z. 1--(3-'---;: 
lz · m1 

o..~Y-=Z'i.21[-1-t1i Vz(O,O) t V2 (z,oJ -+. V2 (1,1J] 

. a.t .,.g~JWI4 r1-..!..-(3-~)+_i_ (~-~)llfs~~J-) 
. 3 . Z.l -~ Wlz. 2.~2. wti 3 »tz. 

~Y-=H ~2m_z 12. [- ~2Vzf4oJ + Vz (Z,o)+ V2 (1,1JJ -t · 

_.. 4 r~ zl~; vz co,o) ~ 2 ~2V2. cz, oJ -3 »~ 2 V~(1,1J ~V2. ( 
-t Wt 2 V3 l o,oJ- 2 ~ 2 V3 (1,o)- V3 (2.o)- V3 (1,1)+ V3 (1,o)-+ \1 

4-2rXf3[-3m4~Co,o,oJ +T3 ({2.,o;oJ) +2.T3 (f~,-t,oj 

I . 1. S{· 3 ( . •"t4- 4 [ 3S m'f 1 111~ o..4 =- i6P»tz 1-- .3--~J+;:-2 24--2 --z+ 3 -, 
. - . 2 ~ . #t'lz. - ., 2!: . . ~z. »12 

( M+ )] I l ..,.,"' )r. mz, 4 1'17~ ·,_ (3-· -'tx s- z. -t -3 3-~ cG+S-z..-3-. .3 +'tX' I 
Wlz. gr_ Wl.z. . t"t.z. n-lz. 

)CY' . 2. . t 1 a.lt -=Z.4 t11z 'f.3t;2 - m 2 V2 £o,o J + V2(2,o) + V2 (1,1} + 

+2'i 29z.. f (lg WI~ -'t rnlf ~-z..J V2.(o,oj-36m~ Vz (1,1)_-
.. · ' 

~(38m: -:Zm't) Vz.lZ,o)+ 2111z.[V:z. (lf,o} +SVz. l4Z) +' 6 V2 (1 

+.8 m~ V 3 (O,o) +4 (»-t~ -J.-Yilt} ~.3 Uc())- 8 1-1-12.[V3 (~,1) + V~ 

+ -4 111
1 
tv~ ~2,1) +V3 (3,o)] -- (2o tvtf- 4 wr~t )V;, (qo}+8t-tt~' 

. . . . II - . , 
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Appendix 

Expressions for the susceptibility coefficients a.1l (j3Z>) 
I XY 

O..n l(3:iJ) = a..n +a v. 

a~_correspond to the case of Ising exchange interaction / 7 / (for 
xr · 

completeness they are reproduced 1. too), and a.h to. the case of -X y· 

model. 

I. XY-
cto.:: Wl2. a..o = 0 

I ~ ~y 
a.~ "" 2 ~ m 1 a..~ = o 

r 1• z J [ 4 · --""'+ ) ·]·· 
O..z.=-'1~ lttz. 1--(3---"?: 

. -lf . th:r. 

o..~r-=Zr.21l-""i Vz(o,o) + V2 (z,oJ -t V2 (1,1J] · 

. _ o.~ 2g~3 tn~ { i-! (3- ~}+ .i_l(:!>- ~}l! (3-~)- X J] 
_ . _ z. 2.~ mz mz. . 

-n 2 z r 
0..3 -=.g ~ lfl_z' c WtzV2(0o J + Vz (Z,D} + v2. ( 1,1Jj -t 

4- 4 t~ z Lm; Vz. (o,o)- 2141,.Vz (2, 0) -3 "Wtz v.,_ ( 1,1) -+ v2. (311) ~Vz (2,2)+ 

+ Wt2 V3 l o,o)- 2 ~ 2 V3 (1,o)- V3 (2,o)- V3 (1,1) -t V3 (~,o; rt V3 (2,1) J + 

-1- 2r x ~3[-3m;T~lo,o, o) -+ T3 ({ 2.,o,-oJ) + 2lj [{ ~,1,0 j) J 
. . 2. 

I 1• s {.. 3 ( •"'" } / [ 3S rnv i 111" l »to · ·- o..4 -=-16e-rm 2 1-- .3--z. -1- 1~1 24-y ---z-4 3--,. +z:- .... a-:-
-- _ 2~ h1z _ .,?: wtz. m~ ... 2 

-'tx (s- wt! )] -t ..i...
3
l3- ""'i )[-6+5 rni- 3

1 WI~ +·4x(3-~)- 't }J] 
1"1z g'l: I'Yiz. Mz. wtz. :r. 

a.zr-= 2.4 ~tt; ~3~ z t- wt 2.V2 to,o J + Vz<z,oJ + v-z. [1, 1 J 1 + 

+ 2 ~ 19z. f ( zg w. ~-4 rnt, Wt.,_} V2. co,o )-36 WI~ Vz c 1,1)-

. :.., (38m: -;ZH-1't) Vz. (2,0) + 21-Jiz. t V2. (lt,o} -f-S Vz. (l,Z) -t 6 V.z £1,.3)] +. 

+.& mi' V 3 (o, o) +4 (J-,.,~ -J-1.1~,o J V3 C1to)- 8 11-12[ V3 (~,1) + v!. ( :z,o)] + 

+ 4 m1 l V~ ~2,1) + V3 (3,o)] -(2o 11-1f- 41-t1~t }VIt tq,o)_ ~8Wt1 [~C.f,t)+Vt, l'~oJj+ . 
. II , . 



1 

~ 
! ~ 

-t {~· [ 4 Vz.( C'. 0} ( ~\12. t'2.L o,o) - V2. ( 2, 0)- \12 (1, 1 J) - 3 ~1-12 G ( o, o,o)-+ . 

+G({Z,v,olJ+Z6({1,1,0J)]} + 

+ 8 V"tz.l ?.X 9 3 L- 3 ~11\lT.l(o,qo) +~3 ([2, c,c}) + 2J3 (~ 1,1, ol) J + 

+ 2 ~ ~ 2 1 (-12JM1 + 2 t114»-~Z) Vz.LAO)+ 'rz~ m~- 2 l"'lit} vl {2,0) + 

+ IZ ~Hi V2 l·1,1} - bltl2 [ V2 l4, Oj ·t- b V2 ( 2,2) + G Vz. ( 3; tJ] + 

+ 2 L Vz.l3, 3}-+ vl. ( l;, 1) 1 -l; ""'~ ~~, i a, en- [n t11~ -4 wtz,) ~ ( tJ,o) + 1412. L 8 ~ iz,o)+ 

-+ 12 v3 c-1,1) 1- 4 •11 ~ fY..1 i :s, o J + :; V3 (2, 1 J]-1; [1-J ( z, 11 + VJ 1 -s, 1) +4 L V:d?, 1Jr 

-t V.d~. 2) J + (2 0 WI~ -l; Wltr- 4- 1-H 2.) v4 cqo) -f 16 ~11:z.llt, {1,17)-1& ;VfJ. '4 (~oj-

-8 [V:, (3,o)''t' t-~ (2,iJj-t Lt L\,~ (z,o)+ V4 (1,1J + v4 tL;,oJ -v't (z,zJ] + 

.f ~.2 L l\12. { c,o) (- ~"'z v:?. (~~j ·t- v?. ( 2, 0) +V2( 1.1 )~ ·-1-111. H {OrO) t H l z.o) F 

+ Hl-1,1) ~ 3wt
2

G(o,o,o;-G(f2,o,oJ)-1G(f1,-1,ol)J1 + 
+ 4 t: Xi z. { 2. Wt~ ~i. (o, OJ -:-l9 h·t~ -H•tt,) Vz_ (1,1) -4 »~i v:l ( z, 0) + 

+ 2 H·iz.l v'!. (z, z 1 + vl£~,, J]- (101-t-t~ -2;.1.1¥) v3 (l{,oJ+2.t112.t~ts,o;-+ V3(2,1Jj+ 

.+( 10 ~\.1} -z~"'~, )V~ (c, o;- 4 ~'z. lV4 11, v)-+ ~~ C1,1Jj+ g [6 ~"~03 (oAo) -

- H ~l1z;; ( 11,1,0 s) - -tm 2 T.3 (f1,D;Ol) +-13 n 3, t,oJ) -+2 ~3 0 2,2,0 i) -t 

-+ &T3 ( p,1,11) + 6 i-ttz. ~ { o, o,o) ·-'6 '""z1i, ([ l,o]>o) - 2. T4 { [ Z;o,o 1)-

_-" T4 lt 1,1;o! fr 2 r4 ([3,0 ];D} + 2 L'T~ ll'z,1],o)-+ r4 ([1,ol,Z) J+fli, ([2,0};-1) l + 

-+2'l~~~ i-~~,..t 2 KlO,v,o,oj +Kl{2.oto,o!J +2K({-1,1,o,o1J}, _ .. 

where: 

X 

y 

z 

M = ~s"'/ 1'\ . t c 

s. c. 

0 

4 

6 

12 

b. c. c. 

0 

12 
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f.c.c. 
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\'/e denote: jc:{t-1Jcl'tz. ... Jdt-1'\ F ('t·,_-'t1} .... I 'l'.,-'t,) = T't F 
0 0 0. . 

then: 

vVl (lc, e)-:=. I"'<s+l'r:t) s-srK>o<s-rr-z.J s-t-s} >.. ( 1<1. ~ 
T3;lt (I<, e,'J+= I:!.,ft (s+ ('t3.i'J5-s! >o <s-('lJ,,-Z"2J s+s}~<~ 

>\ 

H{K,eJ = 14 {<s+cr4Js+t~)S~{rz.Js-s~>o<s-~,s-a·3}y1 

+ <.s+ct4 JS -c~J s·t-l'tz.Js-5~ >c<s- rt~Js+C£"3 j s
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fall different , } 
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o,o}J+2~ CH,1,0l)] + 
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j (Z,?.i +It) I ~. 1) ·t4 L V3(~ 1) t 
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0 0 0. . . 

then: 
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F ( f ~e., ... I(~ 1) E z F (k,, ... I<.,_) 

[ .all different , ] . 
orders of kl•••••kn 

T(['<,eJ,t) ~ Tc~,e.q,.J.-rce,"~'rJ 
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