
C36 
s- S'9 
COOBUlEHH.H 

OB1>E,ZJ;HHEHHOrO 
. HHCTHTYTA 
. .H,ZJ;EPHbiX 

HCCJIE,ZJ;OBAHHt1 
lly6Ha 

.!iY1Y 
~ • -I ·• s 

E 4-5774 

T. Sild-'•, V .L. Ak1ienov 
\ 

= ::r 
i! a: 

THERMODYNAMICS OF STRONGLY 
ANHARMONIC CRYSTALS 

• 1M ... 
I 
! 
I • lA 
~ 
"1111: 

III. The Low Temperature .Limit 

1971 



ATIONS 
>f the Joint Institute for 
to be original publica­
~.·· with Article 4 of the 
:1ts and co:nmunications 
be· pUblished in future 
>die collections. 

E 4-5774 

T. Sik16e, V .L. Aluienov 

THERMODYNAMICS OF STRONGLY 
ANHARMONIC CRYSTALS 

III. The Low Temperature Limit 

061te~H,;.!'.IIDJ~ DnCT'JcyY 
.. epawx l'!Wle,noBam:U 
stf5Jl~OTEHA 



l 

In paper 11/ the properties of the f.c.c. lattice with nearest 

neighbour central force interaction were considered in the cas•e 

of the arbitrary external pressure. The instability temperature, th•e 

critical temperature, the phonon frequencies, the phonon widths an:i 

the thermodynamical properties of the f.c.c. lattice were calculated 

in the high temperature limit in /2/. In the present paper these 

quantities are calculated in the low temperature limit. Finally we 

discuss the results obtained in ~ three parts of our work. 

The Low Temperature Limit ( 6 « ru0 ) 

In /3/ an expression for the self-energy. operator (1.4)*) Wa.s 

obtained in the low temperature limit in the form 

g 2 ( 6, £ ) 2 • .a• 
n ( ) I S ( (I). ) 31T u 
. k ru =- Cl.lk ----- £0 Ok -- +-- ---

£8(6,£) Cl.lL 5 Cl.l8 
D 

s (~)} 
lk (I) 

L . 

(3.1) 

wh th d . · nl · S d S are gi"•en 1"n /3.~~/, ere e 1mens1o ess sums Ok an 1 k .v 

£ 
0 

"' 1.02 ru L is the zero-point energy per atom in pseudoharmonic 

approxhnation. The notations are the same as in /1,2/. 

J/0) '!'he formulae of our previous papers /1/ and /2/ are quoted liS 

(1. • .) and (2 ••• ), respectively, e.g. (1.4) means formula (1.4~) 
of /1/. 
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Equation (1.,8/ can be written in the low temperature limit 

taking into account the explicit form (3,1) of the self-energy operator 

approximately as 

_ g:~(8,0 

_!:_£(8,f)u
2
(0=£o[I-vo£o ra(8,f-) 

2 
] 

-1 317
4 

8
4

· [I g
2 

(8,0 ] 
+- -- +V f (3 2) 5 (il3 1 0 r3tn n, • 

D 

with the numerical coefficients v 0 "' 7.3 x 10 -a , v 
1 

"'O.IO /3/ 

Taking into account (1.17), (1.18) and (1,22) the S.C. equation 

(3.2) can be written approximately as follows 

[ a2- ...!.:.._ ( __ e_ )2 J2 

A a y (a)= II- 0.4 -A-
36 ro 

a 5 

; 

1-1+ 

+ 49.6 ( _r_ ) 4 II + ~ [ a 2 - -;- ( -f->212 
a A -------- I 

a5 

where function y (a) is given by (1,19) and (1.21). 

p.3) 

In the low temperature limit it is interesting to investigate the 

crystals with weak coupling. The dependence of the real solutions 

of the S.C. equation (3,3) on the reduced temperature T * and 

reduced pressure P * is given in Fig. 3,1a for A = 3 and 

in Fig. 3,1b for A = 2. If A·> A s = 2, 24 the s elutions of the S.c. 

equation (3,3) (see Fig. 3,1a) have the similar behaviour as the 

solutions of the S.C. equation (2.3) (see Fig. 2,1) in the high 

temperature limit. Therefore we do not repeat here the discussions 

.of /2/, The dependence of the instability temperature T! . on the 

reduced pressure P* is similar to that which was found out in 

the high temperature limit (see Fig. 3,2 and Fig. 2.2). In the case 

A = 3 we get the following value for the critical pressure 

p * "' 1.5 and critical temperature T * "' 0.8 2. 
c c 

If the coupling constant is sufficiently small· ( A < A s ) the 

crystal becomes unstable -even at r. = 0, because in this case 

the zero-point energy is sufficiently large. But when an external -

pressure is applied a stable crystal state appears which behaves 

in the analogous manner as in the case A > A s (see Fig. 3.1b). 

4 

The frequencies of the renormalized phonons ax 

(1,3) according to (1,17), (1.18), (1,22) and (3,1) can 

the following form 

f k 6 2 3 17
4 

T 4 
--,a--l2+I/yl !ReS 0 k+--(--) ReS 1 k I 

(il A 5 a 
Ok 

(L)Ok 

6 2 317
4 

T 4 
"' - l 2 + I I y I I Im S 0 + -- ( -) Im S 1 k I 

A k 5 a 

rk 

(In the calcUlations the following approximate values , 
-3 -3 

Re S 0 k "' Im S 0 k"' 1.85 x 10 , Re S 1 k"' lm S 1 k "' 1.25 x IO ) • 

In Fig. 3.3 and in Fig. 3.4 the dependence of the 

phonon frequencies fk/wOk and phonon widtl 

on the reduced temperature is presented for A = 3 

It is seen from Fig. 3,3 and Fig. 3.4 that both of the 

depend slighly on 

region T *> T: 

sufficiently small. 

of work /3/, 

the temperature in the region . T * : 
the phonon widths grow rapid!) 

This results for P * << I coinci• 

In the low temperature limit according to /3,4/ 

the expressions (1,12) and (1,13) for the free energy 

form 

4 

Fo = N (il LII- _.::__(-r-)4 
5 a 

F 3 ( 8 ) = - N £ g 2(8' 0 l 0 - ( 

f 3 (8,f) 

3 174 8 4 
B+ --· --- Cl 

o 5 (ila 
D 

with the numerical coefficients B "' 1, 85 x 10-3, 

Taking into account (1.17), (1,18) and (3,6)' tr 

for the internal energy (1.10) and th~ free energ--:~ 
the form 
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~ low temperature limit 

the self-energy operator 

/3/ v "'0.10 
I • 

(1.,22) the S,C, equation 

3 

\3.3) 

and (1.,21), 

esting to investigate the 

ce of the real solutions 

temperature T * and 

3,1.a for A .. 3 and 

1e solutions of the S,C, 

nilar behaviour as the 

Fig. 2,1.) in the high 

at here the discussions 

nperature T : on the 

rhich was found out in 

:i Fig, 2, 2), In the case 

tlie cdtical pressure 

>.S 2. 

y small' ( A <A B ) the 

; because in this case 

But When an external 

appears Which behaves 

A > A s (see Fig. 3,1.b), 

'I'he frequencies of the renormalized phonons and their 'Widths 

(1.,3) according to (1.,1.7), (1.,1.8), (1.,22) and (3,1.) can be written in 

the following form 

(3.4) 

6 2 3rr 4 r 4 
"" - I 2 + 1/ y I I Im S 0 + -- ( -) Im S 1 k I 

A k 5 a 
(3.5) 

(In the calculations the following approximate values were taken /3/ 
-3 -3 

ReS
0

k "'ImS
0

k"' l.85x10 , ReSik""ImSik"' 1.25 x 10 ). 

In Fig, 3,3 and in Fig. 3.4 the dependence of the renormalized 

phonon frequencies and phonon widths r k I cu 0 k 

on the reduced temperature is presented for A = 3, respectively. 

It is seen from Fig. 3,3 and Fig. 3,4 that both of these properties 

depend slighly on the temperature in the region · T * :S T: , In the 

region T *> T! the phonon widths gro~ rapidly but remain 

sufficiently small, 'I'his results for P * « 1 coincide with those 

of work /3/, 

In the low temperature limit according to I 3,4/ we can write 

the expressions (1..1.2) and (1.,1.3) for the free energy in the follo'Wing 

form 

4 r 4 
F =Ncu {1--

17
-(--) 

o L 5 a 
(3,6) 

'With the numerical coefficients B "' 1., 85 X 1.0-3, C "' 1.,25 X 1_Q-2, 

'I'aking into account (1.,1.7), ( 1.,1.8) and (3,6) the expression 

for the internal energy (1.,1.0) and the free energy (1.,1.1.) fukE!S 

the form 
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II 
i. 
i 

]: 

I 

\I 

~--l_,l0-2T*-l-(2 + _1_)2 
- 2 a y 

w 0 k 
(2,6) 

(In the calculations the following approximate values were taken: 
-2 -2 ) 

Re sk "'3 X 10 ' Im s k "' 1 X 10 • In Fig. 2.3 the depen-

dence of the renormalized phonon frequencies Ek I w0 k (P *= 0) 

on the reduced temperature T * is presented for some values of 

P * • In Fig. 2,4 r k I E k is given as a function of T * , The 

results obtained here for P * « 1 coincide with those of work/2/, 

In the high temperature limit according to J/2,3/ we can write 

the expressions (2,12) and (2,13) in the following form 

F 0 = 3 N e In ( 0.65 ~ ) , ( 
e 2,7) 

g2(0,f) 
------' 

£8(0, f) 
F (0)=-N0 2 A 

8 

where the numerical coefficient A "' 5,6 x 10-2. Taking into 

account (1.20), (2,2) and (2.7) the internal energy (1.10) and the 

free energy (1,11) can be written in the form 

1 2 P* e 2 
e = E "'0.85 T*- 2 a ( 1 + 0.7 y ) +- ( --) 

3N£ 4 ro 
(2,8) 

1 7.8 a T* 2 y P * f 2 
f = -- F "' T* In (- -) ---2 a (I+-)+ --(--) . (2,9) 

3N£ ,\ T* 3 3 4 r
0 

In the calculation of the free ·energy ,\ = 20 was taken. 

In Fig. 2,5 the reduced thermodynamical potential g = f + P *v * 

is given as a function of the reduced temperature T* • We note 

here, that the function g ( T *) has a minimum at the temperature 

slighty lower than T: . The dependence of the reduced internal 

energy e on the temperature T* is presented in Fig. 2.6. We 

note here, that the decrease of the internal energy with the 

increase of the temperature does not appear in the pseudoharmonic 

6 

approximation and in the low temperature limit, In t1 

the internal energy is an increasing function of th 

and its curves have a van der Waals character~ 

The dependence of the reduced volume v *= V'./ 
on the reduced pressure is given in Fig. 2. 7 • It i 

to .note, that the curves have a van der Waals cl 

analogous result was obtained in /4/, 

The calculation of the f,c,c. lattice propertie 

temperature limit and a detailed discussion of the 

be given in the following paper. 
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(2,6) 

ate values were taken: 

In Fig, 2,3 the depen­

~ncies £k/cu0 k (P*,O) 

1ted for some values of 

function of T * , The 

~ with those of work/2/, 

g to / 2,3/ we can write 

owing· form 

(2,7) 

,6 x 1o-2. Taking into 

energy ( 1,10) and the 

form 

(2,8) 

, P* e 2 
- )+-(--) (2,9) 
I ·· 4 r 0 

gy A = 20 was taken. 

potential g .. £ + p *v * 

tperature T* • We note 

imum at the temperature 

of the reduced internal 

esented in Fig. 2,6. We 

~mal energy with the 

r in the pseudoharmonic 

approximation and in the low temperature limit. In the both case~s 

the internal energy is an increasing function of the temperature 

and its curves have a van der Waals character. 
· - a ( a 
The dependence of the reduced volume v *"" V v 2 I N r 0 = £/r 0 ) 

on the reduced pressure is given in Fig. 2. 7 • It is worth-while 

to note, that the curves have a van der Waals character. An 

analogous result was obtained in /4 /. 
The calculation of the f,c,c. lattice properties in the low 

temperature limit and a detailed discussion of the results will 

be given in the following paper, 
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