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In this P.aper we . will talk about d~rivuig upper and lo~er . 
. . bo~ds .. · t~' ~the' .. b~~g e~erg~ ~~~ scatt~~ing '~~ngth~ :in t~e 'tw~-- ·. 

~; •.. '··;··,,.; --~-~~. ·:·l. ·. :·· tt: ~--->-·":: -~-;~.--; :_- .. ,-~ .- .. ·.·.~-:-_· _.;·_-· :·-~· .. :· .. ::.~· 
nucleon system and to the tritiuni binding energy, .as well. Here 

both the ··~~p-~rand lower bo~nd~are ~btai~~d ~Y, solving the d~~( 
• • '. '· - • • >, • . . •·• ,' • • - . • 

mical equations without . using the . trial functions, apriori . form. ··. 

. , To obt.ain good es~imate~ ~f the ~pper ~d- lo~e/bo\mds i~ : 
·.of a speci~i. illlp<)~tance.for tJle pro~l~m oft~~e and mor~··nucl~-

-. .. . ,, . .. ··.· ,.• . ; '·•. . . -· . 

. ons because the direct solution of the corresponding equations with · · .· 

present r~alisti~ lo~Cll p~te~tials .even for the sy~teins. with n~g~- : . :'. . . . . :;- · .. ~ : ' . .-:. -~- ' . . . .· . . .. _ . . -~ . . . . ' 

tive tot~l energy; proves to b~ a rather bulky problem~ 
• , \ 

0 1 
··, • : ." ' ~· 1

• .' •,, I\ _' ', -,:, , ·, .~ '• • t, , • . ·., - , , ., , "'~ :., ·,' : ' . • • 

. To estimate the lower bound to the bincling energy of three":" . 

~ body system a ~umber of procedures/!/ . ha~ been :pr~.P~sed. Of • 

these the· most successfull is probably the p:r:-~cedur·e·'given by 
. . . ~ . . . 

Fap~i AA~ F'~9,J;~O, which i~ th,e iteration_ process in ~~ differentia~ 

f~rmulati~n; Tll~ mffe.reh~e b~t;.ee~ the uppe~ a~d :lower valu~s 
of the b~dlng en~rgy for r~~~ ~ir:l~~s th~e~-body syst~~ (f~;· t~e 
Gaussian potential) calculated by these auth~~rs;' eq~~~ ~ractio~~ ,; 
o(pef~~ht O!·'fhe~ :Em¢J;gy~:.llov/ever, f9~.the pot~nticils 'sii)gul~ ·.at. 
. . ., · .. • r. Y· .. ···. . :': ~ · .•. - .. ·-:· '·· _... , ;.. ·;· ·- , .~;;· :-. . -~. ··: -: .-_:\·:··.: 

. . . . . . 
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zero the method is expected to be not so effective. Estiniates of 
' .. ' ~ ' ' . -

tritium bindirig energy for more realistic potentials, calculated . 

recenu/2/ by·a method p~op~sed .by .. ·Hall ~d. Post, alsodonot·. 
'I:· ·, , ... #' •• 

· give the good. lower bound in a number of cases. 

We wni look ;or the iower (and upper, as well) bourid to the 

·binding energy. basing on thefollmving: let us have .the~,exact Ha'-' 
.' . • . '-~ - : - - . . . ··-. :_ . ·- : .··-·.·--,\<; -· _. _ ... ' ,. 

miltonian of a: system H . and· an· approximate· Hamiltonian· .. H ·., then 

. if H . • ~: H or:~.H:~ii. xf_·the spectra of both' oper~t~rs~·~~tisfy th~ 
same in~qualitl~s/3/. Thus; th.e probl~m now: consists. i~ finding 

.: . . - . . . :-~ . . . . ' . 

sufficiently. effective procedure for' .ii ,: ·,orin other ~~rds the. 

approximat_e· interaction p~tential, ·to • b~; constructed~ Iri what foi-

. lows we ·.Will; consider. the attractive ·potentials orily;fo~ which. the 

given abov~:th.~drein holds (a. gener~liz'ation to the .arbitrary form 

· potentials. is.· not ·• difficult)~ ·. For. ~impiiCity vie,· r~strict; ourselves · 

. ·-to. the s -state o~er th~ relative. moticin of 'particle pairs ... 

Thus; letus·have thepair.short~range poten~ial <k'l VI k'->. 

Now introduce· the app_~oximate pbtentiaf_by means of the Biteman 
. ·.- /4/ . . . 

formui~ ·: 

H . H -J 
.<k,IV 8 lk'·>=:t

1 
[J 111 .<klVI.i·><jlVlk'>, (1) 

where J
11 

~-<il vii>, ·j i•> - the· ·s ~harmoni~ of the plane ~~ve with 

the momentum S 
1 

: It is easy to ~ee/5/ that V tv: (l A) . for 

. any .H : re~lly, we have 

x/ Qp~~at~r inequalities are u~~ally unde~st~~d.·_:iriJhe sense 
that H ~:H 1 means .<o/1 H l o/•> ~ '<1/r lH~lo/>»~here·l 1/r·'::> .·: is' a :function 
from the definition region of ·the operators H and H1 ~ 

4 . .. ·-

( <1/1 I+ t C)': <i! J V( 

for. the attractive pote: 

for example, the plane 
. ' 

to C 1 and calculating 

mum of (2); we get tll 
formula (1). The equali 

k' are equal to S1 • 

So, ·the calculatic 

the upper bound to th1 

other through the pote 

upper. ·bound· found by 

see, is that the e~resl 

tion about a shape of 

themselves are obtaine 

. · cal equ3:_tions .. Because 

· creases/6/, the sol~ti; 
· -miltonians HH . will, .ai 

Now let us find tl 

teron and tritium . .To 

termediate'' Hamilton 

. exact ones H,must be 

to obtain yH $ v (3 
.·. 

~elation (3). is '~q~~, 
. H 

'•·: :JV(k·~'k')!=lV;8·(1c 
' ' - t: ~ ; • ~ > I ' ~.- i : ' • 

r~;, !• , 



!ases. 

as wE!ll) bound to the 
. . 

us have· the 1£xact Ha-_ 
' ,:· . "": ·.~.:~· . . . . . 

e Hamiltonian H . ,then .• 

~--•• oper~tor~ • satisfy the ·. 

10~ consists.infiriding 
• c. . '. ~ • 

or in other words the 

)nstructed~ In what' foi

tials only,:fo~ ~hich:the 
)nto "the arbitrary form 

·we~ r~st~ict. ours~lves 
~f-particlepa1rs; · · · 

I • • • • ' 

! potential .< k •1 v 1 k ,_; • 

tmeans of .the Bit~inan 

lk.'>, {1) 

:~of the plane wave with 

/.that V ;(v: ( lAJ · for 

. ' .. : . ~ 

mde~sto~d- in the sens~ 
l~re '"' . :> , is' a fuiiction 
H: and _H1 

.. ·,, 

I 
r 

. I 

(2) 

for. the attractive potential V. Here _I if!> __ is an arbitr':lry function, 

for example, the p!ane wave .I k>. By rriini~izlng (2) with respect 

to c 1 and calculating {2) at values c 1 , which provide the mini

mum of (2), we get that v < v: , where v: is defined by the 

formul~ (1). The equality in the c~nditlon ( l A}' .takes .place i( ~-·or 
k ' are equal to S1 • . ' 

So, the calculation with ~he ~actorized potential (1) will give 

the upper bound to the energy of particles inter~cting with ·each 

other through the potential v . The difference from the energy 

upper }?ound · found by u::~in~ the :variational trial functions, as we 

see, is that the expres_sion (1) does not involve. a~y apriori -a~s~~p
tion about a shape of the 'syste~ trial f~ncticins and the functions 

themsel~es are obtai-ned as solutions. of the correspondingdynami-

.. cal equations. -Because~ of VN is tending uniformly to V as H in-
/6/ '· --. , , ' 

· .creases. , the solutions of equations_~ith "lnterm~di~te"/7/Ha~ 
·_-miltonians .HH will ,approach the exact solution. 

Now let us find the lo:wer bound to the binding en.er~y ~f deu

teron and tritium. To this end, as was mentioned abo.ve~ the "in

termediate', Hamiltonians f,H which always are smaller than the 

. exact ones H,must be derived, or, equivalently~ it is ~ecessary 
to · ob~ain v H ~- _v {3). Since the potentials . are attractive the 

.. , , . , . . , . ' 
~elation (3)-. is -~q~_i.v~lent to t~E{ · conelitiori!VNI~YI· we have: 

. H ·:· ' ' . / .:· <·d : ·.. . .·. , ... '· 

:· · · IV(k-,k '} lslV;
8

· (k,~.~Jl+[! V.(k_,k ~H -,:]V H(k'-ic'Jl= . 
' ; • ;.t ·, ,. ·,, · . , . · ~ · ·· . • · 8 · I. , . 
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.. . H . . H . 
= :1 V8 (lcllc ') l+ V1(1cllc ') ~! ViJllcllc ') l +I V1 (lcllc ') l· 

Taking account of . the. property ( l A) for V1 we have 

v ~ (lc 1 lc) ·i 0:-

Next, ·let. us d~m~nstrate.that the ineqmilityx/ 
: . . . . . 

"· , ,.~. .1 v, ("I". ·n ::..; vI (lc I d'v;. (lc : 1c ·, 

. holds. We-rewrite 
1
(1) in the form: 

. .. . . 

v: ( lc 1 lc /) =:< lc l V ! p /"( p l J- I l q ./ q l V ; lc , ' , 

where ·1 p •> and l q > are the N -dimensional vectors. Then 

v ~ l 1c I 1c 'J = < 1c 1 ~ l." , ... - •· 1c ! v ; P ~ ·: P 1 r 1 
.1 q . - ql v 11c < 

·=<lei (V-V !P ··· plr 1! q .. ql V} lie':· 

{4) 

(5) 

'·Due to (4) the operator in parentheHis iH ·positive definite, 

therefore it is possible to int~~duce the .poliit i ve (lf!finite operator 

R and vectors . X and y . i~ Hilbert spa«:(! vi:• tlw equalities 
,. . ,• . .. . . . _·, . l2 
R=(V-:Vlp><plJ lq··q!VJ ". ' .· . ", 

x=Rllc> . ' . :-· ,. 
y = R lie'> . 

I ~ ', ' ' 

: . x7 The in'equality (5)for..the )oca~ potential V( ~." :J ,:·an easi
ly be derived by using the known ·inequa1ity· i)r'Hddcr fl i(x)g(x}l.Jx~. 

.< v fl '!xJJx. v J!llxJJx ind integrai representati~ri for. tlic.partial ha;_. 
~onic of lo.calpotential V • In this way, (5) applied directly to the 
local potential, can be used for obtaining the energy lower bound. 

6 

v· 

l 

~I.··. 
1 

in such a waythat " 

for 'the scalarproduc 

·llx~rJ l:s ..j(x~xHr ~>'J 

Now we introduc 

·.· ,mula: · 
-·· .H' . 
v H(lcllc ')=-[I v B (lcllc ~) :( 

' . ,'-- ·. 

.. ' ' 

· · It. p~ssesses · th~ 

.. (1): v H (lc~lc)=VCic 
··,-H . ' .. : 

{2) .V. (k,i)=V(Ic, 

{3). V H ~ V • 

· The .. latter property 
. . . 

energy to be found.· 1 
. . . . ' . . ' 

condition (1), .the pot 

for which the conditi< 

that the latter inequai: . . . ~ ·. . 

(for dia~onal matrix 

. place .. 

· Next, it is . clea: 

the .. pos~ibility for the 

on ·scattering lengths · 

on~ l~vel f • be ' clc . :\, 

~pole'terin only; we ha 
•· • ·: .'•l. . . ·; . ·.• 

a -:- t (lc =; lc ~ = :' Z =0) 

. .. : 



1 v 1 ( 1c, 1c 'J I : . 

( 1 A) for V1 we have 

x/ 
ty ·-

! lc' . . 
I' , ' 

.. {4) 

(5) 

:mal vectors. Then 

,-,; · 1 v· 1c, q .. q I .. 

nile':.· . ' 
ieHlH iH. 'l)ositive 'definite, 

po1.Hf ive ·di~finitc operator 

pae•~ via Uw · equalities 

.. , 
,,,:' 

.. :··''" 

potential V( ~ ,lc ') c:~m easi-· . -
lit:y-.'i>r'Helder fll(x}g(x}(Jx: ··· 

ntati:on for'··the'.partial bar- . 
y, (5) applied directly to the 
~·the renergy lower bound. 

.~··.·.· 

in such a way that V
1 

(lc,lc 'J ~(x,y)- is thescalar product. But 

for the scalar product of two vectors in the Hilbert space we have 

1 (x,y) 1 :s ..j(x,xH y ,y) ·thus the inequality (5) is proved. 

Now we introduce the approximate potential through the for

mula: .. 

. v H(lc,lc')=-ll v: (lc,lc 'J:l +~[I V(lc,k~['.;jv :(k,lc)l J[ IV (lc;lc~) 1~1 V8H(Ic:ic'J 111. (6) 
. . . ' ' . . . 

It possesses the following properties: 
.:.. H. . . . . . 

(l} V (lc,lcJ=V(Ic,lc) 

(2) 'yH(Ic;i)=V(Ic,i), V H (i,lc'J=V(i,lc ') 

-H 
(3) v s v . 

The latter property guaranties the. lower bound for the system 

energy to be found. It ~ay be expected .that due to the additional .. · 

condition (1), Jhe potential" (6) is closer to the e~act.one than. (1) 

for which the. condition (2) is only fulfilled. It should be rioted also 

• that the latter inequality-holds for the non diagonal m:atrix elements 

(for di~~onal. matrix. elements, because of (1)' the' equality take~ 

· place ... · . :' 

Next, it is dear that the potentials (1). and (6) provide also 

the possibility for the upper and lower bounds to the'nucleon.;:,nucle

on scattering lengths to b~foun~~ In.d'eed, letin the two:... body system 
. . . .. ~- . . . ' 

.· '·· ' . ,;., ·;;: 

.. one level . E . be : Clo~e: -~9 z~ro, then taking in a t .. -:-II,latriX the 

·. 'poleJ~r;rn only,; we have_:, 
. l 

a .,. t (lc = lc ',; Z =0) - -· 

.,· 
. ; . 
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Le. the upper and. lower bounds to £ represent the estimate of -

thbse to the- -~cattering len~h. . ·· 

Using. as starting' one's the potentials-in the form of eXponent· 
/ 

and Gaussian functions, we have carried out for the approximate 
. -

potential (6) the calculations of singlet and triplet scattering 

.. · -lengths, binding energy· ~f d~uteron and tritium.~ The tritium bin-· 

ding-· energ~ was found by solving the Faddeev equations· system. 

with t- matrices constructed with th~ potential (6).' Results are 

listed in Table. 

In the ·calculations the followuig valtie·s of the potential pa

. rameters were used: 

. • • .. -2 
V = -32.348 fm 

.0 . 

a •.,;, 0.315 fm -2 

V/ = -77.022 fm- 2 

. ·. :. t . . •. -2 
a =0.480fm 
..• ·• . . ·''-2 

V = - 103.343 fm · 
;, . ... .. . . 
{3 = 1.364 f'!'-2 

V t =-179.249 lm - 2 

{3 t = 1.442 lrr, - 2 

r = 2.704 fm 
·s 

r, ~1.~49 fm 

:-..,;·· 

The resulting calculations. ~th :the· potential .(1) are 'takerdrom 

t'h~ wor/8/ in which the value ~ =i rhad been used~ . •',.- ''. 

The potential ( 6) was computed with H = 3, the: cuts: b~ing 'found 

from the condition of min x 2 , where ·· ' · 

2 J[ V(lc,lc '} -V~31 (1c,lc '}] 2JicJic' X = . 
f v 2 (lc,lc '} Jlc Jlc , 
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In all the cas_es · x 2 
- 10:

value .of the distance beh 

exceed 5% at worst~ 
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epresent the estimate of 

s in the form of eXponent · 

l out for the approximate 

t and triplet s'cattering 

tritium.·.The tritium bin-· 

addeev equations· system 

otentia1·· (6).' Results are 

lues of the potential pa-

·,I • \-, 

lfm . . ., .. . ' . ~ ' 

: ... ~·· :.~·::· .. • :t~· 

!htiai '(1) are :takerdrom 

beenused~···:·.:. ~-·· 

H,;; 3, the: cuts :b~ihg ·found 

In. all the cases x 2 
.,. JO ~ 3 • As is seen from Taple, the relative · 

value of the distance between the upper and lower bounds does not 

exceed 5% at worst~ 
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T,:pe of ·potentiSJ. Singlet Triplet·. . ;. Binding Binding 
· ' scattering scattering enerav enerav.: 

--------- Ot/ Ot/' 
exao.t · · ~pproximate · length length of deuteron of tri 

. . .. as(fm) a-t(fm) ·· , (MeV) tium (~eV) -----.--------.-.. --~-- -------~---
.• ~(1} ' ·. -2J. 6' 1 < i2. 20 

:. (6)/ ·. -25 ·. ·_' ~:2.JO 
;. ,, .· ... , 

----~---~----.---..---·-----~--..... .._ ___ _ 
~f3. Ve ·. 

. ' .·. (1) 

'• (6) 

-2J.6-. 

·-25.4 ". 

,·2.20 

.•• 2.40 

8.96' 

9.02 

9.220 

9 .• 227· 
~ ' . ' ' ·. " . ' ' 

-----------------~~-~~ .......... ---~~-~-------
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