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1. Introduction ·· 

The microscopic theory of the collective excitation of nuclei · 

in the . usual Random Phase Approximation (RPA) formulati~n/1/ 
had been found unsufficient to describe quantitatively the first exci

ted levels. Besides,. (RPA) was. not able to explain the higher exci

: tations. behaviour. 
' 

In recent years remarkable progress has been made in de-

riving the meth¢s removing the (RPA) defects. In these approaches 

. either the equations of. motion taking into account the anharmonic · 

. corrections/
2

/ or the boson expansions of the· Fermi operators 

are used/
3

/. As a rule, (RPA) plays the role of a zero ord,er appro

. ximation in all these attempts; 

In this paper an optimal zero order boson approximation is 

. · proposed. Very important effects which already in the harmonic 

. ' boson picture lead to the correlations between: one-particle and 

·collective excitation~ will be taken into account. We would like 

to stress that in many papers,' where more accurate anharmonic 

effects are included, the above effects are disregarded in· spite· 

'of the fact, that their .existence. was .already indi,cated earlie)4/. 

ln. 2 the general problem is formulated as ·a variational. prin

ciple. The equat!ons for' all quantities descriping both the . one

quasiparticle excitations and the collective ones are derived •. In 3 

the results are ''illustrated on. the examples. 

3 



2~' The variational principle 

Let us consider the hamiltonian of the N -f~rmions systerri 

as a sum of the one-particle part, pairing and multipole-multipole 

Interactions 

II = 11 0 + H P + H QQ , 

H'o = ~·(E:j-·A) 
jm 

; ... 

+ 
a j;, aim '•. 

. where f J are the one-particle energies, ,\ is the chemical 

potential, 

u 
p 

p+ = 

G . + p -·- p 
4 

~ . (-1) i.-:-m 

Jm 

a + 
jm 

. ; 1 + 
II ~Q = - 2 l;.{ XL QLM 

Q = ~ <11 Q :j 2 ·> LM. ., LM 
jl ml j2m2 

+ a 
j- m 

QLM 

+. 
a 

' 

J l ml 

Q LM (X ) e r Y (0, ¢) 

a 
j2 m 2 

<1jQLMj2> f'l'~(x) QLM(x) '1'
2 

(x) dx 

4 

(3) 

(4) 

(5) 

(6) 



-. 
·.l'. ·' , 

We . perform now the u - v transformation passing from a , a+ 

·.fermion particles operators to the. c, c+ :..fermion quasiparticle 
operators · 

+ a . 
I nl 

+ (-1)1-:-m V 
+ 

a u c c 
lm I lm . I 1-m 

(7) 

2 2 1 - ul + vI = 

.. After this transformation our hamiltonian can be written as: 

p 

1/_•t 
J, 

)' 

v 1 (u~--~~)(A~-t~,) fi.,V2fl
1
V401 ,u1 v1 a;(~ 12,A1 ,-v12,At,)- ·. 

. r;· ·, __ II . 

;..,.-

..: .!: 8 , ( u2 - v 2 ) ( 1 - V 2 0 ·· a + ) ] + 
- .2- II I I . · I I 

[i ~4 I. c II' .... ___ . 

v2o. v2o , 
I I 

'5 

f/· J 

f'/j r/j' 

+ 



where 

+ 
A 

j 

+ 
a 

j 

I 
:£ + c c + (:-)J-m . 

y"4{l m 
jm ·J-m . 

j . 

I I c + 
jm 

y2{l m 
j 

c 
jm 

· 20J = 2 j + I 

I . + 
HQQ= ---:£X Q [II']Q [22'](A [ll']A [22'] + 2 · , L L . L LM LM . 

LMII'22' 

(10) 

. (11) 

L-M L-M \ + + 
+(-I) A [II'] :\[22']+(-1) A+[II']A [22'] +A [ll']A [22'])-

. L-M LM LM L-M L-M L-M 

(12) 

I . ~ ---
2 

X Q (II'] q [22'] (A+ [II'] +(-I)L-MA [II1) a+ [Z!'];... 
L L · LM L-M LM 

LMII '22' 

I . . + 
. -- :£ X Q f 22 '] q [II'] a+ [ 11 '] (A [22 '] +(..:.I) L-'1\ + J22 ']) _-

2 . L L L LM · · LM . L"- · 
LMII'22' 

- _I_ :£ X 
1 

[ II ' ] [ 22 ' ] a + [ II ' ] ·~ + [ 22 ' 1 
2 L qL qL LM LM 

LMII'22' 

(The shell model state ( N I • e I • j I • ml ) is simply abbreviated as 

i), where 

' I 
(> Q [ I2] = • - ( u v 

L · ( 1 I 2 
+ v u ) 

I 2 

<lfiQL 112> 

y2 n 
(13) __.._ 

' )\ \·~ ( 1. V2 ;•! I 

+>--. (q ~t) 
L 
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<l:Jl QL iJI 2 •> · 

~ 

(14) q [ 12 ] . ( u u - v v 
L · 1 2 1 2 

The matrix element < 1 :1 Q LM 11. 2 •> is written by use of the Wigner:

Eckart theorem as 

< 1 q Q :12 > LM 

< 1[1 QL:II 2 •> 

v2 n~ .· 

and < 2 M :1 1 ·> is a Clebsch-Gordon coefficient < j 2 m 2 , LM :1 j 1 m 1 '> • 

Operators A , A+ and. a+ satisfy the commutation,,relations: 

511' (1 -
2 + 

---a ) ' 
- ·1 

./20 
j 

(16) 

[I Q [ 22 '] A .[22 '] , I 5 5 I Q [11 ']ga [11]-
,\L fLM 11 ' ~ . ,\ ' 

22' L ' LM , 11 ' 

(17) 

_, - - --·- a + 
-2 I y40L y40i'<L'M',LMl,\p> G [11',L'] aL'M'[11'] 

11 'L' 

Ga [11',L'] =I g~[12] QL[21']W(11'',\L L'2), 
AL 2 A 

and W ( 11 ·~ L ; L' 2 ) represents a Racah coefficient. 

Following 'the paper/4/ otir app!"oximation· is based on the 

replacement of ttte C,perators of the right hand side in the last 

relations by their ground state averages: 
. I . 

7 



., + ., <. a .. ·> 
j 

< :j a+ [ll'J:j > 
LM . 

...; 20j pj 

8 
LO 

0 

8 ··y20 P· 
11' I I 

We assume that the approximate commutation relations are.: 

[A I ' A~, . ] ott'0-2pt > 

. [ I Q [ 22 '] A [ 22 , ] ' I g ~\ . [ ll , ] A ~ [ ll , ] ] 
22' L LM 11' 1\ . "fl 

o.\L aflM I 0- pll, > Q.\ [11'1 g~ [11'1 , . 

where 

pl!, = p 1 + pt' . 

Now we define. the bosons 

B+ 
n I (an! A~ -bnl A 1 ·), 

. ~- ·' 

8 

(18) 

(19) .. 

(20) 

(21) 



t'-

.. 

~ ( f a [ 11 '] A+ [11 '] - a [U'] (-1)"--!L . A . [11 '] 
11' · ,\ . "-IL g,\ · , "--!L · 

(22) 

- with the following conditions for the coefficients: 

(23) 

g~ [11'] 

Using the approxirna;te commutation relations (19), (20) we receive 

·the orton.ormality conditions: · 

( L- 2 p 1 ) ( an 1 a 
m1 

-b 
n1 

b 
m1 nm 

(25) 

0 (26) 

~(1-2p_ 1 )(ab -b a 
n n1 n2 · n 1 n2 

0 ' . (27) 

a '].f3[' a {3 ~ ( 1 - p 
11 

, ) ( f ,\ [11 f ,\ 11 ] - g ,\ [11 '] g ,\ [11 '] = 5 _a a , (28) 
11' tJ 
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. . ~ ' 

;I;({_p )(i~'[I'I';]'f.,a[22;] ·~~a(I{'j;ga[;~d)~l(B B ·-(~I)ll+l2-tAB fl· 
a 11 1\ 1\ 1\ A 2' 12 I ':01' 12 I 

: ~ ' ... 

~,0-p11,)(f~ [II~l~f [_II']·- g~ [II.'lJf [II']) .,;o·, (3o) 

. . ' 

I 0-p 11 ,)(f~ [II'] g>.a [22T: g~[IIT£;'[22'] = 0 
a 

:.-'·) ~11 .• ::-,._. •','_' ~'', .,~~;:._: ..... r.~ 1 ·.-, 
;~, 1 ' ~ ' ~ ."" 

Having settled these conditions we can simply · p~~f~~m· inverse 

transformation 

A+ 
I I (l-2p 1 Ha 

1 
B+ + b 

1 
B ) , 

n n n n (32) . 

A~ll [II']= 0-'PP,)! (f ~[II'] Q>.:[~]+(-1)"-~g;~u~],~-JL[aL (33)' 
: ;··. . 

Now we proceed to formulate the problem as a variational 
·•, 

principle which is our basic·appr~ach •. ·we conslriict :the' functio-
nal f· as 

,. 
l •. ':.. '1' ) • I. t 1 

10 



:£ -;; ( v 2 + u 2 ) 
1 r 1 1 

-:£ .w~ (l-p 11 ,)(f.~[ll'] £~[11']-g .• ~ .(ll']g~[ll'])-;- (34) 
a:x. 1,1 ~<.·-~... . __ ....... --···-.................. --------

where .< :111 :1 •> is the expectation value of hamiltonian in the 

ground state. We require 

0 
(35) 

and we assume the ground state of the system q '> 

cuum o'f bosons (21), (22): 

to be a va-

(36) 

We have in the explicite form: 

f. = _Q_ :£ 201 :£ 201 (t 1 -.\ 
G 2 

+ --> VI + 
4 I I 2 

2 

G 2 2 G 
+:£ (£1-'.\ --> ( U I - V I) 20 I pI -- ( :£ 20 

1
u

1 
VI (l-2pl ))_ 

2 I 2 

11 



I p. 1 ( u ~ + v~ ) 
I 

(.;· 

. . 

._~I vm : V40; ,(l..;.2p ·)(I.:...2j/,;)~( ~ 2-~~·)(u 2;-v~)li(~' ·~·:. l+h •·lb ·l,+a b ,+b a J! 
4 11 , I I, I· I 4.1 .1 1 1 n-n n _nn_ n1nl.nlnl; 

' ; . . -~ 

G .-. - '. .· 1, ::"" ' . I' ' ' 

--Iy401y4Q1,(1-2p)(l-2p,)-I(a a ;+-b b ;-a b ,-b. a,)-
. · · 4 1.1' . 1 · I 4 n n 1 n I n I n 1 n 1 n 1 n 1 n 1 

- 21 . . I ;; . x L. 2 o L. Q t r 11 :l Q L [22 ~1 u ~e ·I 1 , L (l ~P 2 2 , . >. , , x 
La 11' · · . • . 

~ .. ,·~ ·'··'· .... · :l·.,._ ·;_ 

·''· ~(fa [11 '] f a[22 ;1+ a[11 '] a [22 '] +fa [II'] a [22!] + a [ll'] fa [2~~n 
. L L gL gL L . gL . gL · L 

,":L~g:'li. ~1 -p11 '.H':g~[ll,'],,gi)~tlt ~~ .. P.rJ .r~ {! 1 :~) ,-:- "•.'. : · · 

I 
n1 

n 
(i)· 

0 
o· -2pl ) ( 2 

a nl 
b2 

nl 

.t _,.l ·/ .. -.·,,_., .-,, __ ': ;.-.- ... , ":--- ·•!;.,;J 

i'" .'. t. 

i, ~ . . . I . : ' . ' ! ~: ' 
The_ .system of the equations for all the parameters characterizing 

the quasiparticle and collective excitations: · 

.i.L=o, 
a u.k 

af 
= 0 

a~k 
;,. ~- ~ l ~--~-· 
t. t•. :'' 

a~ . ~f . 
. , .. : .. a 'a ;=, o ..• :-· .;'· ,w·=, ~; ~-·•: . .., 

nk · nk 

.:12 

···::::>:·· 

( 
. ;. ! :

4
• ..r: ~ i !.,.. 

·. t~/~: 
'. 

.· , . ., ,.,_,.,_, 

:1 . • . i, (38) '< .·. 

..-· 
.;. i. 

; .. -.. -~- . 
(39) 



a ca [33 '] 
L 

0 -

,·_~·.(';{_ '~"" .t)i ;~ ·-. ~- _i··~.-·r 

·' 
. is 'jUst set. of necessary conditions for to be· minimum. As . we 

~e~ :·~, ,~~~T?~s~.~n .. ~h.e. ~~~~nie,t~~~ .. _P 1 ;,; ·-~~~h: .~r:e'> t~~, o~~u~-
tion ·numbers •'of the quasiparticle levels · in·::.th,e ~round stat~~ For 

these parameters there· are additional equations 4/: 

', I ·• J · •- • J,, •, • \' ~, · •, •.,. ... ~ I '1, ' '. (4+). 

--·. 

·where 

'' 

~!: 

reduce the syste~ of equat~?~·:·~38)· by the' ~sua! .:rlethod 

c • (42) 

R, • ( ·~ -A ~- : [<,I-2p .. ~~'- t .. , _ ';;, : (43) 
-· ... \:: 

+ ·~ \1 40 k (1:...2-pk ) I v'IDJ 0-2P1) ( ~ -v~'Ha nl 8 nk +bnl b nk -+:an,~,~ nk+bn 1 8 nk ) ' 

.,:13. 



G . 
,, r· ... ·:'= .- 20 '{l-2p ) I 20 u v. (l-,2p ) + 
l- . k 2 k k . 1 ' 1. 1 1., 1 

+2.I X .<T[IQ :!lk•><2:[1Q :ll2'·>(u v ,+v u ,Hl-p )(1..-p,) x 
L L L . 2 2 · 2 2 kl .· 22-

(44) 

( fa [lk] fa[22'] a[lk] a[22'] a[lk] fa[22'] fa[lk] a[22']) · 
X·L L· _+gL ·gL +~L- L +L gL. '. 

The quantities R k ·play.· the role of the renormalized quasiparticle 

energies, the renormalization being due ··tc,~- pairing, vibrations. The 

quantities r k are renormalized energy .gap,· the renormalization 

being due to the mtiltipole vibrati;;~~. Using. these formulae we can 

simply write the formal solutions for u k , v k 

=!._0+ 
Rk 

) ' 2 
u 

R2 
k 2 y 2 

(45) 
. rk + k 

'· 

= ~.(l -
, Rk 

) . 2 
v 

k 2 y r2 + R 2 
k k 

' . 
To derive the equations .for the amplitudes of collective ·vibrations 

we use (41). Generally we get also nonlinear terms; but we will 

omit them. Thus we have: 

' a f. .. 
= (2Ek-w;_) 3 nk 

a ank 

14 



G -· · 2 2 -· - .. 2 2 1 . . · ·. ~ 4 y' ~k (uk - v k) 7 y' 401 (l-2pi ) (u• 1 ~v.1 )':;z {a,il + bnl_:),, -. 

··- .. :, '.' . 

. - ; ; ~ ; ~- :' l t 

(2Ek 
n 

+ cuo 

( ·E· .·-+ E ·- 'Y ·)··r·r [33'] =.·.a a' cuL_ ·L a rY[33 '1 
·L .. 

aS?. . 
a ·r[33 '1 _gi. 

't : • ~ . . ' 

( E E ,_, ·r ) ·r [ 33 '1 ·a+a'+~L gL · 

--
-xL QL[33'l I, QL rll'] (l~·p 11 :) (f~-[liT~,g-~ (U'])'··=·O, 

, , 1 ll · , , . , , . . ' · -. , . ,r,, ,- · 

·- (,, 

.where 

i(46) 

(47) 

(48) 

(49) . 

... . 'G 2 2 -· · • . · • .·: •· > . . 
._Ek ,;(£ -.\ --) (u -v )+Gu v I20

1
u v 0-2p' )'. (50) 

. k . 2 ,.,~ k k k k 1 1 l 1 
;--......,. __ . . . 

. 15 



It is simply to check that the equations for f and g ' are for-

mally identical with the same· equations obtained i~ the papers/
4

/ if we 

identify· E k with quasiparticle energy.· But in our case the para-

meters uk and vk satisfy some other equations~ From the 

equations {48)~/49) it follows the secular equation for the multipole 

excitations 

1 2x ~ 
L II' 

( 1..:..Ptt ,) Q~[ll '] (Et + Et') 

2 y 2 ·-
((EI+EI,) -(wL ) _t 

{51) 

and for the pairing vibrations energy the similar ·one. ·~ 

Thus the equations (42), {41), {46), {47), {48), {49) are a coupled 

system of equations which describes' our N·. -fermion. syste-m. Obvi- · 

. ously ·it is not easy to resolve it in the general case. we:. can hope 

only on some iteration procedure. In the next paragraphe we will 

give .some· simple ·examples "by which we Win dern~nstr~te the correc- · 

tions characteristic of our method. 

3. Examples 

a) , Simplified equations for· u k and. vk , 

Let us neglect, for the sake of simplicity, ·the sec~rid terms 

in the formulae for Rk and r k ~ In this case we put 

/). G-~ ·2nl ul VI U-:2Pt (52) 

16 



and the equation for the 11 gets the form · 

2 I 
n; 0-2p 1 )_ G 

( ( 

G y!:J.'J+(;-.\)2 
1 1 2 

1 

(53). 

From the condition 

N (54) 

we can also determine ',\ 

n - N 
n (;' -.\ >0-2p 

1 1 . 1 
(55) 

We see, in this crude approximation, that the coupling with the 

vibrations leads to the blocking type correctior:s in the energy gap 

equation, namely. the ene"rgy gap decreases, This effect, is large· 

-~nough in nuclei in which there are strongly collecti#' low lying 

states, and small when such states are absent, 

b) Pairing vibrations 

From the eque1tions _ ( 4~)_ we have 

· ( E n ) ' G . ,- ( 2 2 ) G -- ; ~ m 
2 k-Wo ank -- v40k uk-vk <lln -- y4uk -rn 

' ,4. . . 4 
0 

/' 
(56) 

a = 
nk 

4(2E - wn 
k 0 

----------, t57) 
4 (2 E + W n ) 

k 0 

17 



.<IJ I 
y401 2 2 . . . 

= -- (l-2p ) ( u -v ) (a +b 
n 2 · 1 r 1 n1 n1 

(58) 

v4n 
'P = .I - 1- {l-2p ) ( a - b ) n 2 · · ·1 · · n1 n1 

(59) 

Using. the simplified expression (52) for the.~ we receive the 

following equations 

op-2p 1)((w';)
2~4~2 ) . . op-2p1)(;1..:.A) 2w; 

I. . <1> +I 'P = o, 
1· 2 n 2 n 1 · 2 :_An· 2 n 

E1(4E 1 -(w
0

) ) E 1 (4E 1 \w 0 ) ) 

(60) 

.- , n 

O(l-2p1H£ 1-A) 2 wo <I> +I I .. l . . 2 n 

E(4E~{w~) ) . 1 

n· 2 
,o1{1-2pi) (wo ·) 

E 1. (4E12 + ~ ) 2 ) 
'P 

n 
0. (6i}o, 

Hence it is easy to get the. secular equation: 

n 2 0 1 (l-2p 1 ) 
(w·)I(I ···-)(I 

0 . 1 · 2 n ·2 1 
E 1 (4E 1 -(w o) ) 

n ·2 2 
0 1 (l-2p 1 )((w 0 ) ~4~ ) 

. ) 
2 · n 2 

E 1(4E1-(wo) ) 
(62) 

"' 

- ( I 
1 

0 1 {l-2p 1) 2 (£1 -A ) . 

. E . (4E 2 
- ( w n ) 

2 
) 

1 1 .. 0 

0 
2 

) I 

18 



This equation differs from the usual one/
4

/ in n:v.o points: 1°. There 
. . . .. 0 . 

appear corrections of (I .:.. 2 ~p 1 ) type and 2 • E k ·(playing here 

the role of one-quasiparticle energy) differs from the analogous 

·term in the. formulae for u k and vk by the renormalization. 

(The· spurious states. here also appear in con~~ction with w~ = 0 

I. solution). In order . to get the sol.utions for <ll n I 'I' n we use the 

condition of the normalization (24) and the result is:· 

<ll 
n 

+ 

'+ 

4Ekw~ (:£ 
I. 

{4E2 -~n)2 ) 2{ :£ 
. k 0 1 

. n .2 2 2 
4E k w 0 ( u k - v k ) 

- 2 n 2 
(4E k -( w0 ) ) 

2ril (l-2•pl) (~~-.\) wn 
0 

EI(4E21 - ( wQ' ) 2 

o 1 (I-2p 1 > ( w~ ) 2 

E I (4 E: -(w n 
. 0 

) 2 ) 

201 {l-2p 1) (w; ) 2 

E (4E2 
- ( w n ) 

2 
) 

I I 0 . 

) 

2 
) 

2--

~ ( :£ 20k(l-2pk) 
G k 

4Ek w~ 
2 n 2 2 

(4Ek- (wo)) 
+ 

201 W ~(J...,..2pl ){E~.....\) 
E I ( 4E~ - ( w d') 2 ) 

nl (l-2el) {{w':J )2 -4t\ 2) 

E I (4E~ - (CJ1; )2 ) 

+ 

!t.. 
) . 

:£ 20 I {l-2p I ){(1 .....\ ) W~ . 

2(u~-vi)(4E~+{wz')2) ( I Ef4E;-{wij)2) 

(63) 

(64) 

I >-*. 



! 

I, 

. c) One level model 

Let ~s .take. into account; as the last unfilled shell, the 
~ ' . -·-- . ' ' 

isolated level~ in this modei our 'formulae are simplified: . 

1 . . . .. 

G 
(j+- )(l-2·p ) 
. 2. . j I = -. . . y (.. . )2 d 2 , E l. = .. · f 

1 
-t\. + 

2 El 

.. 

1 ·· .. I -~ -A 
N = ( j + - ) - ( j + - ) · · 0-2p ) 

2 ·2 E· -·· . J· 
j 

2 . 

·,·'1 = 2~ -
{l-2p l ) Q [j j] 2 E l 

. Q[jj] 

p 
j. 

4 E2 - w 2 l . 

1 
-:;-2u v 
v2""". l l 

<;IIQ:!I j ·> -
..;a· 

. . . 2 

5 (2El ....: w ) · 

2 (2 j + 1 ) w 2 E 
1 

11' 
_v2El vs .<fll Qll 1 ·> , 

·. (65) 

(66) 

(67) 

(68) 

(69) 

we. assume 2 j + 1 = 20 l = 40 , N = 18 

will be also calculate. The reduced E2 

given bY. the expression 

• The . B (E_2) tra~sitions 
·transition probability is 

2 + 2 
B ( E2 ; 2 ... 0 ) = I :1 < :1 Q B ··11 •> il · 

2 
•. 211 211 /l=- . r r 

(70). 

20 
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Here we have taken into account the L = 2 vibrations only, Solving 

this system numerically we obtain . the results which are shown 

on the figures 1 and 2. As we can see in figures · 1 and ·. 2 the 

. K.Hara's . corrections' in the secular equations are· partly cancelled 

· by the corrections ( 1 - 2 p
1
' )_. ·· iri the en~rgy gap and (68), (69) 

equation,. Owing to the both corrections the result is close to the 

pure (RPA) calculations, 

:4;· Conclusions 

A._ A complE:~te system of coupled equations. which is neces

sary for describing the nuclear excitations has been· obtained from -

the variational principle without using equations of motion, 

B. The expressions playing .the role _of the ·one-quasiparticle 

energies are different in the secular equations and in the e_quations 

for u k and v k • In the latter case these expressions are . bcin_g 
. 0 . 

changed: 1 by one-particle energy renormalization which depends 
. 0 • 

upon pairing vibration only,· 2_ by _the energy gap renormalization. 

whiCh is induced by the multipole vibrations, 

C. The_ appearance of the factors 0-2p1 ) in the energy 

g~p equations means that in this approach some blocking effeCt 

of the one particle levels is taken into account. 

The authors are· very indebted to Professor V,G, Soloviev 

for suggesting the problem and for valuable co~ments• Discussions 
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·Fig, 1, ·The energy· of the first collective excitation plotted as 
a function of the coupling constant )( of'a long· range force: 
a) in the {RPA) approximation, b). in the K. Hara ,approximation, 
c) in our. method approximation. . ... , 
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