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Cramerkoeuu C.C. . ‘ E4-6172

Teopia KOFEpEeHTHOT'D paccesHHsi HeATPOHOB HA CEerHeTOS/IEKTPHKAX
c BonoponHofl cBs3bio IpH HU3KMX Temmepatypax (LI )

[lna sKcnepuMeHTANbHOH INpOBepKH.3aKOHA AMCIEPCHH IOJSPU3ALUOHHOM
("xBasncnuHOBOH”) MOAB KoneGaHuit peccmeTpuBaei-cg KBasUHyNpyroe pacced-
HMe HellTPODHOB M paccesHHWe Ha Mankle yribl B CerHerosnektpukax Ttuna KAP.
O6cyxnanTcs pasinyHble "KOHUENUNH KBA3UCIUHOBOH MOAENM C TyHHejupoBa-
HMEM, NpUPOAa HU3KOTEeMIepaTypHOH MoNspHOH daanl, a Takxe KonebaHng
TYHHENHPYIOUWHX 4aCTUU BADAL OCH enuam-pormn B CBA3H C KOrepeHTHLIM
paccesuneM HeliTPOHDB.

Coobmenxns O6beAMHEHHOrO MHCTATYTA SfePHHX Hccaepopaxuht

JiyGaa, 1971

Stamenkovic S. ‘ . E4-6172

Theory 'of Coherent Neutron Scatterlng by

Hydrogen-Bonded Ferroelectrics at Low

Temperatures. II. Scattering Characteristics

and Varlous Conceptions of the Tunnelling
Quasi-Spin ‘Model

To check on experimentally the dispersion law of the
polarlzation ("quasi~-spin wave-like") mode the characte-
stics of quasi-elastic neutron scattering at small ang-
les are studied in KDP type ferroelectrics. The various
conceptions of the tunnelling quasi-spin model the nature
of the low temperature polar phase as well as the vibra-
tion of tunnelling particles along the axis of anisotropy
are discussed with reference to the coherent neutron

scattering. .
Communications of the Joint Institute for Nuclear Research.

Dubna, 1971




I. Introduction

’

In the preceding paper'/l/ (reffered to as I here-
after) we derived thevgeneral differential cross section
for inelastic coherent neutron scatterlng by KDP type
ferroelectrlcg. Using the tunnelling quasi=-spin model and
the model of two interacting harmonic oscillators as well
as taking into account the proton (deuteron)-lattice inte-
raction, this crdss section was written as an ~explicit
function of scatterlng momentum and energy transfers,

As p01nted out by Villain and -Stamenkovic /2/, in the
coherent neutron -experiments on a deuterated isomorphous
sample . (KDZ POA), when the tunnelllng frequency is very
small, we have a chance of observ1ng a weak 3 -dependent
collective frequency at T < T, . However, De Gennes predict-
ed that the scattering would be mostlv elastic in this

cage’/3/. Actually, it was found to be qua51 -elastic as ,

the range of the differential cross sectlon is less thanf?

about 1077 Hz /4. 5/,



On the basis of the prev1ous approach, in thls paper

we proceed the study of the quasi-elastic neutron scatter- .

- ing characteristics in order to- check on experlmentally
~ the dlsperslon law of the polarlzatlon ("quaS1 spin’ wave=
:ffllke") mode /2¢6=10/. 7o do this we shall also. cons1der-'
'fthe characteristics of the coherent neutron scatterlng at
i"small angles where even for protons (in KH, PO, ) one.

;could expect considerable 1nterference effects/ll/ Flnal-,{
1y, we try to 1nterpret the existing variety of the tun-
neling quas1 spin model and to d1 cuss the nature of the‘
" low temperature polar phase as well as the vibration of-
tunnelllng particles ( D or H ) along. the - e =crystal
“axis with refernce to the scattering. propertles of such
:”fpferroelectrlcs. ‘

‘.II; The Quasi-Elastic Coherent Scattering

of - Neutrons

In the'study of coherent effects in KDP type ferro-

" ielectrics the general case of scattering geometry (inci-

" dence neutron beam, i.e. initial momentum of neutrons 3

-

. fixed by angles ¢, and ¥, with respect to the crystal
yaies a and ¢ ., respectlvely) is of great interest, As
in thls case the .element of the solid angle is dQ = =Siny, dy dp,
the scattering angle @ should be expressed in terms of
spher1ca1 coordinates ¢ and y of the outgoing neutron

| momentum P .

From the previous models (I), i.e. the estimates of
the quasi-spin form factor and the Debye-~Waller factor,
one concludes that the differential cross section (I,(9))
is very anisotropic thought in Such'a_simpiified;form.



"This is predominantly expressed through the quesiéspin
form factor as a function of the reciprocal lattice vector
projected to the direction of a given deuteron'bond

, Cos (/)o . ("‘r |1 ; . .
g, = p (Siny Cos¢ -Siny Cos¢y ); Cosbp = | Lo, (@)
R Cos(n/2 —¢o), Vr 1

On the other hand, at low temperatures the thermal vibra-
tions of the lattice, taken into. accoﬁnt-by'the>factor
e~2¥g » should not affect essentlally the 1nten51ty of
the quasi- elastlc coherent scattering. . _

In the preceding approx1matlon ofethe real'crystal
‘Strhcture by a Bravais lattice of [K -PO,] Gomplexes with
associated deuteron bonds (I), the index r-ir‘ldicates-»only
“different'deuteron—bounding orientetionSv(parallel (II) or
perpendicular (I) to the- b'*axis), so that eight deuteron---
like modes and ‘their energy w1dths are trancated to oneka

mode ai of the  energy width r, .

As the p051tlon of a coherent peak in the.energy spect-
rum can be determlned reliably enough ‘to verlfy the dis=-
: per51on law obtalned in the quasi-spin formalism it is suf-
ficient to use the Dirac functlon instead of the expres-
sion for a Lorentzian line (I 9)x/ . After finding the‘

form factor‘Fgl| and Fg‘ ' accordlng to the formula (I (16)
along with- (29)), and the exponents,of Debye-Waller fac—
tors Wll and WJ- , according'to the formula (I,(l7)along

with (20),(24) and (25)), the differential cross sectlonkvw

for coherent scattering of neutrons:with emission (+ ) or.'

absorption (=) of the quasi-spin wave becomes

X/7his is so much more valid since the polarization
mode, although of very small energy, is of the optical type
(see ref. ) and because the elastic incoherent scatter-

. ing can be subtracted quite accurately
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c.d _' H o 1 1 Tt ’
T 10 dE' = 2 ocoh fg—P———;—_q_—[n(q) +—2—;I;—2—] S(EP'—EPiha)q), . (2)
N . >~ P . L

“where

AT L N T R P R ¢
T A R 9 o :

-III. The Scattering at Snall AngleS-

: Let us consider the characterlstlcs 6f coherent scat-‘

Alwtering at-small angles in more detail. Wlth some modifica-

“i?ﬂtlons they will be similar to the correspondlng properties

_ ‘fof neutron scattering by ferromagnetlcs studied by Male-
ev . /13/ -From the energy ‘conservation law

L O Y 2
S o ‘ h - : ‘ |

for the outgoing neutron momentum’ one obtalns a palr of
'values for each the scattering with emlssion(p+,p_ ) and

ifwith absorption (p’ , p’_ )

o+ _ BIPL (o560 & VCos20 - Cos? 0F 1 (5)
4= " B+l AL .
B|P
p;— = Bt '| { Cos 0 + y Cos?6 - Cos?65 1} ‘ (6)



-

- Here 6 1is the écattering éngle with'respect to the direc-

tion of the vector P =p+ g and

>
i}

. 2m o /b2,
B 2 A n 0 .
coszei= tl[]— P 1: . (7)

o - B BP?

B

2m w, /"12

After integration in energies of scattered neutrons

for the angular distribution one obtains x/

+

docon  _ Nus o PB 2, 2,0 i__l.
—ﬁ— = Nn acohfg—-—-*——P(B_'_ nz(cos 6 ~ cos 0 ) i[n(q )+ 755 ]
' (8)
ES ES 2 *
(cas6+\/cos20 - coszeo )2 + [n(q_)+—21— d;-zi](coso—-\/.cosz'e—cos 00) },
+ | ' 3 1.1 2 p? ,
o = PP B/(B21) 15 (cos0 +yeos' 0~ 05" 0,)? (B /B 51, (D)
= 2 (10)

—[P ’B/(B+ 1)1[5 (cost - \/cosze—ccsze )2+ ((Bs1yB) 2 ” 2ol

As it can be seen the scattering depends essentially

on the parametervB . The préliminary-estimates give that '

B ~ 100 . From the definition of the angle 0, (7) it
follows that

coszeo_> 1 - 1‘/B, ) : (11)

X/The contribution of Jacobian J =|1+
is neglected here and later. -

-’}
p V2o r
, q q



respectively

o- < 87V 1/ 0. . | : K (12)
Since

1> Cos0 2 CosB, >0, (13)
then B ‘ | (14)

e < B_Mz.

This means that the scattering with absorptibn is

~possible only in the narrow conus with the axis P =p+g ,

prov1ded that two values of scattering momentum of neut-:
rons gq_  (9) and q_ (10) /14/ correspond to every
- scattering diréction in thlS conus. As Cos? ; <1 one
obtains that the scattering with absorption is possihle

‘only if the following condition is fulfilléd

: A B-1 .
Cos > e - Tl - oas

1
2 pg Bg '

-

where'n is the angle between P and g , i.e. for

p > Bg(y 1-1/B + A(B-1)/B"g" —1). (16)
In case of the séattering with emission of the quasi-

spin wave analogous conditions can be obtained

1¢.A B+1 _ g , 2 | (17)
2 pg B p Bg

"Cos n <



respectively

p > Bg (v 1+1/B —A(B+1)/B2 g2 _1).

| (18)

Here two cases should be considered:

a)] [ 1-(p2+A)/ BPE]1 >0 ; .
' (19)

b) [1—(;.’+A)/BP2]<O.

'(20)

For the case a), as in the scattering with absorp-
tion, Cos 0 changes in the same, i.e. analogous interval
(65 - 0;} (13) and two values of scattering neutron momen-

tum g% (9) and q. (10 ) correspond to every scatter-
ing angle. ' ‘ ‘

For the case b), the scattering is poss1ble only if
the following condition is fulfilled

[Bg —y Bo?+ A(B-1) 1/ (B=1)<p <[Bg+y Be?+A(B1)1/(B-1). (21)

From (5) and (7) it follows that p* <o , i.e. that
in this case only one value of the scattering neutron
momentum bi corresponds to every scattering angle. Here
thé scattering would also be possible at considerably
greater angles as, theoretically, the scattering angle
can vary from 0 to » . . ‘

Finally, from the conditions (15) and (17) it follows
that the simultaneous scattering with absorption and emis-

sion of the quasi-spin wave is possible if

(A Bl 9 ._ 2, < 2Cos g S[.A,—_g.f'_' -8 P _ 7, (22)

pg B. p  Bg pg B p Bg



i.e. in the region of values 7 where both cross sections
:reach the max1mum values. For this simultaneous scattering
the whole dlfferentlal cross section can be obtained from

(T, (9)

H (n(o? )+11T, E?

dza h P
—ch = 2Nn’o_, — f,
dQdE . P o, [E2- (ha) P> P+ (2ET; )2 (23)
whe?eb EI:ilEP -E, |

If one presents the complex polarization mode
(hoT + i T,) in the form | [EZ —(y,/2)2 1% +i(y,/2)]}
and according to E = haﬁ ~E , the whole'dlfferehtial cross
_eection can be written in the form of Scalyo et al./ls/x/,

where the "quasi-spin-Debye-Waller factor"(3) stands in -

stead of the phonon inelastic structure factor:

dza Nn’ ’ E
coh .o . P f Hn(E)+1] — T :
dQ dE. o« " p o T (E2-E2)2+(E vy, )*

(24).

The qua51 -elastic energy width yo of the differential-

. cross sectlon do _, /dQ can be estimated after 1ntegrat1ng.

the expre551on (24) in transfer- energies. For the sake of

-

“51mp11city one can take that g =0, and then obtains

x/The:.r effective cross section refers to the para-
electric phase, provided that the boson distribution is
substituted by Boltzmannrs. In the general form the exp-.
ression for the cross section remains the same for T « T,
as well.

10



. _Ey ‘
- 1

: E, +E '
dUcoh_ ~Nn'o  f H I__EL_‘_[1+e BT ] ——, - (25)
4o co g . E ) .ZEO i

1 . P

with a quasi-elastic energy broadening y;, = = y, -

IV. Discussion of Scattering Characteristics
and Various Conceptions of the Tunnelling
Ouasi=-Spin Model :

L d?24
; - - coh R coh
The differential cross section —gﬁ—g%—j P Y - R o)
: s o

“for inelastic coherent neutron scattering is related to a

particular point in the reciprocal lattice space ¢ .Actual-
ly, this scattering can be observed only if f, is not
.small. Thus, if § , i.e. ¢ , is direct along ¢ =-axis,
the scattering intensity is very small being proportlonal

to the.overlapplng 1ntegralf %_¢RdR==e4UZ

(which 1s,‘
ﬁractically,équal‘to zero) and to the Debye-Waller factdr
reduced to a minimum (also very small) value. Using the
obtained expressions for the differential cross séctions'
one can check on experlmentally very interestlng characte-
ristics of the neutron scattering as expected by the‘
present\theory. For instance, if § is in the plane a-b
" and perpendicular to one half of deuteron bonds (they lie’
almost parallel to either « or b diréctions) then one
obtains approximately the intensity of neutrons scattered:f
on the other half of deuteron bonds paraliel to scattering.'
momentum transfer. A similar situation appears when q is
in one of the two planes normal to the deuteron-bond direc-

tion.

11



- If g = 0 , then it corfesponds to the scattering at
- small angles. In this case, owing to f, ( g =0), the
scattering intensity will also be small. However, the
'considéred.scattering characteristics can again be observ-
ed very well by the monochromatic neutron beam. The advan~
tage of the scattering at small angles lies in the possibi-
lity to carry out experiments with‘thé pdlycrystal.Besides,
the scattering by acoustic phonons is small (or absent
completely if 'v < v, = ) and the whole scattering should

be mostly orlglnated by the polarlzatlon mode.

If g %0;, by changing the orientation of the monocrys-
tal one can select the scattered neutrons of fixed energy
(the scattering at small angles is now taken with respect

-

to P ). Hence, one can immediately draw out some conclu-

. sions concerning the dispersion law of the polarization

wave. Namely, in the dispersion law for small J)fthére is
a constant and quadratic term (at low temperatures the

/107y

polarization mode is approximatly of thevform @ =ote, q?
As a consequence one should expect that. the scattering
'1nten51ty becomes relatively large for small 1nc11nations
from the Bragg angle. It is known that in the linear dis-’
- persion law there is no similar increase of this intensity.
This means that at small angles one should expect the main
, contribution from the polarization mode itself /16/.

Besides the already analysed scattering characteris-
- tics at small angles let us mention that by such a scatter-
ing the parameters of the approximative dispersion law o,
and é, can be directly determined. These terms can be con-
nected with the experimentally observable quantities in the
simplest possible way if the formulae (5) and (6) are used.

12



Y

From the difference of the two possible values for the
scattering neutron momentum directed to the centre of
the inelastic peak ( 6 = 0 ), from (5) and (6) one obtains

sing . ' ; (26)

" Since 9; and ¢ ¥ depend on the parameters A and(Bv,_mo.
. ) 0 )

and @; can be directly determined as well as their changes

with- temperature or upon the applied electrical field.

Experlmental verlflcatlon of the con51dered characte-

- ristics of the coherent neutron scattering has even more- -

pronounced significance. Namely, experimental fitting of
the energy parameters in accordance with their theoretical
. estimates could point at’ the propervunderstanding of the:
quasi-spin model with respect to the existing variety;of
“its interpretations. o .

As it is known, recent experiments of incoherent
neutron scattering /17,18/ have shown good agreement with

the simple "tunnel-scattering" model of Stiller and
Stamenkovic /19,20/, Reproducing the previous results of"
. Bacon and Pease /21/ and confirming the ex1stence of an
1nterference effect within a single hydrogen bond /19, 20/
'these experlments proved that’ protons (deuterons) really
fluctuate between two equilibrium p051tlons However the
tunnelling itself can be introduced in the quasi-spin model
for the'ferroelectric cryétal as a.whole either in accor—i
dance with the’ very well known rules of Slater /22/ (see
‘also ref /23/) or accordlng to Blic /24/, De Gennes /3/

and Matsubara and Tokunaga /6/ rwhose Hamlltonlan does not

13



k a1low the reversal of a single'H -bond. Since the light
scattering has been observed for T> T. /254 Villian and
‘ ‘Aubry-/23/ conclude that KDP is far enough from Slater’s
limit although the mechanism of "closed loops" can also
kv pg.gresehted but with a charactéristic frequency likely
‘smaller than in Blicrs mechanism. On the other hand, the'
theoretical cqnceptions‘of the Blic model have recently

been essentially reconsidered by Novakovic/a/. Using the

second quantization formulation different than in ref. /6/,
.this author never referred to any kihd of "tunnelling" so
long as a system of a large number of particles is consi-
dered. By such an approach, ipdependent of Stasyuk’s ide59{
the complete set of elementafy excitations (of the Frenkel
-exciton type) was approximated with the first two_(co and

€ ) and reduced to the quasi-spin Hamiltonian for tempera-
ture close to the phase transition point. Therein the ener-
gy difference at a given hydrogen-bond Bravais lattice site

V(”el- ¢, ) was interpreted as a change of the kinetic

"‘ehergy when the proton makes a transition from s;= 1/2 to

s;= 1/2. As' a remarkable result it was shown that the
enérgies of the proton configurations (the Slater-Takagi,
i.e. the Blic parameters € , w and w;) are not mutually
independent when one looks at the crystal as a whole.These
parameters were also related to the parameters entering
.in the quasi-spin Hamiltonian. If one keeps in mind that
-the quasi-spin Hamiltonian makes sense for any temperature
if 20 and J are temperature dependent (irrespective. of
some- troubles concerning definition of the ground state/26/)
as well as fair agreement between theory/a/ and experiments
of Kaminow et al./25,27/ and Buyers et al. /4/, then the
experiments of neutron scattering at low temperatures and
at small angles could have fundamentai meaning for the

14



proper interpretation of the quasi-spin model. Actually,

independent of the two poss1ble tunnelllng mechan1sms, 29
is very small at low temperatures and its direct measure-
ment is not an. easy task /28/. 1In any case the measurements
'1n the temperature reglon of T, (a temperature characte-
rizing a quasi-equilibrium state between subsystems of deu-
_-teron and phonon excitations /10/)wou1d be of particular
interest as for the maintenance of Slater’ s rules around }
this temperature one should expect to hold true the condl-‘.

tion '% > T, (a tran51tlon temperature from total to

partlal orderlng /23, 28/) Of course, the neutron experi-
ments at small angles can be performed in the vic1n1ty of

Tc as well, or for T < T. (or T./2<T<T, ). In that case,
the scatterlng characterlstlcs due to mere spec1f1ty of h
the dlsper51on law of the ferroelectlrc _mode would be
,.con51derably different and, judglng by all thlngs,'one5f
should rather relate them directly. to the dielectric pro-
pertles of the crystal ‘Besides other troubles concernlng
“the 00n51stency between theory and experJ.ments/4 15, 29/

" let us only mentlon that at these temperatures arise the;

difficulties connected w1th the appearance of acoustic
vibrations, the small 1ntensity of con51derably dampedn;

ferroelectric mode as well as with the presence of: dlpole
interactions and kinematical ‘effects (these latter com1ng
from an exact boson representatlon/30/of the quasl-splns-
(see ref /10/y).In order to obtain a reasonable scattering
inten51ty the - process in wh1ch the neutrons give energy‘{
‘to the collectlve excitations should be 1nvest1gated In
thlS respect the method of Zlvanov1c et a1./31/ as well as

s /32,18/.

'that of Stiller and coworker if applled to . test‘

‘here considered scatterlng characterlstics, seems. to glve‘_

exhaustlve results.

15



- A word would be added here as a general comment.The
:,quas1—elast1c nature of neutron scattering by KD PO 1nd1—

fhcates that the low temperature polar phase (as the transi-
j&tlon p01nt /4/as well) is determined by equlllbrlum bet-
rﬂWeen deuteron and phonon excitations’ (studied in an ear-

*fller paper /10/) rather than by the dynamical properties
of this ferroelectrlc. .

. In the conclusion we shall brlefly discuss the deute--
ron vibrations along the axis of anisotropy (1dent1cal'
VW1th c —axis) . The neutron diffraction experlments of
Scalyo et al. /15/ have shown that the process of deutera-'
= tion has a more pronounced ‘effect. A striking result was
"’the large distortional movement in the x - yplane of the"V
oxygen tetrahedra as well as a rather large motlon of the
deuterium atoms along ¢ -axis in phase Wlth the -p atoms
(not in phase with the K atoms, as suggested by structu-

- ral change at the trans1tlon p01nt in KH PO /21/) To

'“fcompare obtalned experlmental results with theory, ‘Scalyo
‘/;et al. used the angular cross section accordlng to ‘the
"standard procedure for the neutron scattering by phonon
~exc1tatlons. However, the potential field: of a deuteron
is so ‘anharmonic’ that the elementary exc1tatlons can by
no means be. descrlbed as phonons although the ferro-

5;e1ectr1c mode is explicitly introduced in the cross

section,-i.e. in /15/

, As it is known, "from Shur’s 1rreduc1ble representa-
tlons/33/ ry (7> T;) andT, (T < T ), the linear combi-
‘ natlons of 7,i.e. 13 basic vectors, associated with pos-
sible atomic displacements within a prlmltlve ~cell,allow
the V. -yibrations as well in distinction from a dyna-

mical model of Cochran /297 ,34/, villain- -stamenkovic/2/
" and Kobayashi /7/ (the latter authors use the tunnelllng

16



quasi-spin model extended to the optical mode of the K
and Ph ions along the ¢ -axis) whlch admits only D,
(or D, ) motion. We shall restrict ourselves only to thep
b, -vibrations as 0 -vibrations can in principle be ac-
counted by the Debye-Weller factor (I, (17)). In the quasi-
spin formalism the D, -vibrations can be accounted for
additionally by means of the correction of hybridized

optical branches w‘ and ¢ *- depending on whether D = vi-
q : L

brations are in phase with the K or P .atoms.
It is less probable that 1nteractlons of heavy ions
and quasi-spins with real spins of tunnelling particles:
( D or H ) have some influence on the correlation‘inﬂ.
atomic motions. Otherwise, considering the smallness of
the deuteron tunnelling at the ground state /8/ ‘it is
not excluded that 2@, is truly negligible .as compared
to the energy spllttlng of the first excited state. So the"
correspondlng triggering mechanism could be- assoc1ated
:with the next pair of localized wave functions, W:k=
»—W' W’py’ W' - the symmetrical eigenfunctions of the .
" double degenerated first exc1ted state). As a consequence,.
it might appear that the 1nteractlon between deuterons and
heavy ions-via theseyflrst excited states results in D, -
vibrations in-phase with P  atoms. This mechanism is alre-
ady included in the templet of Novakovic ( 29 =€, "€ >>29_
NS An ), ' /8/ or J“ ”_v ) ‘

=66 J”-> L',

1 1 _ L :
Vi o Yy /6/) thus favouring it once more. Any-

how, "the problem'of phases", being of great theoretical
interest,'remains’open as yet, but it would be worth-
while to perform the parallel measurements on KD,PO,
and KH PO, , espec1ally at low temperatures. ’
Concludlng this paper we notice that a more concrete
'calculatlon based on the theory presented in thlS paper

is g01ng on. 17
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