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Dealing with modern theory of metals and semiconduc

tors (multiple scatt~ring.between so call~~ muff1n-tin ~o
tentials) the author found recently the following addition· 
theorem11 1 . 

ifn (r ... +f }=411 1:. C ;fl+f2n (t }J (r ... J lorr •> r 
K, L 1 2 LJ , L

2 
L L1 L 2 K, L J J K, L 2 2 1 2 ( 1 ) 

Here the abbreviations 
... 

i (r}=j 0 (Kr}Y (n}, n r1J=n
0

(Kr}Y (n'}, n=-'-
K,L L L K,L L L r (2) 

are used (in111 the i.~dex K is dropped for simplicity) with 

i{KrJ and nf(K.n as the (regular and singular, _r~spective
ly) ~pherical cylinder functions andY ffiJ as real linear 

L . ' , ... 

combinitions of the s~herical harmonics with·the quantum 

numbers f and me• The coefficients occuring ·;~ (l}·are ge
neralized Clebsch-Gordon coefficients 

C ="fJD.YL.(n}YL (,;JYL. r,.). -:,'f 
LL J L2 J :2 ·.·: .. ( 3) 

In the case f= 0 the relation ( 1 ) simplifies to the known 
formula 121 
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Vice versa (1) may be considered as general·iz~tion of (4). 

As far as the autho~ knows the corresponding literature, 
this gener~lization, in 111 derived by means ~f complex - . 
contour integration, is not publi~hed till now. 

In the following another simple proof is given. using 

Kasterin's representation of the spherical cylinder func-
tions131 : 

,, 
jfn {r) = Y ( !..}(-1} COS Kr 

1 
k "' 2-. 

K, L. L K . K r j a ;-" 
.£".'" ··:.. . " ··· .. 
I I _(r)=Y (.k_JSinKr 
... K,L. .L k . Kr~ ' (5) 

f1 n f ·t f. h . V1 Ci r r n ~ t r~ ~ ) .~~ ,._~ ' ·' (\ .. ~ .. ~ < •• ~. ! ·-~ i J !1 'S' j 

Really, by means of (4) and Kasterin's formula for the 

we can write (for . s ph e r i c a i von Neumann fun c t i on~ nK L ClJ 
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means differentiation with respect to -; 1 or_ r 2 • 

If·we differentiate with respect to ~,then with 
Kasterin 's formura for 'the spherical Bessel functions 

; l1J with 
K,L 

sinKr .f Jf!' IKt;• =...;.;..:,-= --e 
Kr 4rr 

( 6) 

(7) 

and with the completeness of the spherical harmonics ~0~ 

w~ ob~ain (omitting the index2 
. ~ . .. 

" £ ' £ 
Y ( lc ) ·• J • ( ... ) "<' c . 2 • ( ... ) 

L - I I L r = ~ LL L I I L r • 
K · · K, J L2 J 2 . K • 2 (8) . 
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Setting (3) into (6), immediately (l}.tur~s~out, q.e.d. 
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Differentiation in (6) with respect to r 1 y 
course,the same result. This can be seen b~mean 

_,. -/· 

foflowing relatio~ 

_ COS Kr -,;_ '_Lj"(//c ' p ' /c2 ( /c rn sin /c r 
!< r 1T K /c 2 _ K2 K .~ ; fCr • · 

holding for arbitrary~non-negative even numbers• 
~ . '. . . -. . ~ . ---~. .'' ' 

the _Cauchy principle value;' With (9r ·and, with th 
. . ' . . . 

that th~ expan~ion of yL(;) conta.ins only even (or 
-·- ~. \ . : .. _,; .; ·-_ -~- . ~- , · .. ~, . , .. ·' r - . . .- y • - • • 

we r.s . o f n , if £ i s e v e ri ( o r o d d , r e s p e c t i v e 1 y ) , 
... ..- ' • ' • ·"' -~: ~ ·,. "';' • 4 ~-:> : .f ,- \ .fl .,_ . . ' ;-~ 

write Kasterin's formul~ for the sphe~ical von N 
functions n (TJ in the following way: 

K,L · 

. £ . . £· " 
(;)=--1-f.JIL p· lc2(l_) · y' (.!..)sin kr _ i n 

K,L . 1T K /c 2...: Kl · K L /c /c r . , .. 

W~th (7), (9) and the completeneis of the spheri 

nics YL(n) we get from (10) 
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Beca~se .• cLL
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can ~eplace the exponent£+£ 1 . 

d~~ce.of .(9) from ·n. Therefore 
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' ' ..... 

is odd or nes 
by£2 ow~ng to th~ 

in analogy t~ (8) 
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turns out. Setting (12) into (6) again (1) ·foll'c 
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as general·iz~tion of (4). 
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course,the same result. This can be seen by .. means.,of the 
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holding for arbitrary.non-negatiVe even ~umbers ~P means 
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we~_s.oi'-n,· if··e is ~ven (or odd, respectively), we can . 
., ,... , . . . ., "· r • , -... f .,- ., to . . :,: • . . . . . 

write Kasterin's formula for the sphe~ical von Neumann 

f u n c t i o n s n (f) i n t h e f o 11 ow i n g way : 
-. K,L 

} n (7)=--'-JL P k2(.!.{ y· ( k) sin fer 
. K,L · 7T K fc 2..,;Kl _K L fc fer' 

( 1 0) 

With (7), (9) and the completenes~ of the spherical har~o

nics YL(n) we get from (10) 

Beca~se. CLLI L2 =:01 iff+ e I -f2 
can ~eplace the ~xponentf+£ 1 . 
d~~ce (of .. ( 9). from ·n. Therefore 

<i ·· el .•. · - :. 
Y(-)i··n (r)=I.C 

. - L K K, L 1 L • L L l L 2 . . ·' .' ·. " . : 2 ' " 

is odd or negative, we 

byf2 owing to the indepen

in~analogy td. (8). 

( 12) . 

turns out. Setting (12) into (6) again (1) ·follows; q.e.d. 
'·· ', ~... ..... 

. ;,, .·' 

5 
~·· .. 



I 

I 

" I 

I 

; i 
I I 

'f 
I i 

I 
I 
1 

. ~Bj the ~ay, with (8) and with the known formula/
2

/ 

~ -+ -+ ., 
sin K :1 r { +r 2 . 

.I -+ -+ .I 
K. r J + '2. 

' f ; 
=4_;I,(...;I}j (;')j (r} 

L K,L l K.L 2 ( 13) 

,immediately follows the _ad.ditio.n theor'em for sphert~~l 

Bessel functions 

' ~ fctf . f . ( -+ -+ } 4 ~ . c . . J ~2 • (-+ } • (-+ } 
I I r + r = 1T .._ LL L I I . r1 I L '·.i , 

K L J 2 · L L J 2 K,L J K, 2 • J• 2 . 
J 14) 

which has been derived recently by means of the well-khown. 

pl.ane-wav~ ~x,pansion for~ula/ 4 /. Th.e latter vice vers~· re-

sults from (5): 

f 
41TI.i i (t)Y 

L k,L L 

I -+-+, -+-+ 

( -+'} fJn"~ Y (lc}_Y (-+·') l<rn lkr n =. u ...,. L- L n e. =e 
. L. · lc 

( 1 5) 

with.k=lcii'. 

The author is grateful to Dr. W. John for useful dis

cussions. 
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