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1.Introduction. Basic Equations 

On · the basis of the general method for investigating the pro

perties of highly a·nharmonic . crystals developed recently in /1,.2/ in 

a previous work. (3/. the conditions for stabilitY. of an anharmonic 

crystal were considered in the pseudoharmonic approximation with 

account of the· third and fourth order anharmonic terms • 

. suc;:;h a restriction proved to be . expedient since the relation 

between the mean square relati~e displacemen( ~2 of nearest 

. neighbour atoms and the mean distance f between them; v ii 2/f; 

is small enough up to the instability point, and· improves the results 

of the pseudoharmonic theory as it permits us to diminish in a cer

. tain manner the undesirable effect of distortion due to the omission 

of· all· of the odd ,terms of anharmonicity. Calculations were conside-
. ' . . 

rably simplified; and the results approached to the ones of. the case 

when the effect of damping of phono~ is taken into ~ccount /4/. 

In the present paper, which is . tl:le continuation ·of /3/, the pro

perties of the face-c~ntred cubic lattice with central nearest ·neighbour 

inte~action are investigated in. the same lowest order anharmonic · 

terms approximation but with account of damping of phonons. The 

Lennard-.iones 12-6 interatomic potential is used. The properties of 

the crystal at fixed volume (section 2) and at fixed external pressure 

(section 3) are considered, and. the results obtained in the case of 
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anharmonicity are compared with the ones of the. conventional pertur

bation theory. 

The following investigation is carried out on ~e basis of the 

self-consistent system of ·equations for f.c.c. lattice consisting of 

identical atoms ·of mass M , the Hamiltonian of which in the ce~tral 

pair force approximation is of the form (see /4/) 

H 

... 2 
:£ Pe 1 ... ... 
f 2M+2e!m¢(1Re-Rm1) (1) . 

where 

. Pe , R f -the momentum and position·- operators for the 1-th atom. 

Here and after the summation is performed only over the z nearest 

neighbours (in o~r case z = ·12). 

I3Y- using the double-time Green functions method /1,2/ the self-. 

consistent system of equations for determination of the lattice constant 

can be obtained as well as the expression for the phonon frequen-

cy spectra EkJ and their damping rkJ 0 the internal energy 

of the anharmonic crystal. Here we write down the ·expressions for 

the ~entioned quantities (see /2•41). 
'l'he equation of state from which the equilibrium lattice constant 

d ':" f ..[2 can be obtained is 

p 

where p 

1 :£ 
-3v e.a 

au > e < --
a aRe 

_ 2L ;co(f) ; (2) 
6v 

·,3. . s:::s. 

V /N =f /..;2,¢(£) is the self-is the external pressure, V= 

consistent pot~ntial defined in the approximation used in this work as. follows: 

;(£) =<¢( 1Re-R0 1)> .,expl ~ :£ <(uf-·u~)(uf-u~)>vav{31¢(f),. 
. ,. ;. 

1 . a a {3 {3 . a 2¢ ( e ) 
o.¢ (f) +-2:£~<(ue -uo )(ue-uo)> -a.!-' a ea ae{3 

·. 
The renormalized phonon frequencies E'k J arid phonon widths rk J 

read 
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(5) 

where .ruoitJ are the phonon frequencies in the harmonic approxima

tion and · ru it J -the ones in pseudoharmonic approximation, ({2 = 
· <=( 2 ) ·o . c ofl)o . · . (2) 

~ I cp ( r. )+'"t'<P \r.) I I fo- the renormalization coefficient ( fo = cp \ro ) , 

c ·=38 -1 '8 =ru! /ru1-J=tru~J/3ru:J = 1,40 /
3

/), M {'J is the 

.. self-energy operator (see /4/). The internal energy of: the system can 

be written in the form: 

E = < H > = ~ I z ¢ ( f) -i- c ( 0) I + 5 F: (0 ) (6) 

where 

00 

c((J) =..!.({2( ;~=-1-~ 1 f dru
2

ru2kcoth...!!!..l-lmGk(ru+idl, (7) 
2 ° r. · N k 21Truk o 2ru 20 

F 3 ( 0) is the anharmonic contribution of odd-derivative terms to the 

free energy and reads 

.. 1 (,) 
ru2 -ru 2 

Fa (0) f dru coth.2"8. ~ 
k I -1m G k ( ru + i£ (8) 

1211 0 k ruk 

In the formula (7) 
'·- 2 

is the relative longitudinal dis-of mean square 

placement of ·neighbouring atoms. 

In the high and low temperature the quantities M k ( k =I kj I), F3 ( ()) 

and c ( 0) can be written explicitly. For high temperatures ( () » ru D 

where ru D = 1,05 ru L · · is the Debaye energy in the pseudoharmonic 

approximation) we have (see /4!): 

Mk (ru) "' - () g
2

(0,f) ru S (v) 
£8( ().f) k k 
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where 

g ( 8' f) = ~(a) ce ) ' 

S k (v) = - 1- I 
32N 

ll<P+P'-k>. 
A2 A 2 A2 , 

k p p 

£(8 ) ¢<2> < e 

F2(-k ')I(Ap+Ap~2 (Ap-A •)2 
'P' P . + p . I 

(A +A ,)~v 2 (A -A ,) 2- v 2 
p p p p ' 

( 
(r) . ·' £(8,£) . _,sro . ·th . f .. th v = --, Cr.lL =Cr.loL·v--. , Cr.laL = v-- 1s e max1mum requency 1n. e 

Cr.lL/2 . ro. M 

harmonic approximation); the dimensionless sum . S k ( v J · was calcula-

ted for some values I k j .1 .in /5/; 

= 
F3 (8)=-N8A 

g2(8, f) 

£3 (8, o' 
-2 

A ,; 5,6. 10 

c(8) = 38 I 

fL = 2A = 0,11 

1 2 
+ Cr.lL 

1- p8 g2(8,0 ~ 
£:X8 .o 

(10) 

(11) 

In the low temperature limit ( 8 « Cr.l 0 

ties are: 

) the corresponding quanti-

where 

C12) Mk (Cr.l) =·- (r)k 
g 2 (8 £) 3rr 4 8 4 

~-·- I (0 so k ( v) + s I k ( v) I ' 
£3(8,£) 5Cr.l~ 

S (v) 
Ok 

1 I 
(1.02) 82 N p,p 

ll(p+ p .. _ft) 

A 2 A A , 
k p p 

F2(-k,p,.p') (Ap +Ap•) 

(A 2 ' P+AP,). -v2 

S I k ( V ) - 1 · .I 217 2 -'> 
(120.8) 

8 
2 ~~ ,

1 2 
J d cos 8 J d cp G ( kj ; cp 8, h ; kJ :J 

0 A2 2 G 

... 
2Akl2 
---, 
2 2 

itj Aitl d 1 (8¢) 
2 I · A~l2-v, 

( the notations in S Ok and S Ik are the same as in /4/, 
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c0 = £ g y f(O, f) .. 1,02 "'L where £ g is the zero point energy per 
fo 

- .i atom in the harmonic approxi!ll8;tion); 

= 
F8 (0) c l 

(13) 

B .. 1,85 • 10-a c = 1.25 • 10 - 2 

2. The I.a.ttice at Fixed Volume 

As mentioned above, in investigating the self-consistent system 

of equations for the crystal lattice we shall use the Lennard-Jones 

(12-6) model potential 

,~.. () Dt(2)12-2(~)6 '~'L-J e = . f e (15) 

Substituting (15) into (3) and performing the summation with account · 

of all of the terms in the derivatives of .the pair potential we easily 

get. 

= 
<P < e > 

12 . 6 1 . 14 8 ] 
D I f - 2 !f + T y [ (13 -c) !f ..;. (7- c ) !f l (16) 

where we introduced the notation and the dimensionless 
2 -2 

variable y = < 6 I r o > u e • 
In this section we consider the properties of the f,c,c. lattice 

at fixed volume with e r 0 .. const. .Determining the force 
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constants and the renormalization coefficient ;i with the·help 

of (16) and substituting. them into eq. (7) we obtain the equation for 
' - ' ' ~ . ' ' . . . ' ._ ~ . 

y as a function of temperature .and external pres~ure. Below this 

equation is analized in the high and low temperature limits. 

2a. High temperatures ( 8 » w n · ) • In the case of high tempera-

tures (7) and (11) give. us the following equation for · y 
' . - . ' 

O(HcH2 ) OH2 zA g~ 0 2H 
3 

3H
2 I A 1 y [1+ y)-,81(1+-y) 11--8-[1+-(---)y)l=l, 

f2 £2 6 f3 r g fo 
0 0 0 0 0 

where 

2 2 2 
zO 40 MwoL ro woL 

AI = -- = -8-· = ,8 = «1 
38 144 8 

. 
248 

c ( c-2) fo 
) . c 2 fo ) HI = ho +-(2go+ H2 = ho + -- (go- -- , 

ro ro ro r o 

Hs = ¢(5) (r ) + _c __ ( h - ~ ~) 
0 . 0 . + 2 . 

ro r o r o 

h =¢<4> (r ) 
0 0 • 

g = ¢ (3) ( r ) 
0 0 . 

The equation (17) shows that in the constant volume ca~e the !at-· 

tice is stable in the _whole region of temperatures (the ·solution· of 

(17) is re~ for y ·> 0 in the whole region of the parameters A 
1
); 

However, ir is necessary to note that in .the present cas~ the prob-

·terp . of the d~rnam.iCs stability of a latti~e can be sol~ed "consistently. 

only if the s~ort range correlations due to the hard core part of 

the interatomic. potential are carefully takeh into account. 

In the case of small anharmonicity ( 6 « D , y « 1 ) the . 

solution of .equation (17) can be written in the form 

y 
{) 

40 

g2 1 
1 + {)_ [ 2A ...::lL - -

£ 3 4 
0 

8 

~) +.8 [I 
r:. 

0 

8 

4 £2 
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and leads to . the expression for the physical quantities coinciding 

with the results of the conventional perturbation theory if c ,;, 0 

i.e.· in the approximation in which only the leading highest order 

derivatives of the interatomic potential are taken into account (see , 

for example, /6, 71). 
From (18) we obtain the following expressions for the physical 

_characteristics of the crystal: 

· the renormalized frequencies: 

r I 1 () _!!,._fl ( 1 + t:l ) .,. k's "'WOkj + O ~" t-' 
0 

the phonon widths: 

. g2 
Tk'1 .. () ~ wok's Im Sk'

1 
0 

where Re S"k1 "' Re S "ks (A k's 

the internal energy: 

(19) 

(20) 

_1_E 
N 

- 2.!L + 38 II +f3 -8 [-1- :...!!J.. 
2 8 £2 

1 .Jh..) - .A_.__..Ka_ l I , 
16 · r 2 3 r a 

0 0 0 

(21) 

H4·=ho 

the external pressure: 

P - ~(l+a )() 11+{3-..:.() [0,25 ..!!..!.._ -0,10 (1+aJ ~ -2A ~]1,(22) 
- 2vro I fg (1+al) f~ ft where 

a ~ ' a 2 = c 1 . I 2 ho + (c-,.2) lin 2 c f o I . 
I rOgO ro¢(6) (ro) 'o r; 

We. note here that for determining the internal energY, and pressure 

wth an accuracy to the terms of () 2 inclusively it. was necessary 

to take into account the terms of the order of y 2 in the self-consi

stent potential ¢ ( f ) 

.:.2:.::b:!•....;L~o:!!..w.!.te::..:.:.m!.l:p:!:e!!r.::a~·tu:::;r:..:e::.:s=..:.:· (~.....,;8~__;<:::.:<:__~w:.ID1---...L)~. Equation {7) with the ac-

count of (14) gives us the following equation for determining y 

9 



DH · DH .. DH · ' 
A y (1 + __ 2_ y )-li (1 + __ I - y )· = 1 + Tf (1 + __ 2 y )-2 + ·.· . r:~ . £2 £2 

0 0 0 

(23) 

0 
g ~ DH

2 
li · D 2H8 . 3H2 . !lH 2 . -:a 

+£ --0+ -y) [1 +-(-- -) y l [v +v 7[(1+--y) ], 
0 £3 . £2 · £ . £ · 0. I £2 

o o o go . o o 

Where A = zD I £g .:. the dimensionless coupling parameter for 
3114 () 4 . . . 

atoms; Tf = --;;--< CtJoo )«1 · Equation (23) has the real solutions in 

the whole region of the parameter A , however:, it is necessary 

to make the same remarks as ln the case of high temp~ratures re

latively to the problem of the stability of the lattice. 

In the c~se of ·small anharmonicity ( £ ~ « z D , 

the solution of (23) takes the form 

y ·« 1 

y __:g_ 1 1 + ( o [ v ~ _ <2
" c8

2 > 1 + "~ [ 1 ~ ( o < v E _ t28
1 +HJ>l 1 (24) 

D . o o r a 24 r2 o I r a 12 r 2 
z 0 0 . . 0 0 

and gives the restilts for the physical quantities coinciding with the 

ones of the conventional perturbation theory when c ~ O, i.e. 

HI ·= "2 = h 0 

With the help of (24) the characteristics of 'the system are 

obtained in the following. form: 

.. 0 1 HI gJ ' . 
~;It! "'CtJ 0 ltl 11 + £ 0 [ -·- 0+ Tf) - -- (ReS0 .,.+Tf ReS IIi!\] I; (25) 

. . 24 f 2 f 3 "' ( 
0 . 0 ' . 

2 

riil ·., Ct.loJiJ (g 4. ( .lm Soitj+ Tf lm SIJiJ r 
fo · · 

1. ·• 2 
. 1 D o 0 (H4 +2H2 -2H t) go 
-E "' __ z_+£0 11+£0 [ --(58 -v0 )] + 

N 2 48 £2 rs 

+ Tf [ 1 - ( 0 ( (2H I+ 2H 2- H ) 
0 4 

24 f 2 
0 

10 

0 0 

g .... 
·-- ( v - 5 c )) l I 

f 8 I, 
0 

(26) 

(27) 



(28). 

It· is clear that due to· the account of the zero-point vibrations of 

atoms. the pressure is . different from zero even when (} = 0 • In 

obtaining the expressions for E and P 

rature case, the terms of the order of y 2 in 

into account. 

, as in the high tempe

($ ( e· ) were taken 

3. The Lattice at Constant External Pressure 

In the case of isotopic external pres;sure P = canst~ the 

· mean distance· t· · between atoms · dependent on temperature 

can be determined from equation' (2) after substituting into it the 

. expression for $<1l( £) obtained with the help of (16). In the appro-

ximation of small pressure,considered in this wOrk, e is given by 

1 e = e 0 - - ro p (29) 
18 

ul 3 voro 
~ere £ o = f J p=O = ro (1 + ""4Y ):..!_=P ( 2 zD fo ) << 1 is a dimension.:; 

less small pressure ( v 0 = e ~ I v 2 ). 

The renormalization coefficient ; · and force constants in this case 

read 
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""2 = 1 a - a y + a1 p 

r r 0 t 1 - ay 
7 ) = + 6p • 

g = go (1 - Y + p ) 

The following notations were introduced in (29)-(30): 

a = 35 + c 

36 
a = 1 

21 - c 

-18 

(30) 

Below the cases of high and low temperatures are considered 

separately. 

3a. High temperatures ( (} » run ) • Substituting (30) into equation 

(7) and taking into account (11) we get the equation for determining 

the parameter y in the form: 

I A1 y 

(1-ay+.Z. p) 
6 

2 ( . 2 

I 
7 .. g 0 1-y +p ) 

-{3 0-ay+-
6 

p) I1-2A8- 1=1.(31) 
8 7 

C0 (1-ay+Tp) 

In the region of temperatures (} ~ (} 
0 , where 

~ "" 0,5 (1 + 2,1 p - 0,18 f3 0 ) • (32) 
0 

the solution of (31) is real, and in the vicinity of the critical point 

( r . ~. 1) takes the following form): 

y "" 0,4 I 1 + 1,2 p + O,Mf3 - 1,9 v!7r 
• 0 

(33) 

where r = (} I (} 
0 

The · physical quantities in this case read: 

r;ii, ""(\8 ru Okj II +0,32 p + 0,48y-r::T ;..2,86 r ReS kj (34). 

r'k, "' 2,3 r (L)Okj Im s kj (35) 
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_IE ...!!!.. +30 J 2 -2,2 p + 1,1,8 0 -2,3 v 1 - r I ' . (36) 
N 2 0 

cp 
k [_a_ (E + 3PV) ] "'3k 

1,15 (3'i) 
N ao p 

..;r=r'7. 

=.!.. [ __R_] .. ~ 0,10 
(38) a 

p e ao p eo ..;r-:r 0 

It is clear from expressions obtained here that the dynamic instabili

ty of the system occurs if 0 > 0 0 (the renormalized phonon frequen

cy ' kl becomes complex) as. in the pseudoharmonic approxima

tio~ /3/. 'I'he internal energy remains finite at 0 ~ 0 0 , but the 

specific heat at constant pressure cp and the coefficient of the 

linear thermal expansion a P tend to infinity as 0 -+ 0 0 

Far frorri critical point, i.e. in the . small anharmonicity limit, when 

-0 <<D , y « 1 , the solution of e.q. (31) is given by 

(33' 

and the corresponding physical quantities. are: 

CJ • . C1 h 'g2 
{I+ - 1 p -0[--0 (1+,8) +-!!l! ReSt

1
] I , 

. 2 · 41,2 r~ . · rg (34 ') 

13. 



C p = 3 k I I + f3 + o [ ..!!;_ ~ + .:_ ~ + 2A !fa 
20,6 r2 8 r2 3 -r a l I • 

0 0 0 

(37 ') 

a 
p 

ul k ro 
(38 ') 

u · · h
0 

.· gi 
II +f3 +0 [ -- -- +4A--] 

I0,3 · r~ r g I6 f D 

3b. Low temperatures ( 0 « run ) • The equation for deter

mining Y is obtained from (30), (7) and (14) and has .the following 

. form: 

49 z 
AyLl-BA v 0-y)

2 

o -- I .(l-uy)6/2. 

(39) 
I·. (u1 -7/I2) TJ 49 z (I-y) 2 .· . 

. --II-Apy +---[I+- -(v -v) ]I.· 
(I-oy)t/2 . (l-ay) t/2 0-ay f 8 A I o. (l-oy)6h . 

The critical parameters A0 and 00 restricting the region of 

existence of real solutions of equation (39) for y > 0 , A » A 
0 

0 < 0 
c are given by the ·formulae 

~ = _I_ (A- A )1/4 . Ao =3,5(I-p) (40) 0 
cu OD 2,5rr 

The solution near the critical point ( 0 < 0 ) can be written 
= 0 

in the form 

y = 0,6II+0,8 p-0,47 (A-A 
0
)-0,52 v' (A-A JO-r 4)[ I-0,47 (A -A

0
)]+0,6(.\-A JO-r 4)1 (4I) 

and leads to the following expressions for the physical characteristics 

of the lattice: 

. 2 
C: kl =0,63cu okj 11+0,65 p+0,35 (A-A0 ) +0,4y'(A -.\0 ) (l-r4 ) -33,2 ReS

0
kj-2,07.10 TJ

0
ReS

1 
kjll, 

r111 = 2I cu 0 111 I Im S 0 it 1 + 6,25 TJ o Im 51 111 I (43) 

.!_E =- ..!fl + c ~~ 0,96-0,I3 p+0,17(A-A0 )-0,ll y(A-A
0
)(1-ri [1+2,2(A-A Jll, (44) 

N 2 . 

14 
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1217 4 0 8 

c p = 3, 7 k -5- -
ru3 

OD • 

· [1+2,2 (A-A~_] 

y(A -A )(1-4•) 

kro 317 4
. 0 3

·· I 1-0,5(A-Ao> 
_aP "' 10,4- -- -2,3} • 

f 5 ru~o y(A-Ao)(l-r4) 

(45) 

(46) 

We see, as in the pseudoharmonic apprmdmation; that the system 

becomes unstable wh!m A < A0 or 0 >· Oo (see {42)) •. The 

internal energy is finite at 0 ::; Oc , but the specific heat and the 

coefficient of the linear thermal expansion tend to infinity as 

0 ... 0 0 • 

Far from the critical_ point (A »1 ,_ y «1 ) the solution of 

{39) is given by 

,o 7 a h g 2 · · · a h · g 2 · 
y"' --,!.2. (1-(a - -) p +£~ [---0 +V ~]+ 7][ 1+ £~(- --:t"'1 ~)]} zD 1 12 ·· 6. 20,6 f~ . 0 

( 
0 

20,6 ( 
0 

f g 
(41 ') 

and leads to the following expressions for the physical quantities: 

a a h . g 2 · • 
c;k .. l "'ru .,..11+-1 p -£ 0 [-· -- --0-0+7])+--0 (ReS ...,+7] ReS ;.l]l,. (42') 

OotJ 2 0 6,206 £2 (8. OkJ IKJ 
. . ' . 0 0 . 

. (43 ') 

·1· · · zD . . [(a -a) h g 2 
] 

-E "'- --+ £0 (1-£0 - 2-- __Q + --0-(58-v ) + 
N 2 o o 6.206 £2 fa o 

• 0 0 

(44 ') 
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·where 

c 

u 
2 

p 

a 
.P 

12-c = u + 
4 

~-· 

2£2 
o· 

1,5 ' 

2 
1211

4 
(}

3 

11 . o[· (3u-u2) ho+.-_go (v -5C)] I 
+£ ---- --. I 

. 5 w 8 ° 3. 20,6 £02 f g 
k 

"'· u 1k r0 

12m. 

OD . 

3 1T 4 (} 8 u h . g2 
- --11+£~ [-- __ o + vl_o_] I . 
5 . w 3 20 6 f2 f8 

OD ' 0 0 

4, Discussion 

(45') 

(46') 

Using tl)e general method developed in. / 1,2/ we have conside

red the properties of the .three-dimensional lattice in the ·lowest order 

anharmonic. approximation, 

Comparing the results of the present work with those of /3/ 

in which the similar consideration of the crystal has been performed 

in the pseudoharmonic approXimation we see that the account of 

phonon damping leads. to the decrease of the critical temperature 

(}·
0 

and increase of the . critical va:lue of the dimensionless coup-

. ling parameter A , The same result was obtained in the case 

when the higher orde_r anharmonic terms were taken into accounf 4;B/, 

The value of the critical parameters and physical quantities 

obtained in this paper, especially in the high temperature limit, ap

proach well to those obtained earlier in /4/ with account of the higher 

order anharmonicities and using the Morse interatomic model poten

tial, 

Thus, due to -the sufficient smallness of the values . of the 

mean square relative displacements of atoms in the. lattice up .. to the 

critical point (the evaluation of the longitudinal on.es from the calcu

lations of Section 3 gives 

16 
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n/Y 
0 0 

6f 
0 

"' l 0,10,_ 

0;11, 
) . 

it appears to be expedient in many cases .to. use the lowest order 
. . 

anharmonic approximation. when using the developed self-consistent 

·theory for. investigating the properties of anharmonic crystals in 

wide intervals of temperatures and external pressure. Such a proce

dure simplifies cons'ide'rably the calculations and makes it possible 

to use the more realistic Lennard-Jones pair potential in compari

son with other model potentials. We note also that the account of 

all of the lower order. ~erms in calculating the derivatives of the 

pair potential in this work ( see (16)), as in/3/, leads to more ac

curate results. 

The results obtained in the case of small anharmonicity agree 

well with the ones of the ordinary perturbation theory. The critical 

temperature obtained in this work, as in /4/, corresponds to the 

·transition of the system from the crystal state to the uniform ·density 

state and is close to the melting temperature (see discussion ir/1!:1). 

Acknowledgement 

·The author should like to thank Dr. N.M. Plakida for many 

'\aluable discussions. 

References 

1. H.M. nnaKn.rw, T. lllnKnow. Acta Phys. Hung., ~ 17 (1968) • 

. 2;. N.M; Plakida, T. Siklo~. Phys. Stat. Sol., ;g, 103 (1969). 

3.' Bo Xoar Aab. npenpnHT OlHUI, P4-4933, nyoaa, 1970 • 

. 4. N.M.Plakida, T. Siklo~. Phys. Stat. Sol., -~ 171 (1970) • 

. H.M. nnaKHJla, T. lllHKIIOW. npenpnHT OIHH1, P4-4575, nyona, 1969. 

17 



5, A.A,Maradudiri, A.E.Fein, G,N,Vineyard, Phys,Stat.Sol., ~ · 

1479 (1962). 

6. · A.A.Mara:iudin, P.A. Flinn, R.A. Coldwell-Horsfall. Ann. Phys,, 

(N;Y,) ~ 337, 360 (1961) •. 

7, P.A, Fl~nn, A,A,Maradudin, Ann. Phys, (N.Y,) ~ 223 (1963). · 

8. H.M~ nnaKIUta. <f>TT 1.1 700 ( 1969). 

Received by Publishing Department. 

on· December 10, 1970. 

:, 

18 


