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·Iii our previous paper (I} the. simple- inouel ot. a ·;·. ' 
·~1 ' 

- ' . oryst~l - the linear chain .with nearest. neighbour interaction . 
/· •• • ·<· •• •/" •.•• " .' ' • ·• 

.- :. was investigated in pseudoharmonio approximation. Tile proper-
~ • • • • ,. ,o '. • - • 

. . :· ·_ti~s of· the three-dimcns:i.o~l' latt:l.:~~-, zia.mely 't,he fa~lEicent,red .. _. 

. .. 

··,_· .. ':·cubic ( f.o.o.) one with ·the 'nearest neighbour cen~ral force '· 

· .;,int~~a~tion was oonsiderea in'pseu~oharm~nic approximatio~ in 

. the pap_er [2] 'in the case ~f smail'--pressl.ii·e~ It ·was shown, that' 
. . 

-in. 'this case the lattice becomes unstabl'e at sufficiently ;hi_gh 

-.: 

zero..;point energy or teniperature.· It ~las~ shown also in [J J 
·.;'that the damping of 'th~) self-consistent -phonons is. sufficiently. 

r · , • ; .. , , • ~ ' • · ~ · ,, : •• :l - ' 

small even near the instability temp~rature and consequently -

a· •. 

themost simple pseud~ha-;m~nio approximatio~ L4] oan·be-~se~~ 
In. present·-paper we c_onsider· the properties of the )• c. c •. · 

lattice with the. nearest neighbour central force ·in-teraction • · 
• ·~ ' • • ' , ' .. ... • • • ~ • .J> • • ... 

in the case of the' arbit;rary external p_re'ssU:re in pseudolJ.armoni'o 

appr'oximation. In Section 2 we obtain- a self-consistent s;y:stem· 
. of equationsfor the determination of the physical properties 

of the crystal. In Section J the instability and the 'critical 

temperat,ure are calculated as thefunctions of the external 

pressure and the qimension~ess ~oupling constant of the atoins. 

·In Section: 4 we discuss the results. 

2. ~1f::Q.2!!E.!~tel:L~~£U~~i~.Jl! 

f!~E~!!!EE:f£..!H?.P!21SBuQ:1~a 
We· consider a f. c. c •. lattice consisting; of· N · ., 

id:entical atoms of mass M • The Hamiltonian of a· orys~.al 

with ne.arcst neighbour central force intcracti.o~s reads:· 

.· . 

f ,•' 

·· .. 

•• • J' 



"''.: 
~. .. 

H=··L :r~.+-~·.2./ lf(-J~-~ R ... J) I 
. . . .t _::.2 M . . ~"'WI . . .· . . . ::(I): 

.. ~ _.., . 
where 11, and_ . RL are. the momentum and. 'the . posi t'ion 

·.,operators for the atom in the;·la.ttice oite /, ' respectively,. 

The interaction potential between. neighbo.uring a.to~_s. is · 
.. .. ·~ : _...;..... . ,.·.. ·. ~ 

de.not'ed. by· l.f ( /RL ~ 1<.~ I) ,. The priine: 'on the summation· 

niea:~s that the.· second summation is performed oill.y· over the i .. 
neare.~t neigllbours. ( for f. c. o.· .t! =. I2). 

. . ... . ' .{ 
We introduce the displacement operators · .. .U.t from ... 

the equilibrium positions l 
"'- according to ~· the definition: 

.'L>o(. · oC. oL ·A oc.. " :: < .. ""R > -t JJ.. = l: + ,U. D ·t ·. e. ,.·t. d.. "' 

The e_quilibrium lattice constant 

obtained·from the equation 

cl::: £/[i 

-n 4 · . __:_. > • n < ·. ~ WfJ. '7) "'- "1) o( J) >. r =.,..., ___ -~ . C · · -o(, I ~I "'- - T\.. . 

. ·. 6V L-i:.., c< ~Kt L "" . . 
Q(, 

(2)' 

can be 

(J)._ 
• .. 

which shows,. that the.a.verage force acting on each ~tom in the 

equilibrium position is equa.i to zero [5J. In equa.tio~(J) 

. the external pressure is denoted by 7 and V:: N"'"·= 

/ 

A! t'j& stands for the volume. 

Applying the method which was formulated ~n [4] • a. 

self-consistent system of equations for the investigation of· 

the :f.c.c. la.tt~ce was obtained in [2] • It was shown that 

the renorma.lized frequency of vibrations takes the :form: 

J. 
c.v. = . KJ 

.Ne. t) 
+ 

2. 
c.., . -

OW:J· 

4 

.2. .z 
eX ·~ou.j (4) 

•'.; 

,. 

.. ';: 

.... .:.·: :' ··: 



the vibrations where_ W 0 ... ~ is the harmonia frequency- of 

ana:·.,:} =- · 'f 11 
( r.,) stands ·for"the harmonia s-t;rength constant_.-

.. :·, !rh"e. psaudoharmonic strength constant can ·be. written_ . 

as: 

(5) 

... where we introduce the self-consistent potential whioh- in 

certain approxilnation can be written in the .form [ J]: 

" 
(6) ---n! 

. The mean square relative displacement of neighbouring ato~s 

can be written as : 

In addition to the temperature 6= k:T ·,.the· proper-

ties of the cry-stal" are determined also by- the. volume · V 
· oi'. the crystal or by- the. external pressure. Aoccrdingc to (J), · 

(6) ·these parameters satisfy the· following equation: 

·, 

~'(l) (8) 

The calorio equation of state is obtained from the inter­

nal energy which is given in our approx;Lmation by the equation 

; (9) 

' 

. ·~. •, 



.• 

In thisway we obtained a closed system of equations 

(4)- (9) which determin~ the ~~o:perties. of .the anha.~monio. 
crysto.l in pseudoharmonio o.pproximo.ti~n~- !rhis self..;oon'sistent 

sys.tem of equations is determined by _the self-consistent pot en-
. . -

tial (6) which can be obtained if the potential. _<f ( .K )' is 

known. Let us t~ke the Morse-potential. as a model· one: 

lO( J f[ -C<.(R-r:) ]l. ] 
1 'R -=- E. z e. "' ~ 1 - .1.·

5 
As in [I J we take cvr.. = 6. 

(IO) 

Let us consider the case, in which the external pressure 

is fixed.· -p = oon~t.', but oon'trary to [2] we. don't suppose 

that -p ·is smo.ll •. It is convenient to introduce the ·reduced 
--o-li -n _.) 3 . _) 6 .,/. 

pressure . .r =- r: . ..s:..:_ , where e. · , -T;, .2 
., ~ . is th'e 

parameter of the Lennard~ones (I2-6) intero.otion potential • 

. Then. in the ·same -v/ay as in LIJ. w~ get the followinG expressions 

for the· pseudoharmonic _renormaliza tion of :.the frequency ci , the . 

dimensionless mean squared relative displacement. of neighbouring 

atoms ~ , the self-consistent 11otentia.l ({ { i) , the · 

equilibri~ separations of neighbouring atoms .. 't ' and the 

internal energy ( -1 IN) £. 

~ 
ot= -p*·(gJ1.. . l· :{· -~ . ; . -:-:Z';) ?·*(l-J.~.e._ 'j J --,.-e..,..e +-

6
-, z !;. .2. .. -G 

< ' •• 

/J: 0..1.. L-~.J. '= 36(~/r .. .t.)= 
o<. ,_- .'P"" (£) .1. tV} ..2.~ 1'. 

[.x ,_- ::_~(~ t]~ 

f(t)=.- E { 0(~-

6 

-p·il 

s (~l] 

(II) 

.(I2) 

(IJ) 

.. 



. ,. 

(14) 

;~t;.n · (I5) 

_, 
. Let us repl_ace the sum ove-r k,· ~·. by the integral 

·~;· 

over frequency c..,) in equation (7) according to the 

formula : 
.z 

_f ~ (- .. ) = . f ~ ( "-') d ~ (· ~ ) = ~ J cL >< ~ t )() ( .. w ) ' • 

~N Kj 0 ' .. _. 

' . ~/.2... 

c.v"'- ::. (s .f j M ) is the where 

maximum value of the harmonical vibrational fz:equency, · (; (x) 

is the distribution function which was obtained in [6] .. 

Then equation .. (7) can be rewritte.n as an equation for OV . 
·~ 

:l· 

·A·,c/.... A..l(cX)'= "'3 fd.x c c~).x Co£1.1 o<..x. 'CI6) 
a 8. I) o2. .0 

. -4 7:' ' · · 
.o 

where . A ;:: :::t. E:: I c~); ,· .is the dimensionless. coupling .constant 
-is the zero-point energy per atom 

'in the· harmonic approxim~tion, '(; ::;::. ejw.... is the dimension­

'less temperature. The function ~ (.X) is given by (!2), 

(14). It is easy to see, that.all the equations obtainedhere, 

for. 'P* 4 i . • coincide with those of work_[2J ·• 

/Let us compar·e the self-consistent e·quation (16) and 
-

the expressions (II)-(15) with those obtained in[I]for the 

monoatomio linear chain. It is easy to see, that they have the 

similar form and consequently the similar analytical behaviour. 

7 



Therefore, we . don't repeat here the discussions· of the Section 

J of.,[IJ and giye oniy.the .results. 

J. I?~~:!E-li t~~ner~:B!!:2~~....Q!:llica;!_ 

~:2~tur~ 

:According to [I] the .instabll~~:V temperature can be 

obtained as a simultaneous solution of the equation (I6~ and. 

its-derivative: 

:l. 

). r~(~) + c< 1J1 (<X)}~- o, -~ 6 "i·C 
f · J d.· c.· · '1.". 1-2. ( oi.. x·'). 
~ >< ~(><)X ~1-1 . ·-.- •• 
~"" . . 4'1:" . ,.., .· 

(I7) 

. ·,The critical temperature. can be obtained as a simultaneous solu-. .... . . ... . . 

ti·on· of" the equations (I6), (I7) .and the.· second derivative of 

::. (I6): 

'A t 2 "!J'(.x.) + ot "J''(.x.)} = 
. ~ . . . ; . 

0, 3t~6 c~/; rJix Cj(x) /chf:;)1h-l(~~},cra) 
o) 

where the function ~ ( ol) . is given by __ (I2), (I4). 
. . . . 

The results of ·_numericaL solutions of these syst~ms 

•' 

of eq~ations' are given in Fig •. I-Fig. J. In Fig.· I the dependence 

of the pseudoharmon:i.c renorma.lization of the frequency 

o<.s :: W~Cj /w""-J. at the instability temperature on the reduced 

pressure 7"' is presented ·for some values of A • In Fig. 2 
• ' r-:-* ...... 

· the dependence of .the instability temperature ~.> ·= bl.s j w,'-. 

on the dimensionless coupling. constant X is giv.~n for scm~ 

values of 1'"' • In ~ig.J the dependence of the instability· 

.tempe~ature on the reduced pressure is pxesented for some· values. 

of A • In all Figures· the cr.itical curves are denoted by 

dot-and-dash lines. We don't co~sider here the case of small 

values of ). £ z. which demands additio~l calculations. 

It Will be ~isc.ussed elsew.here. 

8 . ·~ 



For the values .of.).·~·_ I2-we obtain the following _.,. 
values for the critical temperature .''" ~ I,56 and the· oriti-

oa.l pressure 1;.~~ o,.372 wherB T"' • rJ/G • II,76 7:'/?. 1s 

.the reduced temperature. 

In work [2} were obtained .. the following .expressio'ns for 

the instability tanperature ;i) in the oases of high (t"·~I) and 
I , 

·low ( '"t" « I) temperature : 
'. ;· 

·1,os 
.'t'.s = 

. 7Te 

I+ e· 
s;l -p* - A:. r~,· ~ ", r J 

(I9) · 

. ( 't' >> 1 i ?:,... <<'1.) . 

( 7:.<< l. 

. . . . <2 . .'. '[ . • e..':- . . 1(-j' . . 
A.,.;,. :2-· _· .f·-. - ... 7 (2o) =t, I 2.. ... 

. '?.,. << .J...) • 

' The results of numerical solutions agree quite well with tl;e 

as1JJ1ptotic· expressions (I9), (2'0) for -p->t « I. · 

Using equations (I2)~~I5) and the .solution ~$ of 
. ' 

the equations (I6), (I7), the dimensionless mean squared rcla-
· . 

. ' tive displ~cemerit ·of the·neighbouring at~m· ~-~ , the self-

. , consistent potential, the equilibrium separation of neighbouring 

atoms and the internal energy were calculated at the instability 

temperature. In Fig. 4 the internal energy of_the .crystal 

~t the instability temperature is presented as a 

function of A and in Fig. 5 as a· function of -p'it- • The 

results of numerical cal?ulations agree quite Yiell with the 

. ·. results of paper . [2] in the ~ase ·of small pressure. 

*J'W;-noteb~r~,-that the' inst~bilit; tempcrat·u;e·- ·. '(;~ in [2] 

was called critical temperature and denoted by T~ .. 

9 ~ . •. 
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""' 

. 4~ ru:~!..2.9!! 

In this ~orh: the behaviour of a three-dimensional f ;o. o. 
.: 

.lattice was investigated in the case of arbitrary external 

..... px:essure in a wide range of temperature. It was s~own, that 

the behaviour of three-dimensional lattice doesn't -differ. 
' . I' 

qualitatively from the one-dimensional latti~~ discussed in [I]. 

It is also .interesting to:note; .. that t~e redu~ed instabi­

lity' temperature T;'::: es 1 t. as a funct:~:on of. the ·reduced. 

pre_ssure ~-~'. qualitatively a.'gree-:vith t~e reduced. melting 

curves o:f the inert-gas s~lids [7] . It seems the-refore that· 

the point of. dynamic instability li~s close to the melting 

.. point of the crystal. The critical temperature t;, .,. and the 

critical pressure ""f."' c. found here limited the instability 

region. of the crystal. But it. should be noted here that ~the 

d~ping of phonons. ( t~e seco!l~ order terms in the .self-oonsis- · 

tent theory [J]) .should. be taken· into account in order to get 

more rigorous results.·Thcy will be considered ina.separate 

paper. 
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