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I. Introduction 

· · ·The influence of single:.::ion· an!sotropy ;on the ferromagnetic 
Curie temperature is an. important problem for many magnetic ma
terials (e.g., R.E. and actinide compounds) and was extensively stu-:
died in molecular field approximation (MFA) (see ,'1,2/ )"and by Green 
function metho_d with various dcecoupling procedures (see/3,4/ ). Re
sults of those papers differ from each other: ·considerably, especially · 
for high a·nisotropie"s; and itse~ms lo us·usefUI to ·an'alyse this prob
lem by means ofthe exact high'temperatur"eiseries expansion (HTSE). 
(For references about the method and use of the series we refer.the 

. reader ·to the'·revie~ 1 a·rticles _b')i F.ische'r !Sl):·ln. the'preserit·p~per 
• we: ~iII 'disd.iss::the: proble!ll on ·the iexample of'lsing ferromagnetic 
·withsingle-ioi(a'riisotropy,term. ·: ,, • l. i;,, · :. ·; .··. . ·· ;'· · .•.. ' 

' ,, t ' . ~ : r ~ .. ·,, ·: ·:. ;' ~:, \ ' ,_\ ~ ) : J e ' •• ' ' ~, '' " ;-! ~ . ' ~ 

II. HTS~ for Zero Fie.ld Suscep,tibility 
" 'i ,. '•. ,. • ' 

;; •• ! 

We will cons,ider the Hamiltonian 

where 
f I, _r ~ ; 

N 

·H =- .J!:.a.J<! s~, 
.· z "S ", j=l , ' I 
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with exchange interaction restricted to the nearest neighbours. The ze..: 
ro field susceptibi I ity is computed from · 

·s2 ( . J ·' ~ ·s z ·s z .l --x=- .. < ·>. 
f3p.2 0 "N l,f I i J{=O 

where 

c,_j. 

SA'>,,.= Tr( e_:f3H .A J 
. . ', Tre._:f3H' · . 

'j ~ _•t 

Since·. i:/, an'd · Ho . ccirnrriut~ we·.may w'~i~~·-.. 
<' ,.. • - ~ '"' • • ! : ' ' "•- " ' ~: ~ 

({3 =·-' J 
kT 

. (5) 

,(6) 

-~~----,~ .. -.. _-.,-=-._~• .~ ':<A!~·.-f3~'>o . , .. (7f. 
-:Tr[.(e.-f3f!,) e~f3Ho] ·· .Ce ·:..f3f!, ·> .· ... ; ·~ :. 
• . . . . . .. . . .. 0 .. . 

and .a·ll 'qua~~ti'tie~ ~il (be· determ'in~d 'in 'terrris of av~~age~ river the 
_states.,of H0 . • Thus;· in .qeriving HTSE we wil(expand.only exch~mge 
part, 'but crystal-field contribution wi.ll be : calculafecf in .each.step 
exactly. In such a way we obtain the following expa.nsion 'for 'suscep""' 

tibi I ity :. (. kf: ) Xo '·~.I :an /';; • ; . (8) 

11 2 a . n~O 
2 ,, .., .. ·;,: _:·: ~ · .. 

where 

y = 2z i:T2 f3 'J 

a0 = a 1 ~ 1 

7• .. a' 
a'=l..:-(3-~) 

2 · · 2z a2 
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1 1 ( 3 a4 ) .. , 1 [ 1'(3 :a4)2 .(3 a4)] 
a = ·- - --- +-- "'Y' -- •. -x --3 z iJ2 . . 2z2 .J. . a2 a2 

2 ·' 2 2 
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2 . 2· 2 2 2 
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a2 2 2 2 2 

A 

(9) 
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. (II) 
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(13) 
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. ( a 4.)· ] · 1 [ 9 a 4 . . 1J . : a J · 1 a . J . a a 
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2 2 2 .2 2 

· · •· · a ·. a2 1 a3 '7 ·,a," .1 a a . 
+x(-12+16~-5~+-~-- --=-ti+- ...:L..4) + 
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,2 2 2 ·2 .2 

J a 2 1 · a 
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Parameters x , v, z, u, w for cubic lattices are 
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west neighbours. The ze..: 

. . . l (f3=-), 
kT 

. < .. -{3H •. ·. 
±<.'<A e .1 ·>0 

.<e -f3H, ·> , 

(5) 

(6) 

0 

-~~ of average~ over t~e 
11ill expand only exchange 
; c'!lculated in .each .step 
ng expansion for suscep-

(8) 

(9) 

) ·, . (II) 

(12) 

(13) 

I 

+-'- [-42~il ~ -ll a}_3 d6 +a6 a!L + ~ ( 6J -47 ~ + i a}+ is.) :_' 
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(14) 

:and·· 

a _ _l_ < ('S z ) n •> 
n 'Sn 0 

(15) 

Parameters x , v, z, u, w for cubic lattices are given in Table ·I. 

Table I 
.: ' . .. 

S.c. ~.c.c. /.c. c ... 
,--; 
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In contrast ,to usual HTSE· our coefficients a·" are not constant but 
deperidon D/k T . It appeared, however, that at least up. to the 5th' or- . 
der, they are positive, decreasing nwnotonically with D and I imited. 
Since. they depend on D and T only through the moments a" and, · 
as it follows from our a~alysis, the structure of the_ series closely 
resemhlesthafof pure. Ising model'we think that this .property will 
be conse'rved also fo'r higher order approximations. ' 

' Ill. Dete~min~tion·ot' Tc '. · ~ 

In ·order to evaluate the Curie temperature we used the ratio. 
method. We assume that susceptibility_ xo has a singularity at 
·r c of the form (T• .;...·r cJ-y arid.we are· looking for. the convergency 

radius of (8). Using the:d' Alambert .criterion we obtain the sequence 
of equations· - · · · 

a y"/a y"- 1 =1 (16) 
n .. n-1 

and solving them for {JJ we get the sequence of Curie temperatur;-,es. 

.kT~~~. On. ---=a-- I 2Z.'J 2 a · .T =T(n) 
n-1 c 

(17) 

· IV. Results and Discussion 

Eqs. (16Lhave be_~n s~ly_ed bya compute:r:for thr:eecubic lattices 
in the whole; range of p /J and for different values of ·s . The re
sults are illustrated on Figures 1.-4 and ~n Tabl:~· Figure I presents 

and 
-~-- _,, ~ ' 

·s == 1·5 for s.c., b.c.c. ,and f.c.c lattices. We indicated ;used extrapo
lation method on Fig. I for' D =0 and D ·, 00 ; .. Allthe curves closely 
resemble those' of pure' Ising 'm'odel ( D ~~}being only I almost para I- . 
Jelly, shiftedwith resped to the latter and we see that only very little, 
if any increase·ofthe slope may1 be· expected for very large D!J . 

f~>(o) ~nd !rr~>(""} provide; respectively, the lower and the upper 

6 

l 

l 
I 
I 
I. 
' 

t 
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~ 

. 'I 

c 

limit 9fT~"l(D /'J -} .. Compari,sonwith Ising model· 
may· expect .in our case the same accuracy of. extr; 
. · .·· The values of o~ ·• in'e-given fo'r few.values of 
r_ent ·s in Table 2. {for f.c:.c. latti'ce); O~F A · den 
approximation, :c~sJ_, that obtained from the ratio, 
coefficients- and· 0 ~x_ is our extrapolated _valueJThese 
obtained from the best'extrapolation:(see/5/ ) less 
interesting feature of our j·esults :is visualized on 
in Table 3., The Figures contain plot of the ratio 
a function: of D I 'J _:; We see~'that forD /'J as largE 
T~FA (0} ··coincide with T~x(D}{T r(O)- -~.-In Tc 
;-.;x (D} /;TMFA(D-J ... :~·is.~giverL:and we see .that th 

depend on De within !%~error~ up to DlJ =' 10. For 
deviates fro~ that constantvaloe less· than 5%. If we 
suit with those' obtained :in/~,4/ ·for the· Heisenbeq 
an indication that, .. irf thi~ .r-espect,: MFA works :b~ 
decoupl ing•p:rocedures 'for Gre~ri functiordheories. 

We tried to determine the· slope ofthe curves 
1 /n ( Fig. 1). and find ·a chinge ofthe critical ind 
these values rr,ay_ be estimated :With, s'maller accurac 
inour case.we were abletodeterminethe slope with 
gives -. 4%. er-ror ·-for~. 'y >Therefore we .c'annot d1 
does its value change in-comparis?n with pure lsin 
i~ hovy~ve(Jernarkable; !hat th.~:slppes ~stimated i1 
x1matlons 11e_systemat1cally h1ghecthan .those. for 
small' increase in ,r: may_:be .expected. In Table 4.w 
bers to visualize the :situation'. y(~.m) 'denote in 
from the' 'slope' between n-t~ ~and' n:;.;th. order ( 
· . We see again that· no change is-observed for 

10, a systematic· increase of y: for very high D/ J 

the accuracy of our extrapolation. ' ': ~ 

. _ . · Referenc~s-
I. G.J.• Bowde-n, _D.St.P. Btiriberr'f~ and M.A.H. Me' 
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2. H. Thomas. Phys.Rev., 187, 630 (1969).,_ 
3. J.F. Devlin. Phys.Rev., 84~ 136 (1971).: 
4. M.E. Lin_es. Phys.Rev., 156, 534 (1967). 
5. M.E. Fisher: Rep.Progr.Phys.; 30~ · Pt: 2;· 615 

of Critical Points, Univ. of Colorado Press, 196 
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1t least up_to the 5th or:- . 
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1ture we used the .ratio. 
·:has a singularity at 
ing for. the convergency 
re obtain the sequence 

( 16) 

! of Curie temperatures 

(17) 

ion 

forthree cubic lattices 
values of S • The re
bles. -~i_gure I presents 

·values of o / J · and 

indicated :used extrapo
J\11 the curves closely 

1g only, almost paral- · 
see that only very little, 
:ffor vety large 0/J .. 

. . 

i:dower and the upper 

I i~it of 'rF' ( ol1 ) .. Comparisti~ with Ising mo-del shows that we 
may expect in our case Jhe same 'accuracy of extrapolation i.e. 1%. 

. The values: of; e~ ~ are:given fo'r few.valwis ()f 0/'~ · and diffe-
rent ·s ~ in ;Table 2· {for f;c~c. lattice). e~FA .·.denotes that of MFA 
approximation;· ;G~sf.., that obtclined from the ratio of the 5th and 4th 
coefficiE:mts·and e~~ is.our~extrapolatedyalueJThese differ from those 
obtained from :the best extrapolation:(see/5/ J less than 1%. Another · 
interesting feature oLciur .results :is visualized on Figs~ 3 and 4 and 
in Table 3:\The Figures contain plof·of the ratio T c(O) /Tc(O) as 
a functio'n~of ~1/· -W.e·see~thatforee/J ._asJarge·as 10, ·r~FA(OJ./ 
TMFA (OJ· comc1de WlthT~x(O)lT~(O)- • In :Table ~3 the rat1o · 
r:x(O) I~TMF_A(o J.::is.:given,.'andwe see that this ratio.does not 

depend on De within 1%-·error. up to DlJ = 10. For· 0= -~ this ratio 
deviate~ from ti,at constanfvalue less than5%:'1f we compare this re
sult with. those_, obtained ·in /~,4/ fof.theHeisenberg model it may be 
an indication that, in this:r:espect, MFAworks•better than various 
decoupl ing'procedures ·for GreE7ri function th~oriE~s. 

We .tried .. to 9et~r.mine tb_e· slope of the. ~urv~s r ~" J: versus 
1 /n ( F1g: ;I) and fmd·;a chan_g~ of}h~ cn~1cal mdex y . However, 
these values r11ay_be est1mated ,w1th srnaller:ac:cur:acythan ·rc alone,· 
in our case·,wewere.abletcidetermine .. the slope with 20% error, which 
gives +4% -error for'y .. 'Therefore we cannot:definitely,conclude 
does its vah.1e: change ,in comparison; with pure Ising modeLor not. It 
is however remarkable t~atthe slopes estimated indifferent appro
ximations 'lie~systematically .. higher:. than .those .. for .' 0 =· 0 and some 
smalrincreas.e in .. y may. be .expected. _lnTable 4:we give a few num
bers to visualize the situation. y/"·':"': denote 'index· Y estimated 
from the. sJope' betwee'n' nd~ :,and' 'ni-th, order of approximation. 

W~ see ·again that· no change, is c;>bserved'for -0/~ as large as 
10, a systematic~increase of:y· forvery high 0/J,;-but still within 
the accuracy of our extrapolation. .. ' ' •, 
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