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IntToduction~ 

Calculation of elastic constants can be made by 

two methods: the methods of homogeneous deformation 

[1] and the method of long waves [2] . Using 

these methods elastic constants for dielectric crystals 

were calculated in the harmonic approximation and the 

results obtained from both methods were consistent [1] • 

Gotze [3] and Ggtze and Michel r4) extended both 

these methods and calculated elastic constants for 

arbitrary dielectric crystal lattices by taking into 

account the entire anharmonicity of the crystal. 

Although results of [3] and ~] are exact 

of importance is the application of an approximate method 

which enables us to make numerical computations for 

strong anharmonic crystals saving at the same time 

the main exact relations such as elastic sum rules 

[3] [4) . For quantum crystals or strongly an-

harmonic crystals of rare gases the role of such an 

approximate method plays the method of average phonon 

fields (pseudoharmonic approximation) [5] 

For primitive lattices of rare gases Klein et al. 

[6] calculated self-consistent isothermal elastic 

constants by expansion of the pseudoharmonio free 

energy of the crystal into a power series in deformation 
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<;,i.<'l, 

parameters u«p and made also some numericlal .. 
" 

computations. 

In the present paper results of Klein et a1. [6] are 

extended to the ncnprimitive nonionic crystal lattices. 

Derivation of elastic constants [6] is modified in 

such a way that it is possible to compare the obtained 

results with those from the method of long waves. This 

comparison shows that for the results to be consistent 

it is necessary to take into aooount the vertex corrections 

(5,7] • The obtained relation between the second derivati­

ve of a free energy and the mass operator of the displace­

ment Green function makes it possible to eliminate the 

surface effects and thererore, to extend the method of a 

homogeneous deformation to a pseudoharmonio approximation. 

Comparison of the result of both methods leads to an 

exact relation - the sum rule which is a particular case 

of the general elastic sum rule [.3,4 18,9] 

The most convenient method for our purposes is that of 

two-time Green function , [ 7 ,lo,ll J • This method enables 

us to ,calculate from the same point of view both the 

free energy and self-energy of displacement Green fUnction. 

In Sect.2. we shall give definitions and some results 

of [7,lo,ll] necess~y for our purposes. Section J will be 

devoted to the method of a homogeneous deformation and to 

the study of a symmetry properties of elastic <coristants. 

In Seot.4 the method of long waves will be used and 
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the comparison will be made between the results obtaj 

from both methods. 

1. Notation and Definitions. 

We shall consider quantum crystals or crystals of 

rare gases at sufficiently high temperatures, where 1 

harmonic approximation does not work. Sizable fluct~ 

of the nuclei around their lattice sites are allowed 

by assuming their equilibrium positions rather than I 

themselves to be arranged in a regular array. Thus a1 

g1 ven temperature T (or 0 = k., T ) , we identify tl .... ... 
equilibrium value of position operator R ( e, 'X)= RL 

-+ ... .... 
with the lattice site Xe + Xx: XL of 1< -th nucJ 

in the ~- th unit cell. That is 
H 

~ -+ -+ {~ 
XL = Xt+X.x = Tr RL 

-e } --+ 
e = (R > 

Tr ex~>[-~] - L ' 

where the index L denotes the pair of indices L : { 
and 'X: 1, ... , ~ ; e = f, ... , N • We calculate the aver~ 

value (1.1) with Hamiltonian 

presence of external surface 
p~ ~ 

H = [ 2M + UL. RL ... ) -
L K 

of equil.!,!>rium 

forces F1.< 
-+ -+ 

[_ FL IJL 
L 

crystal l 

--+ 

FL = 0 for all the L in the interl 
of the crystal. ( 

I -< 

Expanding the potential energy of the crystal uL .. . R 
-t .... < 

u = R-L. i.. into a series in the thermal displacements 

leads the Hamiltonian (1.2) to the foYm [n] 
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. be .used and 

the comparison will be made between the results obtained 

from both methods. 

1. Notation and Definitions. 

We shall consider quantum crystals or crystals of 

rare gases at sufficiently high temperatures, where the 

harmonic approximation does not work. Sizable fluctuation 

of the nuclei around their lattice sites are allowed for 

by assuming their equilibrium positions rather than nuclei 

themselves to be arranged in a regular array. Thus at 

given temperature T (or ® = k, T ) , we .1dentify ~he 

R ( e,-Y<) = RL equilibrium value of position operator 
~ _. -

with the lattice site Xe +X 'X: XL of ~ -th nucleus 

in the l- th unit cell. That is 
H 

... 
{ ~L 

- ® } -~ 

~ ~ = ( RL >' XL= Xe+Xx = Tr Tre ex,>[-£ J (1.1) 

where the illdex L denotes the pair of indices L :: { f, ?C) 

and -x:1, ... ,~ i e:: 1, ... , N 

value (1.1) with Hamiltonian 

• We calculate the average 

presence of external surface 
p1. 

H = [ _..:. + UL. R, ... ) -
2MK 

L 

of equil_!.brium 

forces F1. ..... r. FL (JL 

L 

crystal in the 

(1.2) 

for all the L in the interior 
of the crystal. (l.J) 

. I _. ) 

Expanding the potential energy of the crystal uL .. R ..... 
~ - ... 

into a series in the thermal displacements u~. = R .. - X:... 

leads the Hamiltonian (1.2) to the fo~m [11] 
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H (ll) = H
0 

+ 1-11 (1) , 

where 

2. 

) PL -1 [ 0 

H = L 2M + 2 4> 12 U1 u.l 
0 

L " 1,Z 

. ..0 /\11 
HI (:l) = [ hT r <Pf ... n ut···u~ 

11=1 i ...... 

I ~ u1 , 

/.1. 0 

""[ [ <P1z u,ut ' 
1,'2. 

where 1 = (o<, ?< 1 e); o< = ll',o;,-z ; Ho is a trial 

(1.4) 

(l.4a) 

(1.4b) 

harmonic Hamiltonian, and its matr~ of force constants 

~
0~ . , wi11 be defined further. T.he trial phonon 

LL 
frequencies wkj and vectors of polarization 

€"'. ( k.J j X ) are determined from the eigenvalue, 

equation 
...... -+ 

z .. '"* 1 [ o<l(~ _;k{Xe-Xe.) 
WI. e (~;X): [ e{3(kj;l1.)VMMMM' cp ef' € (1.5) 

KJ o( ~~)(' f' .... 
where k is the quasimomentum vector, J - the 

index of branch and polarization j = 1,... 1 .3~ 

The Hamiltonian contains all vertices of anharmonic 

interaction 

= C{•···"'· - ve{· g"" _. 
cj> -1 ••• n <j> L, ... Ln - L• --· L~ 1fo {... XL··· ) · 

As we need for our purposes the free energy in the 

lowest approximation we choose the matrix of force 
0 

constants ~i2 in pseudoharmonic approximation 
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(1.6) 

' l 
! 

ool'p o( p ,_ ~ "' p {1 :\ 
<f> , = 'V

5 
VS' U( ... X,_ ... )~ '15 '~s' exp TL(u,u2>'lt~JU ss .... 1,1 0 

where Va ( ... )(I. ••• ) is the potential energy of a 

statio lattice. 

With this trial Hamiltonian we obtain with , the 

ene of the methods- Choquards's methods [12] 

variational aethod [5] or method of two-time 

Green functions [11] , the free energy in 

pseudoharmonic approximation. 

F = U
0 
+ [ fn(2sh ;:)+{exp[ff<u,14z>V,~]-1}u- f1 ~ <u u ) 

kj 1,1 0 1.2 12 1 1 0 

Index 0 in <'u,u 2 ) denotes that we calculate the co 

l.ation function with Bamil.tonian Ho • Let us 

consider the retarded. Green functions of d1sp1aceme 

Crl .r. -ifll(t·t•) 

GLL'H·t').: «uiff); ui' {t'J}): .i@(t-t'><fui(t},Lli·lt'J]> :1,}:'1e {(qi,ui,; 

. e-: U/CM iut -U 
where (: .• ) :: Tr ( ... Tr [exp{- H/e)) ' u, (t) = e Uj e 
We sha11 calculate this function in higher approJd 

We put in HaBiil.tonian (1.4) ~:: 1 • In the 

equation of motion for ((ui (f-); Ui· (t'))) there appes 

higher order Green f'UDOt:Lons (<u4 (H. .. u11 {t); ui,(t')>) 
'-.._. 

Making the decoupling ef' this higher order Green f't 

as proposed in [1o] and keeping in the right-ha 

side of' the equatien «f •otion the first tera only 

we obtain 



Lt1 , 

1 is a trial 0 

(1.4) 

(1.4a) 

(1.4b) 

of force constants 

1r •. · The trial phonon 

polarization 

the eigenvalue: 

tctor, J - the 

1, ... ' 3-:~ 

of anharmonic 

XL~··). (1.6) 

energy in the 

.trix of force 

. pproximation 

oc(p o< p ,_ ~ o< p {1 J 
<I> " :: 'Vs ~ S' U( ... x~. ... ) ::: 'Is Vs, exr T [ <u,uz> ~ Vz u <1 • 7) 

ss - 1,2 0, 
where 1.,fo ( ... )(,_ ••• ) is the potential energy of a 

statio lattice. 

With this trial Hamiltonian we obtain with . the help of 

ene of the methods- Choquards's methods [12] 
variational method [5) or method of two-time 

Green functions [n] , the free energy in 

pseudoharmonio approximation. 

F = U
0 
+ [ fn(2sh ;:)+{exp[ff<u,14z>V,~]-1}u- fi ~ <u u ) (l.s) 

~j 1,1 ° f,2 f2 1 z. 0 

Index 0 in (u1 u2 ) denotes that we calculate the corre-

lation function with Hamiltonian Ho • Let us 
lrl 

consider the retarded. Green functiOns of displacements G .. , lt- t') . u 

Crl ~ -iut·t·l 
G .. U-t')~ (<ui{f). u,. {t'J)): -i®{t-t'>([ui(t},l.li·li'J]> =J1Ne {(t~;.ui,}) (1.9) 

LL' ' -w. W., 

e-: U/fM iUt -UW 
where (: .• > = Tr( ... Tr[exp(- H/e)) ' ui (t) = e U; e 
We shall calculate this function in higher approximation. 

We put in Huil tonian ( 1.4) ~ :: i . In the 

equatioa of motion for (tui (t)j Lli' W>» there appear 

higher order Green funotions ((u4 (tl... u,(t); u,,(t')>) • 

Making the decoupling of this higher order Green funotioas 

as proposed ia [1o] and keeping in the right-hand 

side of the equatiea of motion the first term only 

we obtaia 
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( 2 '""' ) (' 1 _,... . ~ ~ M.w6---<P·· ~u-.ui» :::. o,··, + -2 \ <j) (<u~u2 ;ui,J>. .• 
' I •J 'J :1' "' L L ~fZ ., .... J u 

(l.lo) 

~s connected w~th_) 

The funct~on ((iJ.IU2)V.j-))Y <(u,.P,;ue)) 
) 

<<P-1!-1·2. .. u,, )) 

W((·u.1ul;UL,))w ::: ~1(<P1uz.jUi·>>w + ~2. ((u4'2_)u.:-».., • 
(1..11) 

In order to calculate the Green function ((U1U2)u~))w 

we must consider the equat~on of motion for th~s two 

functions 

w (<P1 v.:a 1 Ui' »w = ~(<PfPz.;l.l(·>>~u- f[<1.4zU3,)
0

((u1,Uz';ui,))..., + 
1;2~3' 

(1.12) 

- i. L ¥12'~,(1.AzU2,)o ({u1,; Ui' >>w- i. L ~,.,<<t.~i,Ut'j u.:, )) 
1.',1' . 1' w. 

where we keep only the first three terms of the sum 

in the right-hand side of (l.l2)+, and use the condition~ 

of crystal equilibrium ~n pseudoharmonio approximation 

r-J ) ...... 

\f~ U ( ... 'l(L••· = <f'1 = ~. (l.lJ) 

Tlls condition is:ieasily- obtained :t.t:om the average of 
·~ 

the equation of motion for momentum operator PL. (t) • 

+This method of claoulation of Green function 
was proposed by N.M.Plakida 

~I 

I 
I 
' 

i i 
I 

In der~vat~en of (l.lo) and (1.12) we calculate all 

ccrrelat~on funotioDS, nth Hamll torlan H 0 • 

cp-t ... n 
~s the renormal~zed vertex - .. ) 

';t = \7, ..• t1n U ( ··· )( L. ••• • 
't'~ ... n (r) 

Equat~on for ((u1 ~ ; u)),., can be obtained frcnn (1.12) 

by ohangj.ng the ~nd~ces 1 +! 2. • 

Us~ng per~od~c boundary con.d~t~ons we go to the 
... -4 

expansion of UL and PL. i.n plane waves. The ] 

zatioD. vectors e (kj,?<) form an orthonoriaa.J. and COD 
~ -.lf 

set aJ:Ld we choose ~ (kj;x) = e (-kj;'x) • Differenti~ 

Eqs. for (u-f(t)~lth Ui.,(t'J))
1
'
1 

and «~tt)uz(tJj u.i, I 

onoe more with respect to t and exp&J:Lding 'UL 

in the plane waves we obtain a system of equat~ons 

which allows us to find (( AK1 A~~. ,; AQ ))w , where 

AQ = A_~ = aa+ a_+Q , Q=CiLj} , - Q=fi·J) • Putting 

expressionint~ equation for <<A'U, A;J·>f which oan be 

obtained from (l.lo) neglecting a polarization 

mixing ( j = }') we obtain 

tr.>z.- {w~+ 2wGI11Qlwl) 
((AQ,A~ »w::. 

2wQ 

The function ((AQ,A~ }),., is an analytic continuatioJ 

of retarded Green function into the complex plane o 

c..Q • The mass operator of Green function (( 

~(~) is equal to [4,7]. 

8 9 



(l.lo) 

(1 .. 11) 

;ion <( u1 "'t) u~ »w 
.on for this two 

(1.12) 

!rms of the sum 

:ul use the condition ::s 

)nic approximation 

(l.lJ) 

3m the average of 
~ 

operator Pl. (t) • 

n function 

In derivation of (l.lo) and (1.12) we calculate all 

correlation fullotiou, with Hamiltonian H o 

cp-l ... n 
is the renormalized vertex - - .. ) cp = ~ ... Vn U ( ... )(!.'" • 

~ ... n (r) 

Equation for ((u1 ~; u)>w can be obtained frlJ'III (1.12) 

by changing the indices 4 ~ 2. • 

Using periodic boundary conditions we go to the -. ~ 
expansion of Ul. and pl. i.n plane waves. The polari-

_. 
zation vectors e (kj,'l<) form an orthonormal and complete ... ..* 
set and we choose eoe (kj;x) = e Hyx) • Differentiating 

Eqa. for (l.C.,{t)~{f); Ui.,(t~)) 1 ' 1 
and <(~lt)uz(t)j u,,£t')))Crl 

once more With respect to t and expanding 'UL 1 fl 
in the plane waves we obtain a system of equations 

which allows us to find (( AK1 AI<,_ ) AQ )>w , where 

AQ= A_~ = aG+ a_+Q, Q=C'tj), -Q=tl_,J). Putting this 
;;p. A+ ,~•> .. . 

expression irlto equation for '' CU 1 ,J'I~ which can be · 

obtained from (l.lo) neglecting a polarization 

mixing ( J = }') we obtain 

(1.14) 
tuz.- lwa -r 2wQ 11Q Cw>) 

The function (OQ,A~'>)u is an analytic continuation 

of retarded Green function into the complex plane of 

U> • The mass operator of Green function «AQ; A~ '>>u, 

TrQ (w) is equal to [4,7] , 

9 



~~~):: r [ Vl·Q.~,1<1)[(1- Ccwfj F(~:,K;;w)~ (Q,·K~,-1(:) ~ (1.15) 
1<'4 K1 'G'K: l<'f,)(l;l(j'1J<{ 

where V (l<tr .. , I(" ) is the phonon vertex 
n ~ -I . -~~~~ ~ ... 

V(K l(}:: {2N) [ e.,}k'1;>f,) ... e ... (l<n,?<n) ik,)(L1 '~-... t iw.ln _, J 

4, ••• , ~ ( e - "1· .... ., 
«1,.,.,-t, 1-111, wt, ., .. M)f, w

11 
)"''t c)> L L (1.16) 

l
4

, ... ,L., " 1··· , 

F o ( k,,Kz; t.J ) 
is a phonon bubble 

I=" 
0 

( k,, l<lj tO) 
2 (wK,+ WK1 ){11K1+1liC1+1) - 2,(WK,-t0KJ(11K

1
- nl<t) 

= W2.- (WI<
1 
+ Wl<z )2. (J)z.- (wK

1
- WK

1
)2. ,(1.17) 

w", 1 
n(c.J") = ( e 15"' -1)-

• ' n J<f = 

[ C (eo) J 1<11<z.; 1<, k., = F
0

(1<1,1<z.;w)V:(-k1,-l<z>l<3, K,.) · 

In the calculation of the mass operator we take 

into account all two-phonon processes. As we shall see 

further this renormalization · of three phonon vertices 

is necessar,r to obtain a correspondence between results 

of thG method of homogeneous deformation and the method 

of long waves. The real part of the mass operator 

~ lw ~ i£) gives renormalized phonon frequency-

~~ (~) :: LV~ + 2wtil Re ~ (~~ iE), (1.18) 

and its imginary part gives the life-time of phonons. 
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2. Method of the Homogeneous Deformation. 
Symmetries of Elastic Constants. 

We shall discuss the case of f:Lnite st:reaaes~.in 

the initi~ equilibrium state, which are produced 1 

forces Fs applied to surface atoms. The homof 

elastic deformation of a cry-stal is caused by addii ... 
applied small surface forces ts . In this ca 

both the free energy and potential energy of a cryf 

depend also on a deformation U~P (pr1mUive '] 

and also on relative displacements of sublattices 

(nonprimitive lattices). 

To obtain total derivatives (space) we shall ass 

according to Choquard [12] 
the set ef correlation functions 

and Klein et al. 

( Llt LL j )
0 

to be 

intermediate variables describing fluctuational sta 

of a crystal and then we shall use the chain rule o 

differentiation. As:.:we are interested in crystals 

we assume that an influence of external forces lead 

to a change in coordinates of atoms but the fluctua 

state of the system does not change. This means tha 

((l'U ) 
der:1vative ax" T in (l.lJ) denotes the derivat 
. s '( '(' 

at constant T and < u
5 

tt!;, )
0 

qi; = (au c... ~L.-·) J _ 
oX' s· ., (uu> 

o( 

- F - .s 

Pseudoharmonic free energy (1.8) is stationary with 

"' oJ.'> respect to variation of ( l.ts u.S' l') • 

II 



art ex 

...... 
t ... tik.ln o(. ~ 

- , ... ~ (1.16) 
. cp ~··· L~ 

11<,-wl<~)(n~<,- "~'~) 
- (wK,- WKt)2. ,(1.17) 

r:-ator we take 

As we shall see 

phonon vertices 

s between results 

on:and the method 

ss operator 

phonon frequency 

E),. (1.18) 

time of phonons. 

2. Method of the Homogeneous Deformation. 
Symmetries of Elastic Constants. 

We shall discuss the case of finite streeaes;.in 

the initi~ equilibrium state, which are produced by 

forces Fs applied to ~urface atoms. The homogeneous 

elastic deformation of a crystal is caused by additional 
-+ 

applied small surface forces -fs • In this case 

both the free energy and potential energy of a crystal 

depend also on a deformation U acp (primitive lattices) ... 
and also on relative displacements of sublattioes ux 

(nonpr1mitive lattices). 

To .obtain total derivatives (space) we shall assume 

according to Choquard 

the set •f correlation functions 

and Klein et al. [ 6] 
< lli. U'j \ to be 

intermediate variables describing fluctuational state 

of a crystal and then we shall use the chain rule of 

differentiation. As;•«<e are interested in crystals 

we assume that an influence of external forces leads 

to a change in coordinates of atoms but the fluctuational 

state of the system does not change. This means that !~e 

(-a'U) derivative 3; .. T in (l.lJ) denotes the derivative 

a.'t constant T s and ( u ~ ~!,\ 

-qi o( = ( 0 u (... -;L.··) ) 
s ox;. s (uu) 

Fe< = .s 

Pseudoharmonic free energy (1.8) is stationary with 

< ~ «'> respect to variation of . Lts US' 1! • 

II 

(l.l.3a) 



Following Choquard ~2) and Klein et al. [6] we 

obtain the second derivative of free energy with 

respect to spacelike varibles (i.e. it does not d~pend 

on temperature) t; ~ Ez in terms of isofluctional 

derivatives only 
d tp ,..;,... {?i'F) (.o<J) -(;.lt•~) """'' [ -- ]('f''~f' t~t llt = aqe t- )_ ilf ·~· L;,:~.- { 1" Cr' Li.' ~''"'" 

~ : r "1 t ~ • 
r,<..-•> : -~~ T;Yif) 

( 
- }'lA') 

~ f 1 (w<.) • (2.1) 

where . 
. v.; rr· .: /~)I :!..lk,xh:•(k,-,de"(l<x1) ep,(k,'X;) ;i.(Xs . .v.s.l•ik(ic"dF'~k)( 2• 2) 
Lw~~· ~2N I< tM>tN;~t·MI1, Ml1;)'h e 2w1.' 

fr/,..,./ 
~ ") (1-C' RR·'•'1M' 

::: {. S S ' . 5 S . -) -pp',.n" AII'JAP' ).. 
f!J '?JJ' ~M R'M' L.<P RR'U.' LLL'MM'..!' 

1,~ 
L,t: 

(2.J) 

IS 

F tk) is hydrodynamic (isothermal) limit of F 0 ( K,.._) 

F
is. ) .1. u. Fo . , ) ()(Zn~t+f) (1tZn) ll< = V~~ um (k+'l..

1
j;·k,J;W = _____ tc (2.4) 

i 11 ~ 0 w -l J . 0 WI<. Wk 

The applied procedure of evaluation of derivatives 

of the free energy is similar to the differentiation 

of quasiharruonic free energy where Wk) are function 

of the volume. After differentiation of quasiharmonic 

free energy with respect to volume the terms with 
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three-phonons and four-phonon vertices appear (see f 

example [1] ). 
i 

In the theory of elasticity £ .1 

as homogeneous strain parameter u«P 

and relative displacement parameter . £ 
We expand free energy density v 

are considered 

( .L = L xP ~ 
au,.~ iJ lJ (l. 

-< ( 'i> a 
"'x 3"U-< -= E "x: 

"u.CI 
in the strain 

parameters 'U 
«(3 

and relative displacement paramet 

F" F . )I 1 ~ " . i [ o\/1((1 " p ) A)l /1( 

V =--; + L 5cor·pLt<>tp + iL..~Av.S Uapulll- i. C_,",U"LI"' -L_C..c,rsll/lfi 
o!oJ3 «['.(& r'D .. p oo.IJ~ 

?I"Jc! ')(. 

The first derivatives of the density of free energJ 

.f (oF ) 
Sc<{! ::. V ou«P ·r u«~ = u~ = 0 

are the stresses in the initial state. The coefficiE 

in terms of second order in (2.5) are defined as 

S - 1 lolF ) ~ \ ·~{......... ~ I>(~ l s . 
c((l,¥6:: v ouo{~{)!.166 T = v L Xu ~:~ t Mil !.tV J X v. 

v,v ~ 

"-o(~ ~,( =-i(a2F \ __ 1,.{---~e, .. 'Mis~.} 
(it'll'= (~'x - V OU~ dU~,JT- V f:u- cp uv zou- ' 

..., ')(. _ 1 (o 1

F -J 1 [_{"""'t ...... j'-<t J xo_ --- --- x -+M-x Coe,tll-v"~-<oi.l•- v 4v v v .. 
ollx X" T u.,V '!1. u 
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al. [&] we 

nergy with 

does not d~:pend 

f isofluctional 

(Xs·Jiy) til<( x'L·Xd Fi~'-)(2. 2) 

2u;~, 

(2.J) 

F o(K,····) L) limit of -

f derivatives 

differentiation 

)~ are function 

of quasiharmonic 

:e terms.with 
·.-

. 

I 
., 

• 

three-phonons and four-phonon vertices appear (see for 

example [1] ). 
In the theory of elasticity cij 

as homogeneous strain parameter 'Uocp 

and relative displacement parameter 
£ 

are considered . 

( .!.. - LX~ l. ) 
()u,.r - iJ IJ ax: 
o((d C)) 

u x 3"U< = r -ax~ • " .... .. 
in the strain We expand free energy density 

'( 

and relative displacement parameters 'Li.x 
v 

parameters 

The first derivatives of the density of free energy 

are the stresses inthe initial state. The coefficients 

in terms of second order in (2.5) are defined as 

(2. 7a) . 

13 



~M.>"1 
uv 

-M ·•"X 
Uti 

Matrices 

is equal. to 

\ ~"'IIJ' "YII'ff' [( (isy~J 5'(f'j' _, '(}'f' 

= L o/ ":W L SS' RR' 
1- R>.' Mto.V <f> v I"'M' 

(2.8) 

Vtl"j'f'}'p• 
Si'RR'I'IM' 

.• 1\ olf 
.s"'~·t5 ) c >1'11' 

,, )( 

c .. , ~f, are generalizations 

af L~rmonic matrices of Leibfried and Ludwig [ 1 J 
. ,, 01!~ 

In Sect.J we shall show that M vv is a function of 
~ ·-x .... - XU" • This allows us to eliminate surface effects 

as it was done by Leibfried and Ludwig [1] • In such an 

elimination we use the condition of translation invariance 

of the potential energy (see Ludwig [1] ) 

y- ."; ""r .. . 
L q ~R .. . .: 0. (2.9a) 
s 

In the third term of (2.5) elimination of surface effects 

is not possible, but in physically interestiTJ,g-formulas 

occur only combination t lSc(f\,tC: + ~E.a-~)which 
permits such an elimination. 

The free energy density still depends on relative 
o( 

displacements ~x • This can be eliminated by 

us~g the equilibrium condition after the small forces 

f s have been applied 

- o(. f o( - ( 0 u ( . ..XL. .. ) \ 
1- s .... s - ~ '( J 

~. ~ uXs T,<u~<> 
Expanding U { ... XL ... ) in ll..:p. and l.t~ 

(2.lo) 

and taking into 

account the equilibrium condition (l.lJa) we obtain the 

14 

·~,1 
,lj 
. -~~ 

''\ 

i 
•' 

'~ • 'J;., ..... 
I 
jl 
t~ 

... '.~·) I . 

equation which gives the relation between these two 

p;~.rameters 

/\ o(~ p . ) ~ ~ 

[ c?IX' u')(, =.- L l ot,(C 11~£ 
f:>,x' o•& 

"' Here we have neglected I .s as it is sufficient t~ 

(2.11) in the interior of the crystal. Matrices C 
-"'].{ 

( ~.(S have the same 

by Liebfried and Ludwig 

properties as harmonic one 

[1) . Equation (2.11) d 

from equation of Leibfried and Ludwig by definition 

"'" ){ (/IX' l (c<,~C only, so we give here only 

final results 

o( ) R<(" A 11, 

'Ux = - L xx, C. f'·J?. uy,_ 
,u .P~ x, 

(in indices where the R is symmetric 

right-hand side reciprocal to 
A c 

A "'f! rts -L ( X111 J(,X' -

~ (' 

ool.f o)(,x' 

' 

.. ~ and } 

matrix 

P,.,x, 
Now we insert (2.12) into the righ-hand side of (2.! 

and finally we obtain 

~ = F., + L Lf u 0(~ 
v v "'~ 

~-+~s .. u .... 
'-L "'~·l" o~r-D.:.'j "r-ss . 

where S'q~,~G is the second order elastic 

constant equal to 

{

" 1 )\ } 5 <: = S t · c >< R :>. 9 C }I~ O(~·t" "'fl·!C I ~ <~ xn, r f[ • 
. )'(tiff I 

~.f '-~ • 

15 



(fi'' ,;., 't )'jl' 
~, MlooV c:p V i~M' (2.8) 

are generalizations 

Ludwig [1] 
is a function of 

1ate surface effects 

~ f1] • In such an 

~anslation invariance 

(2.9a) 

1 of surface effects 

teresti~g,formulas 

r~)which 

1ds on relative 

eliminated by 

the small forces 

(2.lo) 
II(>' • 

~~- and taking into 

LJa) we obtain the 

equation which gives the relation between these two 

p;1. ramet ers 

A 0/.~ p ') ~ ~ 
[ C 1i>~' u'){, = - L l 01, 0s u rE · (2.11) 
(),x' 0,£ 

0( 

Here we have neglected { s as it is sufficient to solve 
II ot(l 

(2.11) in the interior of the crystal. Matrices C xw 
A~ 

C ~.(S have the same properties as harmonic ones defined 

by Liebfried and Ludwig ["1) • Equation (2.11) differs 

from equation of Leibfried and Ludwig by definition of 
o(~ ){ 

Cxx', C o<,dl> only, so we give here only 

final results 

where the R is symmetric (in indices 

right-hand side reciprocal to 

-~ «f rt& -L ( xn" ~.w -
£'>.~1 

A c 

' 

matrix 

Now we insert (2.12) into the righ-hand side of (2.5) 

and finally we obtain 

+ L. ~-olr- u"'0 
od~ 

where S'""~'~o- is the second order elastic 

constant equal to 

15 

(2.12) 

(2.1J) 

(2.14) 
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i 

Let us consider the symmetry properties of S~f!.~S 
As the 1111tr:tx R is symmetric ~~.(S .is symmetric 

too :tn the pair ox indioes 

~ - S (2.l!:la) 
o<p.~£ - 15, o<~ 

We derive symmetry properties of .S~, 1 ~ connected with 

changes of r>i ~ r , ~ +? 0 with the help 

of the conditions of rotational invarianoe of the potential 

energy [ 1] 

[~:X~ =- L ~~X~ (2.16a) 
u u 

-..:'X 13 -.~. "\ -~i\ c( -~ L q> I"'N XM ~ tp N 8~~~ =- L tp MN XM + cp N 0 o<.?. 
M M ' 

(2.16b) 

) -~S.c. X~ + ""o(& t..-~~~., S _ \ ~Ka~ P( -~s + ~15r (2.16o) -t- 4> ss'il v 4>.s;~- 51~ lj>.s:s' 11s- fJif.wv Xv + ~ss·~r 4>ss,S5ot• 

Following Liebfried and Ludwig it is possible to show 

that a part of s"'~·~s 

"t1l = -1.' xfJ ;;:;-c{r x & 
S o<~ ~& - v L u 't' vv v 

I U
1
V 

has the symmetry properties of Born and Huang 

~ ) A 
-'~ + s s = sc4

' +- s 6 Se~.~, 6s ot.p ~& o(f!,bl( ~s "'o , 

16 

(2.17a) 

1 (~I 

5 •<-1 ,; s + s o<.S SN = 
I '" 

..\ 

5(1) s ~ 
~ + . c 

~"'·6~ ~~ -"3'~ 

". (1) s ,. ~ s6~ s 1\ = 
"'i"• t~ . v "'•· 

"<•• <; 
f!"S~ ~ \ll J.,..3" 

It can be seen from invarianoe condition (2.16a) that 

stresses are symmetric 

s : ~ 
~r ,.~ 

The full elastic constants So<(!_.~ c have to fulfil 

Barn-Huang symmetry relations (2.17). Neglecting a su 

term from the invariance condition (2.16b) and stabil 

condition (l.l~a) we obtain for the interior of the 

crystal 
1\ )4. "' ')( 

Co~,~& :: c o(, b¥" 

This means that the second part of So~p, or does not 

under <>< ~f 

of S<>1~,~S 
with M is 

0~ 0 • Let us consider the last 
~ 

-the second part of S B ~~ connec 
~, 'av 

• As it can be seen from (2.16c) aft 

change o<:-E->~. ~ <:4 t four additional terms appea 
""-<4 of a type ~ ~s;· Sp~ • But these additional terms 

cancel each other. This can be proved with the.defini 

of frequencies ..J ~ (1. 5) and the definition 

M i~ ol.fl s uv • We have proved .that ... p. 3s has 

a symmetry properties. of Barn and Huang (2.17). 

17 



1S of Sa(po, 6s 

S .is symmetric 
~.( 

connected with 

with the help 

l8nce .·of the potential 

(2.16a) 

(2.16b) 

~ossible to show 

lld Huang 

(2.17a) 

1W A 

S c(·1 ~s + so.s sN :: 
s (1) • + s s 

'. ~'"'·~~ ~E "'~' 
(2.17b) 

s (1) 
_.,(<I 

4- s6, 6,.r = s - 4- s·rc: s .. -s 
"'~· tE (1"'·"~ 

(2.17c) 

It can be seen from invariance condition (2.16a) that the 

stresses are symmetric 

(2.15b) 

The full elastic constants S<X~• ·~ c have to fulfil the 

Born-Huang symmetry relations (2.17). Neglecting a surface 

term from the invariance condition (2.16b) and stability 

condition (l.l~a) we obtain for the interior of the 

orystal 
All " ')( 

(oq& = c o(,b( 

ThiS means that the second part of So~p. 0r does not ol,ange 

under o( ~f I 0~ 0 • Let us consider the last term 
"' 

of so(p, ~.s -the second part of s \" connected "'r· 6" 
with MIS • As it can be seen from (2.16c) after 

change ~ ~> ~· 0 ~ 6 four addi tionn.l terms appear 

"'"'o of a type q> ~s;- Srr • But these additionn.l terms 

cancel each other. This can be proved with the definition 

of frequencies 
M i~ o~p 

Uv' 

...) ~ (1. 5) and the definition of 

• We have proved .that S.-)l. 3S has 

a symmetry properties of Born and. Huang (2.17). 

17 
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I 

I 

I 

In classical theory of elasticity the appropriate 

quantity to describe true stra~s is the tensor of finite 

stra~ 'Y(...:r 

~ "f\ : f {u~ + u~~ -1- ~ uro( Lt(l'f ) • 

The coefficient of the second order term in expansion 

of the free energy in 1 "'f 
symmetry properties 

has the complete Voigt 

(«fl,5& = C~-<,~S = Co<f>,&'6.:. C(\oe,Sf. (2.18) 

c"'r-·5 s- is connected with .S'..:p,50 

c. - y 
olF, ~o - o<p1 r.r - ~8 °«r; . 

(2.19) 

Relation (2.18), (2.19) are equivalent to Born-Huang 

relations for Sotp,·~S 
The symmetrized quantity 

·-s -i(·s -+S" ) 
-<~.~& - 2 o(f•Y6 o(o,y~ . 

appears in the equation ar motion for displacement of 

phenomenological theory of elasticity (see for example 

[1J] ). The solution o!Jhis equation is a plane wave 

( .. ) « i~o.~f:. i'J.X , -< -< rS. 
'U..t X,t = tt") e , ~ U'?u'l' .::: 7J·~'., 

where ~ is a polarization index of an accoustio wave. 

With these displacements the equation of motion becomes 

1 
w = n 

where Me 

v - "( -
-M N L 1.{,1) 9~ sex~, n6 

' o<f'>!O ,-

is the mass of unit cell 

18 

0 
'U']9~, 

1 

Me::~~ 
')1:'1 

(2.2o) 

We shall compare this expression with hydrodynamic 
,.._. z 

limit of WG ( W) • Following Leibfried and Ludwig 

[ 1] it is possible ~ find so(~· (0 in terms 

of measured quantitt s.,(~.ps and so<f ' or 

lattice theoretical expressions: S~p , second 

term ~ the right hand side of (2.14) and symmetric 

part of so<p, ls • 

J. The Method of Lo:og Waves. 

""l Let us consider the hydrodynamic limit of wG(w} 

Qtm { ~~ ~~ (w) ~ • 
Jqpo ""~o ... -1 ~ 

From (1.15) it can be seen that when 1~/40 J k1 ~·kz, (..., 

Let us write the mass operator in a more convenient 
form 

~ _. -1 

n ) ..1.' M.lt .,.. · Ltt_{Xu-Xv) ,. ( , 
IQ(w ==zNL uvl'l.,w)e e"'Q,'k)e~{Q,u.J 

u,v wQ (MM M><•rh , 
where 

~ .... _, ...... 
<><X .... w): i(l)l) ·L ;hoiYV' -{}I}" .:lk,tqJX5 ~ck,; M u" ( i 1 'f lN L 't' u ss- <p v '"'"', e 

IIV'}')J' '£, 1;,1<;1<'; 
S ~· 1-tM' · · ·, '' _, - .... ... ... d• J• ,, .b 

)X 'k l( ~... ~ -
dk, .. q M-•, ""'e"{~+;,j~'ll·~)e:.(l<.,j.pr;)~(k,+9.·i•;11,)~.U 

l< e ( . •;.. ( w . lv . w . w ·, 2 , • k .. q,j, k,Jj k,t'f,h kz.Jz.) M)(/'1 )(I H'){, M)(, 
f 

( 

X 2.f
0

(k,-.l{,jlj·ktJ{>w)[(1-({w)tjk oj" -kJ·, k. +aJ· ·k }., 
' t+ 1.. 11 1 I j 1 L' Z. I 2,1 2. 
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r the appropriate 

s the tensor of finite 

)f). 
term in expansion 

a the complete Voigt 

(2.18) 

(2.19) 

!nt to Born-Huang 

Til) 
ordisplacement of 

ty'(see for example 

tion 'is a plane wave 

-> uo( •. <>< - rS ; 
;;: ' "} ... "'' - '?''? ., 
of an acoouotio wave. 

on'of motion becomes 

'r -
S 'U~ 9 S ' (2.2o) 

. 1 

L Me:~· M}l. • 
?1=1 

We shall oompare this expression with hydrodynamic 

limit of w: ( W) • Following Leibfried and Ludwig 

[ l] it is .possible to find so( P• (S in terms 

of measured quantitt sol~.~& and so(~ , or 

lattice theoretical expressions: S~p , second 

term in the right hand side of (2.14) and symmetric 

part of 5o(p, ll> • 

J. The Method of LoDg Waves. 

""2 
Let us consider the hydrodynamic limit of w Q (w) 

.PArn { ii, ~ 2. (w) r 
lq/40 141"70 ~ • ~ ~ ~, -I.-

From (1.15) it oan be seen that when 1~)4o J k1 ~-kz, k1 ~- k~. 

Let us write the mass operator in a more convenient 

(J.l) 

where 

_. ..... ~ -44 

~!k,•q)XM -ik,X.w 

x e 
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H 
F :! 
It 
il 
i: ,, 
j] 
II 
:i 
; ~ 
i! 

'i 

We are interested in the behavior of Eq •. (3.2) for sm&ll 

\t \ . For a11 but one tne o~ contri­

butions to this equation M ~ ( 'l. 1 W) is continuous. 

The exception are those terms in Eq. (J.2) ~or which 

w and 

J1 = J; , jt = J[ f"
0
(k+tt•ii-k•J) w J 

behaves singular17 ~or smal1 t.) and ttl , the 

h7drodynamio 11mit is different from the oo11ision1ess 

one 

!;"' { e.;.,. F 
0
(l<+i,J;- k, j j to>)] f t'~t~ { £1... F

0

(hq,j ;-kj; 1,) )} • 

I~ I~ w_. o ...,_. 0 ltl..,)o 
The singular behavior of C (w) is due to the ooup11Dg 

with F0 
• To ebtain a connection with the theor7 of 

e1astic1t7 we conaider enl7 the part irregular in the 

11mit of sma11 t..> and 1~1 of the rea1 part of the mass 

operator Re lTaC~o>),, i.e. we put j 1:.j[ > J'1:Fj[ • 

It w111 be seen from further considerations that in the 

b7drod;ynamic 11mit and when we 11mit ourse1 ves to terms 

of the order 1~1 2 
we ma7 neglect the dependence of 

irregular part of M:! C'f.,"") on Iii . Then 

we denote ~ ~ 
M i&otlf = {j_)2[_ ~a~vv' ::hl'flf'" e11 (l<1 )(,)e.,.(k,w()e,~.~(K','M._)ee' (K;1(t) 

uv \iN UU' 'I' v MH' w c.c>/(1 (M 11~ M.,,. M'l( ... )11
'1.. 

SS't-1"'' I< ?f, "I 1 I 

)11'1'-J-L' 

ik(l(s-Xs)+ ik'(X~o~-X,...,) . ) F(K
1
J 

e [(~-C .. r 1 
.... t< ..,, K' --r- (J.J) 

. .... ,. j .... ,- ' 

is 
where C is the h7drodynamic 11mit of 

rc(...,J] k. j'. k'. 1! O J''· k';.- aDd it iS 8qua1 tO L .. cz.. I- J , "+ ,_. J - D 

is 

c K -K,; Kt;KL 11 
:: V(-Kf,l<n-k':;l<t) 1 F(l<,), 

~-"( -)--1 
Expanding :tn H uv ( 1-C in the series and ,._, 
the definition af V, (1.16) we prove that 

,.,_.Mis"¥ _ M is oe'( 

\JV - UV 

Frem (J.1) it fo11ows that 

difference of coordinates 

is"''~' 
~1 uv depends on t ..., ... 

Xu - )(tr • This ena 

us to exo1ude surface ef~eots ~rom the combination 

s"'~· P o 
The trans1ated invarianoe condition (2.9a) 1eads to 

) MoLY 
L uv 
u 

= L M"'~ 
v uv 

= 0 

Let us consider the 1ong-wave 11mit of 

In this 11mit we put [2] (I ql.-. e 1~1 
parameter of expansion) 

...... 2. ) 
WQ (0 • 

E. is a fo 
) 

(o) • {~)( ) . '§) 
e~lQ,>t')=e~Cpl)tt!ep Q,)(' +ft.z.ep(Q,'X')-+-... 

-2. -2 
and for Wa (o) = U> Q 

t;)~ = e'(wcf>(G)) 1
• 

Putting (J.4a,b) into equation 

( ') ..... ~ ~ ) 
(;2.e:(QJ1<)::i[ e(Q/><. e-(ll_(Xtr-Xv{-"'r M''s.cr 

G. Nu,~t (H,~f"',.,)''' cfluv + . uv 



Eq. (.3.2) for small 

1e tne of contri-

) . is oonti:auous. 

(.3.2) for which 

;-k.J; ~) 
I ct I and L , the 

the oGllisionless 

ill! { ~~~~~ Fo(k+q,j ;-kj; LJ )} • 

>-+0 lti~D 

s due to the coupling 

n'with the theorT of 

irregular in the 

real part of the mass 

j1=j{, it*i{ • 
rations that in the 

oursel vea to terms 

; the dependence of 

L /¥_1 • Thea 

~ 
,(l<,wf)E?J.dt<',')(t)ee' (K: 1l{) 

c>~ei (M?t,l1')(
1 
M'~~( M?t( )

11
2. . 

F(K'l -
·K'•K' 2. I ) . , 

(.3 • .3) ' 

' 
ait' .of 

s equal to _ 

)<t) rFCI<.), 

-- ..~"'" (1-c r' Expanding in M uv in the series and using 

(1.16) we prove that 
,....., 

the definition ar v, 
.......... ~"¥ M is oe( 

M IJV = uv • 

From (.3.1) it follows that 

difference of coordinates 

~1 is r~.( 
uv ... _, 

Xu - )(lr 

depends on the 

• This enables 

us to exclude surface effects from th·e combination 

sot~.~ o 
The translated invarianoe condition (2.9a) leads to 

) Mo~.r 
L uv 
u 

= L M"'ll 
v uv 

= 0 . 

Let us consider the long-wave limit of 

In this limit we put [2] <I ql--+ el~l 
parameter of expansion) 

(2.9b) 

~~ (o) • 

E is a formal 
) 

e~ (Q,x') = Jo; (j,,.') t i't. e~)(Q,x') t f t.'e<~> (Q, '><')~ ... (.3.4a) 

_, -l 
and for Wa (o) = Wa 

(J.4b) 

Putting (J.4a,b) into equation 
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1 

ii 

I 
' 

,, 

w~ch can be obtained from the def~t~on ef renormal~sed 

frequeno~e• ·u;Q(w) (1.18), equating to zero ooeff~-
oients af terms of different order in .~ we obtain 

the system of equat~ons of the theory of perturbat~ons. 

From conditions (29a,b) ~t follows that the equation 

of zero-order ~n £ 

' (M M r~/1 ( ;t;' "'6 M ;, ot( ) e 0 ( . I) - 0 L X )I' 'f' IN + u v 6 j,'K -
v 

(.3.6) 

has a solution [ 2] 

i 
lol ( M?t~) 2. ~ (" 

e~(j.w): Me udod'l 1::: 1,2,3. (.3.7) 

where we introduce three polarization Teotors desor~bing 

in long w&ves limit aoouatio oaoillatio~s 

~ 

-< {). e.J9_, j='tl, >< 1 ( ) 4/z. 
u~ = ~~ Me 

r lifl~o ( Mx)'h 

(.3.8) 

These vectors do not depend on ?< • From the 

condition of completeness of the 
3 s * 

set of vectors eo( CC{,j. li) 

I I eO( (i,J. 1<) e"' cc;..y, ?<) = 6ii' 
,(:f )(a1 t.t, (1]=~,2,3) it follows that the set of Teotors 

~s the orthonormal on~ 

(.3.9) 
3 "- .1. 

L. '\.{1) u "l' = 6 '? '1" • 
~=-I 

22 

The vectors U"] 

the second order, ,~n 

can be found from the eqUa.t:Lon o 
~I ) . . 

E. e p lQ, ?<' can be evalua 

from the equat~on of the f~rst order ~n € 

' "Ott -i (41 -!. A.)( ~ 
[ c;II~"{M')(M)I,)2.evli;-ry,><'):: -CMc) 2. I co( (\!(1(7lqY' 
~~ ?{' 0 ~ t 'I ~ . I o 

T~s equat~on ~s ~dent~cal to (2.11) and ~ts solutio 

known as 

((I (M)I') i[· if CH1 y . 
e l (~·'1· '}{') = - 1\.1 R wx1 p,~ty ttl~" 

c }'- ~S'lf1 

Let us cons~der the equation of the second order in 
l (o) ~ lOI 

(tu(~l(~,tf})) eo( (~f!,X)= -w[ ep{'rz,)(') {~"'Y tMis.ty 
~~&u~ 1'1~ ""l1' )'lz u v · . ·· u" 

0 0) J. \ 14)(.-. ) 
x (Xu -X v 9pqs+ INLet'!·~·~ {¥«a- +M··s..~rt x 

rpuV ( M11 Mw) t;< 011 uv J 

x( X~- X~) 9 + j_ ~ e<;> l£i, "'l>il' J J ;p" otr + ,_,1,·s "'" t 
~ 2Nf";v(M')(M,.,ttz. t uv uv J. 

The system of homogeneous equations connected with ( 

has a solut~on of the type (.3.7). The system of non­

homogeneous equations has a solution ~- and only ~f 

homogenUy is orthogonal to the solutions of the 

homogeneous equat~ons·. This condition leads to the . 

equation 

( 
£•1 )l V L 5 · · .· c( y- . 

w (~,'1) ::: MeN - o(o•Ps tt"l u'7 9~~ b 
o<.~~E 

Equation (J.lJ) ~s ident~oal with (2.2o). 
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initien of renormaliBed 

ua~ing to zero ooaffi-

we ebtain 

ory of perturbations. 

that the equation 

(3.6) 

It):: 1,2 ,3. (J.7) 

ion Teotors describing 

lations 

(J.e) 

i • 

K. • From the 

et of no tors eo( ( ¥·J·. li) 
0ct'i' . 

·-u'l (1]=~,2,3) 

(J.9) 

The vectors U~ 

the second order, in 

can be found from the eqUation of 
(~I ') . . 

E • e p l Q, 'X can be evaluated 

from the equation of the first order in E: 

. 1\0if _:f. (il -f.. A)< (! 

[ C ~x' (M11 M)l,) 2. e" { i'"7' x') :: - (M,) 2. I. C <>< (\1( u·'" q.,. • (J.lo) 
~~ '){' 0 ~ ~ IJ ,o I 0 

This equation is identical to (2.11) and its solution is 

(J.ll) 

x( X~_ X~) 9 + j_ ~ e<;l {q, ri>'X' J J 'f olr + l"l ,·s « r t 
p 2N L ( 1\J M )•h. t u" i.J v j • 

~~v n)l )II 

The system of homogeneous equations connected with (J.l2) 

has a. solution of the type (J.7). The system of non­

homogeneous equations has a solution 1f and only if non­

homogenity is orthogonal to the solutions of the 

homogeneous equations·. This condition leads to the 

equation 

( 
(A) )l . v [ s . . <( '( 

w (~,'1) :: MeN . · o<.0,~S '!.{'? 11.'7 9(!9 S 
o<~~E 

(J.lJ) 

Equation (J.lJ) is identical with (2.2o). 
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The result (J.lJ) can be used to derive a·sum rule for 

the spectral function .,-{ ., (t..v) defined as follows 
v', -tc.>() 

/fA ,., t 't''l > = 1. )(d..., x· . _, -t"..:(t-n 'l Q't" o.\ ,, rrr Qtw)e .• 
-<>0 

For {(Aa, A~~ the usual spectral representation can 

be derived [ 14 J 

W -W' 

-t"V 

Gc: (w) = ((AQ) A;_)>. .. ~ f'fl jq«J' 
- -<><> 

'XQ tw' J 

Substituting (J.lJ) into the static limit of 

we get the relation 
... 0() 

_; 

tS (r.<-) 
<X 

( 

!-2_ _f _ t/ UP ~''" { 9
6
go 

S' ~ <><r.,vo '! -~ o~o 
j_ fdw' x97 {w') ~ -:::: 1 
In w' . 

0(~6<> . 0 ., 
-oa 

MctJ 
.? i.s the density of the crystal y = ·v 

As we take only the diagonal part of the phonon Green 

function the sum rule [J,4J 

4. Conclusions. 

(J.l4) 

(J.l5) 

We have presented the derivation of the elastic 

constants for strongly anharmonic crystals in the pseudo­

harmonic approximation by the method of homogeneous 

deformation and the method of long waves. This gives a 

relation between the statio self-energy of Green function 

of displacements and second derivative of the free energy 

equivalent to sum rule. This connection enables us to 

exclude the surface effects and to extend the Liebfried 

and Ludwig method to the pseudoharmonic approximation. 
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The elastic constants have the symmetry properties wh 

lead to the rotationa1 invariance of the free energy. 

Vertex corrections are valid as it fo11ows from the 

comparison of results obtained from both methods. 

The same results obtained from both the long waves 

the homogeneous deformation methods in the pseudoharm 

approximation give us the very important information 

it is usually much easier to calculate the mass opera 

than the free energy (e.g. for metals or some models 

fluids). In addition, the mass operator enables us to 
find the adiabatic elastic constants and the life-tim 

of phonons as well. This gives us the possibility o~ 

calculating the sound attenuation in the hydrodynamic 

and collisionless regimes which will be considered iD 

the forthcoming papers. 

Finally we mention some inconsistency in Klein et 

a1. [6] and our calculatio~s. As is seen from calcul 

af the mass operator ~(~) we do not take into ace 

the corrections of the second order in the self-consi 

determination of phonon vertices and frequencies [1~ 
This may lead to some improvement of the numerical. 

results af Klein et a.l •. [ 6] • 

~he author thanks Dr. N.M. Plakida for mB.ny- valuab 

discussions and Dr.H. Konwent for encouragement and c 

tical reading of the manuscript. 

+The author is indebted to N.M.Plakida for drawing h:l. 
attention to .this problem. · 
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