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1. I n t r o d u ·c t i o n 

Recently a self-consistent (s.c.) theory of strongly anharmonic 

crystals has been 'developed which allows to take into account in 

the lower order perturbation theory all the higher order anharmonic 

terms in a . S.C. manner. (see/1-3/ and the references cited in/3~. 

The properties of the three-dimensional lattice, namely the face­

centred cubic (f.c.c.) one with the nearest neighbour central force 

interaction were considered .·in paper/4/ in the case of a small 

pressure. The properties of this lattice for the case of arbitrary 

external pressure were investigated in/5/ in the pseudoharmonic 

approximation. " 

In the present paper we take into account the damping of.the 

s.c. phonons and consider the properties of the f.c.c. lattice 'with 

the nearest neighbour central force interaction in the case of the 

arbitrary external pressure·. 

In Section 2 we obtain a S.C. system of equations for the de­

termination of the physical properties of the crystal at fixed pressure. 

2. S.C. System of Equations for Strongly Anharmonic 

Crystal at Fixed Pressure 

We consider a f.c.c. lattice consisting or' N identical atoms 

of mass M . Applying the method, which was formulated in/3/, a S.C. 

system of equations for the investigation of the f.c.c. lattice with the 

nearest neighbour central .force interaction was' obtained in/4/. 
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'The one-phonon Green's function was obtained in the follow-

ing form: '' 

+ 
G k ( w) = « A k I A k •>> w = 

2w k 

w2 -w: -2wkllk(w) 
(1.1) 

-+ 

'The frequencies wk (k =I k,j } ) in equation (1.1) are determined 

in the pseudoharmonic approximation according to/3/ by the equa-

tion 

2 
w 

k 

f (0,0 

f 

; 

wok (1.2) 

where w 0 k is the harmonic frequency corresponding to the 

strength constant f 

'The renormalized phonon frequencies E k and phonon widths 

r k are determined approximately in the form 

( k""Wk+Rellk(Ek); rk=-lm IIk(W+ iB). (1.3) 

'The self-energy operator in the effective cubic approximation takes 

the form: 

IIk(w)= I IV,(-kp ')l2l (nP+nP,+1)(w +W,) 
, 3 ' ,p p p 

p,p 2 
w -(w +W ,)2 

p p 

(n - n , ) (w - w , ) 
E.-::.E.. P ~- I ' 

w2 - (w -w , )
2 

p p 

-I 
where nP=[exp(wP/0)-1] . ' 
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\1.4) 

For the central pair force model the function I ' 
... 

IVa <-k,p,p'>l2 
~(p+P'-k> 

g2 (O,f) F 2(-k,p,p'), 

4M
3
Nwkwpwp' 

where F ( k 1 , k 2' k3 ) is a dimensionless sum ove: 

points which is given in/4/. 

'The pseudoharmonic f ( 0 ,f ) and the effective 
• 

strength constants in equations (1,2) and (1.5) are d· 

the S.C. manner 

r < o , r > = ¢ " (f > • g < o, f) = ¢ ,, < r > • 

where ¢(f) is the S.C. potential which ·is given in C• 

ximation/4/ by the equation 

¢(f)""£~ [_1_ u2(f)]n¢ (2n)(C) • 
n=O n · 2 

u
2 

( f ) is the mean square relative displ~cement of 1 

atoms, It can be written using the Green's function 

form: 

1 

u2(f) = ZN f( O,f) 
I w -

1
- td w coth ~ [- Im G (w+ i 8 )] 

k k TT 0 20 ... k . 

where Z is the number of the nearest neighbours (fol 

z = 12. ). 

In addition to the temperature 0 = k T the prop 

lattice are determined also by the volume V of thE 

by the external pressure P • According to/3,4/ these 

~atisfy the following equation 

z e - 2..;2 -
P =- -- ,~.. '(f > =- ---- ,~._, < e > . 6v 'I' r 2 'I' • 
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ts ·obtained in the follow-

(1,1) 
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ion ( 1,1) are determined 

'rding to/3/ by the equa-

(1,2) 

y corresponding to the 

:; f k and phonon widths 

)rm 

(1,3) 

.tbic approximation takes 

~ ( (L) +ill 
p p 

(L) , )2 
P· 

t1.4) 

- 2 
For the central pair force model the function IV 

3
, I reads: 

where F ( k 1 , k 2' k3 ) is a dimensionless sum over the· lattice 

points which is given in/4/. 

The pseudoharmonic f ( () ,e ) and the effective cubic g ( (), e ) 
• 

strength constants in equations (1,2) and (1,5) are determined in 

the S.C. manner 

r < e , e > = ¢ , <o • g < e, e > = ¢ ,, < e > • (1.6) 

where ¢(e) is the S.C. potential which is given in certain appro­

ximation/4/ by the equation 

u 
2 

( e ) is the mean square relative dis placement of neighbouring 

atoms. It can be written using the Green's function (1,1) in the 

form: 

I 
u2(e) =----- k (L) 

ZN r< e,e) k 

I 

k 77 
/"d ru coth ; ()[-I~ G ~ru+.i 8 )]", 
0 

(1.8) 

where Z is the number of the nearest neighbours (for f,c,c, lattice 

z = I2. ). 

In addition to tne temperature () = k T the properties of the 

lattice are determined also by the volume V of the crystal .or 

by the external pressure P • According to/3,4/ these par:ameters 

~atisfy the following equation 

p =- ~-~- ; '(e)=- ::_v_~_ ¢' u) . 
6 v e2 

(1.9) 
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where v =(V/N)=f 8 /v2:e is the equilibrium separation of neighbour­

ing atoms. 

The thermal properties of the anharmonic crystal are deter­

mined by the internal energy E and free energy F which accord­

ing to/1,3,4/ we write in the following form: 

NZ - I 
E=<H>=-1¢(0+-f(e,e) u2 U) I+5F (e) 

2 2 8 
(1,10) 

NZ • - I - - " 
F= F

0 
+ -1¢(0-- f (e,Ou2 (0 I+ F8 (e), 

2 2 (1,11) 

where 

F 0 = e t In I 2 sinh w / 2 e I (1,12) 

and the effective cubic anharmonic contribution to the free energy 

reads 

Fa (e)=- .. L 
6 

~ l V (k,p,p')l
2 

I 
, 8 

k,p,p 

n (l+n +n ,)-n n 
k p p p p + 

Wp+Wp' -Wk 

(l+n )(l+ n ,)(1+ nk)- n n , n k 
+ ----~p~----~p----------~P~P---------

WP+WP,+Wk 

(1.13) 

Therefore both the dynamical (1,3) and thermodynamical (1.10) 

and (1.11) properties of the anharmonic crystal are determined by 

the S.C. system of equations (1.1)-(1.9). To solve them we should 

introduce the interatomic pair potential ¢ ( R ) in the equation ( 1, 7),_ 

which as in/4/ is taken as the model Morse potential; then fo~ 
equation (1. 7) vve get: 

6 

I 

~ 

. \i 
.\l 

-2 a<f-r 0 ) 2 y -a<f-r 0 ) y/2 I 
¢(0=d e e -2e.' e , 

where c is the depth of the Morse potential and r 
0 

rage distance between neighbouring atoms in the harm 

rria.Uon. The strength constant in the harmonic approxi 
2 - -ven by f = ¢ " ( r 0 ) = 2 c a • y = ( f /2 c) u 2 ( e ) = a2 r ~ ( u 2 (e 

is the dimensionless mean square relative displacemE 

bouring atoms. We note here after/1/ that the deviation ( 

Jones (12-6) interatomic potential from the Morse potent 

in the domain of the thermal expansion of the lattice is 

Therefore we shall take further a r = 6, 
0 

Let us consider the case in which the external 

fixed P = c onst ., but contrary to/4/ we do not suppm 

small. The equilibrium lattice constant- depends on the 

of the crystal if we keep the external pressure fixed, 

rium separation of neighbouring atoms f can be writt' 

1 oe e (e)= e + 8 e = r {.l +- y + --- I. 
o o 4 r 

0 

where e 0 is the equilibrium separation at p = 0 whid 

termined using equations (1.9) and (1,14). It is convenier 
. ' 6 6 

the reduced pressure P * = P (a 3 I c) , where a = r 
0 

parameter of the Lennard-Janes (12-6) interatomic po 

equation (1,9), taking into account (1.14) and (1,15), 

Be Be 
24 -y -6-- -6-.-

P *= e e r 0 I e 0 -1 I . 
( f/ r )2 

0 

Using equations (1.14); (1,15) and (1.16) the dimensionleE 

monic strength constant a according to (1.6) can l: 

follows 
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e), 
(1.11) 

(1,12) 

:>ution to the free energy 

n ',)..:.. n n , 
_.:;_P _ __;P~..:..P __ + 

(1.13) 

--. 

1d. thermodynamical (1.10) 

:ystal are. determined by 

o solve them we should 

t ) in ·the equation ( 1, 7), 

orse pote~tial; then fo~ 

-2 a(f-r 0 ) 2 y -a<f-r 0 ) yl2 
¢(0==d e e -2e.. e }, 

(1.14) 

where c is the depth of the Morse potential and r 
0 

. is the ave-

rage distance between neighbouring atoms in the harmonic approxi­

rria.tion, The strength constant in the harmonic approximation is gi-
2 - -ven by f == ¢ " ( r 0 ) == 2 E a • y == ( f 12 E) u 2 ( E ) == a2 r ~ ( u 2 (f ) I r; ) 

is the dimensionless mean square relative displacement of neigh­

bouring atoms. We note here after/1/ that the deviation of a Lennard­

Janes (12-6) interatomic potential from the Morse potential with a r 
0 

==6 

in the domain of the thermal expansion of the lattice is rather small, 

Therefore we shall take further a r == 6, 
0 

Let us consider the case in which the external pressure is 

fixed P == c onst ., but contrary to/4/ we do not suppose that P is 

small. The equilibrium lattice constant depends on the temperature 

of the crystal if we keep the external pressure fixed, The equlib­

rium separation of neighbouring atoms f ccin be written as follows 

(1.15) 

where e 0 is the equilibrium separation at p == 0 which can be de­

termined using equations (1,9) and (1,14), It is convenient to introduce 

the reduced pressure P * == P (a 3 I c) , where a6 == r 6 I 2 is the 
0 . 

parameter of the Lennard-Janes (12-6) interatomic potential, Then 

equation (1,9), taking into account (1,14) and (1,15), reads 

8 e 8e 
24 -6 --- -6 --

p *== ---- e-ye r o I e •o -1 l • 
(f/ r )2 

0 

Using equations (1.14); (1,15) and (1.16) the dimensionless 

monic strength constant a according to (1,6) cai. be 

follows 
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(1.16) 

pseudohar­

written as 



i 

:; i 

I, 

I 

'I 
I I 

2 f ( O,f) P* f 2 
a= =--(-) 

f 12 r 0 

where 

P* f 
y = {1 + -6- (--)

2 
e Y J ~ 

ro 

e- Y 

+-- (l+y) 
2 

f 

Solving the last equation for y we get 

a2-~( e 2 
Y= In 24 --) ro 

[a2 _ ~ (-f-)2 p 
12 r 

(1.17) 

(1.18) 

(1.19) 

Consequently, the expressions for the S.C. potential (1.14), 

the equlibrium separation of neighbouring atoms (1.15) and the effec­

tive cubic strength constant (1.6) can be written as follows 

¢ (£) =- e I a2 - P* (-f'- )2 
8 r 

0 

e-y P* ( ___ f' )2 
U+y)-24 ·ro 

(1.20) 
= -e I 

2 

P* f' 2 
a2- --(---) 

24 ro e 1 
--=1+--lo 

r 0 12 
[a2- .!...:(_£_)2 ]4 

12 ro (1.21) 

1 1 1 + y 
=1+-y--lo-

4 6 2 

g(O,f') =I a2- ...!:..:.( __ £) 2 I=_.!::_( _£_)2 + e:y I 1 +Y l' 
g 36 r 0 18 r 0 

(1.22) 

where g "'¢ '" ( r 
0 

) =- 6 l a 
3 
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. Evaluation of the cu -integral in expression (1.8) 

of finite phonon widths is not so easy as it was in the 

monic approximation/5/ and should be done numerically, 

obtain an approximate expression for (1.8) if we take 

the explicit form of the self-energy operator (1.4) in 1 

low temperature limits. The results of these calculat 

given in following papers. 
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- y 

- (l+ y) (1.17) 

(1.18) 

the. S.C. potential (1.14), 

1toms (1~15) and the effec­

be written as follows 

2 I 

] 4 

-y 

+~ll+yl, 
2' 

(1.20) 

(1.21) 

(1.22) 

Evaluation of the w -integral in expression (1,8) in the case 

of finite phonon widths is not so easy as it was in the pseudohar­

monic approximation/sf and should be done numerically. But we can 

obtain an approximate expression for (1,8) if we take into account 

the explicit form of the self-energy operator (1.4) in the high and 

low temperature limits. The results of these calculations will be 

given in following papers. 
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