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Introduction 

The high-energy scattering of particles by nuclei gives as 
. ' 

is known, the information about the nucleon-nucleon correlation 

function. An exact extraction of this information from experiment 

turns out to be extremely difficult since an infinite ·system of 

coupled 'equations should be solved (even if it' is assumed that 

the nuclear states are known). Therefore it · is very interesting 

to develop methods sufficiently well approximating the exact ~e­

lution in which the scattering amplitude is more directly co~nected 
·:with the desired correlation function. 

In ref.fl/ it is' shown that the amplitude of elastic -scattering 

of particles by nuclei can be sought by solving a· system of two 

equations which is equivalent· to introducing in addition to elastic, 

only one inelastic channel taking into account effectively all . 

inelastic channels. In this case the pairing correlation function 

is expressed through the coupling potentials in terms of which ~ 

the effective optical potential is also defined. EarlieJ
2

•
3

/ a similar 
' ' ', ' 

problem was formulated in. order to clarify the role qf virtual 

transitions in the nucleus in el~stic electron scattering. However, 

in solving it the change in the average potential of interaction 
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. of a particle with the nucleus in the. excited state and the ... 
. excitation energy were neglected. 

.Jn the present paper a ~etl'lod is suggested o_f solving 

· the system of two equations for high particle· energies in the 

case of the centrai-syn{metric coupling potential. An explicit .. 

e~pression for the optical potenti::U is . obtained in. terms of the 
' . . "' . •. 

effective potentials of interaction of a particle with the nucleus,. . . 

which depends on both the projectile energy and the· effective 

nuclear excitation energy. 'I'he elastic scattering amplitude, which· 

is also given, . has a simple form identical with the Fourier-Bassel 

representation of·· the amplitude •. 'I'he obtained results allow to 

treat· _easily the experimental data on elastic scattering of partie.;., 

les by nuclei at high energies and thus. to obtain information .on 

nucleon-nucleon correlation function. 

.2. Method of . Solving 

'I'o the system of two equations under consideration 

2 2 -
( V + p 

0 
) t/J 

0 
(f) = U 0 0 ( r) o/

6 
(r J + U0 1 ( r ) t/J 1 ( r ) 

(1) 
(V

2 
+ p 1 o/

1 
(i) 

. I 
U I 0 ( r) t/J 0 (r) + U II ( r) t/J1 ( f) . 

there corresponds the following optical potential operator 

1 
Uoo + Uot 2.+V2-U +io 

p 1 11 

u 10 (2) U opt = 

Her~ 'p 0 ~ V 2 p. E -- is the projectile m~mentum; p 1"' y 2p. ( E _-;) is 

the momentum related to the effe.ctive excitation energy f ; U nn"' 2p. V nn 

is the average value of the effective proje~tile-nucleon inte~~c::. . 
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. tiod1/ over the ground ( n = 0) and excited (n = 1•) .I 

unm. = 2 p. v n ni stands for the eff~ctive coupling· 

correlation· function is contained in ·the ~ecorid ter 
j • ' ~ 

hand side of eq. (2) and in the momen~m represe 

determined approximately by. the formula .. K (q, _q ') ~ U, 

We find the 'optical· potential by solving the 

(in the momentum· representation) in the high-ener~ 

E » V • 'I'o. this end.we 'Write the elasticx/. s~atte 
in the form 

f 00 ( 8 ) 
_1_ I .iqr 

4rr e 
[Uoo(r) ¢o(r) +Uoi(r)¢1'( 

•I 

. _ _ - ( - ipor ( "\ 
where ·q = p 0 - p '· ¢ n r) = e t/1 n r J (u' = 0, 1 

or introducing the appropriate Fourier representat 

1 - - -roo (8 ) = - - . ~ I uo (I q - T I ) ¢ (r) ( 
4rr n n n 

where 

¢ (r)=o o(T)::.. ---~----~ fU (lr-T''I)¢ 
n nO 

1
.- l2 2 . .,. m n m ; m 

. p
0
-r .-pn;-Iu . 

·Then we 'rriake use of the exact repre!;entation of 

U ( x) through the Basse! function 
nm 

00 

unm(x) =-417 I Jo (px) Xnm(p) p dp ' 
0 

X (p) 
00 

I .u <v/+t
2 

> dt 
nm 0 nm 

x/'I'he scattering amplitude f
01

(8) defining th 
cross section can be found by a similar method. 
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al operator 

10 • (2) 

n; p 1=v'2ft(E-e) is 

n energy e. U =2ft V 
, ' nn.. nn 

e-nucleon intera~ 

., ,., 

.. tio~/ 1/ , over ~he gr~und ( n "' 0 ) and excited ( n "' 1·) ·.nuclear states; 
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U nm • = 2 !L V n ni ·. · . stands for the eff~ctive coupling potential. , The , . 

correk1tion function )s contained in ·the ~ecorid terms of the. right-
. . . ,' . . . ' . 

hand side of eq. (2) and in the momentum repres~ntation is , 

determined approximately bytheformula.K (q,.q') ;,.U01 (q) U10 (q') 

We find the ·optical potential by solving the system (1) 

(in the momentum· representation) in the high-energy approximation 

E » V. To this end· we write the elasticx/ s~attering amplitude · 
. ( . 

in the form 

- - 3 
[ Uoo(r) ¢o (r) +Uoi(r)¢t•(r)] d r (3) 

where q = p
0 

-p , ¢n (r) = e -lpori/Jn (rl (~ = 0, l ) 

or introducing the appropriate Fourier representat.ion. (see also/4~ ; 

roo(())"'- l . ~ f VOn <I q- r-1) ¢n.<,r) dar (4) 
4rr n 

where 

¢ (r)=o o(T):... --~-1-----~ fU .<17-r'l)¢ (r') !._~,. (5). 
n nO 

1
. - ;,2 2 , ., m n m . m (2 ) 3 
p

0
-rl -pn:-Ju 7T 

·Then we 'make use of the exact repre~entation of the functions 

U ( x) through the Basse! function nm 
00 

U (x) =-47T f Jo (px) Xnm(p) p dp ' nm (6) 0 

-----00 2 + t 2 ) X (p) f .u (..j p dt 
nm 0 nm 

x/ The scattering amplitude £
01 

( () ) defining the ,total inelastic 
cross section can be found by a similar method. 
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Note that nowhere }Ve · use a particulariy ·chosen. corrdinate system 

. contrary to the procedure in quasicl~ssical methbds~ ~er~ ·P . . . . 

co!ncides forma~y . with the impact parameter. 

Inserting ~q. :(5) ·into eq. (4) and taking into account e.q.(6) · 

we get· 

.foo(O) 
n 

J M ~n(q: p) Xo n(.p)' P dp 
0 . 

(7) ~ 

where the "local" amplitudes Mon = f Jo (p l q-';n¢. (F) l r s'atisfy 
• n . 

the following integral eqiati?ns 

Mon(pq) =Jo (qp)8on +~ ~ .r:'dp'x (p? f Jo(piij-Tl)MoJp'r) ·a 
21T 0 nm I _ -~2 2 dr 

P · -r -p - i 8 
0 .. ·n 

· As before/
4/ we solve : eq. (B) at· high energies and small scatte­

ring angles. Th:m 

Mon(qp) =Jo (pq) rn (p) 

(9) 

foo(8) =~ f Jo (qp) X
0 

(p) r (p) Pdp 
n 0 n n 

and. the functions 

equations 

:r 
n 

should be found. from the system of 

00 

r ( p) "'8 
0 

.+ - 1 :£ f G ( p , p ')X ( p' ) r ( p ') p ' d p ' • 
. n . n 27iJ m 0 n nm m 

(10) 

The kernel of the· integral equation (10) 

G (p,p ') 
n 

Jo( P I Po -rl) Jo ( P '] p:o -rl) 
f 2 2 • 

.r· - p _., 1 8 .. 
d 3r· (;to') 

n 

6 

.-. ~ 

I 
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. . /4/ 
was invesUgated. · for. n=O: · 

G 0 (p,p')=i 

For n . =I 0 

2 
1T 

p~ 

l . . . l 
[- ~(p -p') +0(-·) 

p . ' p 

. 1T 2 l . , , , 1T 2 . Po-P n 

· G 0 (-p ,· p ') = i - .- 8 ( p ..,. p ') - i -... J J 0 {p'w) 
· Po P · Po o .: 

or within the accuracy up to the terms ( 8 p )
2 

= ( p
0 

'·: 
G 

0 
{p , p ') . = . i 

. 2 • 
1T l . 
Po. [-p- ·a (p- p')- ~ (fl.p )2 

·With the account of. eqs. (12) and (11) the final forr 

: . . system (io) is 

ro = l·. + a ro + b r 
I 

r 1· = c • r o + d. r 
1 

- · y 

where the following notation is introduced 

a = ~ Xoo' 
0 

2 

b 2P; XOI ' c = 2po Xto' 

00 

>: 
(8 p ) 

1---

4po 
~ r~ XuP dp + f0 ro XtoP 

The exact solution of. eq. (13) reads 

-t 
r 

0 
= 8 ( l ...,. d - y. b 

rt 
-I 

= 8 ( c + y. a- y ) • 

7 
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intO account· eq. ( 6) · · 

(7) 

. " 3 . 
rj) ¢ (T) d r satisfy 

• n . 

J (pI ij-T])M · (p'r ) : 
· .. 0. · . Om . d~ 

I - -,2 2 . " p -r -p -1 u 
0 · ·n . 

... 

~s 'and small scatte-

(9) 

the system of 

1 ') p , d p , (10) 

(10') 

' '•' .. 

.. 

. . . /4/ 
was investigated.. for n:O: · 

G 0 ( p , p '). = i 
2 

" 
·P~ 

. l . . l 
- ~(p -p') + 0 (--) 
p . p (11) 

For n ·,; 0 

or within the accuracy up to the terms ( A p )
2 

= ( p - p ) 2 

0 n ' 

' . 2 • . 
. . . " l . l 2 • . 

G '(p,p') = j.·-·-·. [-- o(p-p')-. -:r(Ap) 1. (12) 
n •. · • Po P · .c. 

-With the account of. eqs. (12) and (11) the final form of the 

:"·, system (10) is 
~ .. · . . 

ro. = l . + a ro + b r~ 

r 
1
· = c • r o + d. r 

1 
- · y ., 

where the following notation is introduced 

The 

i 
a=- X 

2p
0 

oo 

2 

b -2 - XOI 'c 
Po 

i =--x ,d=--x 2p
0 

10 · 2p
0 

11 

. - (14) 

>: = I ~2._ [ { rt X 11 P dp + J
0

00

r
0 

X
10

p dp ] . 
4po . 

exact solution of eq. (13) reads 

-I 
r A (l - d - y. b . 0 

-t 
rl A ( c +y. a- y ) 

(15) 
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Here /'t. ., 0-a)O-d)- b. c and the ccms tant y ~;.is· defined by 

ao 
(i6) y ., 

' -1 +at+ a 2 

where 
2 ' ' ' .2 

. (/'t. p) 00 -t ' 
dp ' 

• (/'t. p ) ' 00 - t ' ' ' 
dp .ao., -2- Jo /'t. c.p at ., -

2
- J /'t. 0-a ).d.p. 

(J. 

~ 

(/'t. p )2 
00 -t ' 

(17) 

U· = - 2- r 11. b. c. P· dp 
2 0 

For simplicity we have neglected here the contribution of 

the principal value of the integral (10) which was considered 

approximately in the .former paper of the authoj
4

/. An exa.ct 

account of it as well as the account of higher orders of 11 P 

require obviously the numerical solution of the system (10). Since, 

however, the integration out the energy shell changes also the 

scattering amplitude at small angles which is mainly valid in 

this paper, we should. bear in. mind the possibility of introducing 

a correction in the elastic channel where it is more essential 

(see ref/
4

/). 

Inserting eq. (15) to eq. (9) and taking i~to account eq. (14) 

we get the final form of the elastic scattering amplitude. 

foo(()).,J J o(pq) 
0 

j j 

Xoo(l- 2p::tt)+2p/ot Xto -y Xot .d • (18) 
' j j l p p . 

0--x >O--x) ~-x x 2p oo 2p tt 4 P2 ot ·to 
0 0 0 

for a purely potential scattering follows the From this equation 

known result/
5

/ 
oo X (p) 

f(O) ,[J (qp) p • d p 
0 0 ' • 

··'l--1-x(p) 
2p 

'8 

'. 3. Optical 'Potential . rj·.· 

We ·obtain the optical· p~tential comparing eq. 

formula 

00 . X opt ( P} 
foo(()} 

J Jo{qp).' 1- _!._ xopt{p) 
0 ' 2p . 

p d p 

_The amplitude (19) corresponds to the solution of U 

ger · equation with the potential 
.•. 

uopt~r) 
l d ·00 

' Xop[p} 
- J 
dr· r v~7 

p d p 
rrr 

in the high-e.nergy approximation/4 •5 /. ·As a result "11\ 

.. ·x 
{ l . j ' ) j 

X ·- _.:.. ·x + -- x x - Y x· · 
00 2 11 2 0 t 10 0 1 .. Po Po ---' opt 

l -
x11 

y X ot 2po 2po 

This expression determining the optical potential (se 

is the main, result of this paper. To .explain the stn 

optic?-! potential we :write it ~or a simple . case /'t. p 7 

(we ·recall that in th'e general case the functions . X 

comple)
1

/). Then y = 0 · and after ;,;imple transforma 

R X 
e opt 

~~- X opt= 

l 
Xoo -- 2X1t 

4p 0. 

l 
. ---

Xot XIO 
--~-- ·-2--

l + --:---2. X it 
4po 

Xio 

2 
2 . 

1 + -- X Po 
4 2, 

Po 
.11 
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.· }J . ·is defined hy 
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(16) 
I . 

(17) 

e the contribution of 

::h was consider.ed 

~thoj4/. An exact 

~her orders of (:). P 

the system (10). Since, 

~u. changes also the 

is mainly valid in 

ssibility of introducing 

it is more essential 

,g into account eq. ( 14)' 

ing amplitude 

~y. Xot 
-----p.dp • (lp) . l . 
t

4
--2_Xot X to 

~ Po 
cattering follows the 

lp. 

3. Optical ·Potential· r, · 

't. 

We ·obtain the optical P<?tential .comparing eq. (18) with the 

formula 

. . . · oo . 'x opt ( P) . 

foo< e) = J J 0 ( qp) --.· .---.--- p 
o .. ··:·1--~- X (p) 

· . ~ p ~Pt 

d p ·• (i9) 

.The amplitude. (19) corresponds to the 'solution 'of the Schroedin­

ger· equation with the potential 

l d ··oo Xop£p) 
uopt(.r), . d r -:-r-- . pdp (20) 

rrr r. · .' V p _ r2. 

in the hi~h-e,nergy approximation/4 ,5/. As a result we. obtain 

·x 
opt 

. i . i 
X 0---- X) +-2- XOlxiO- y X01 

00 2 p 
0 

I 1 p O . 

(21) 
i 

l - 2 XII. - -- y X 
~ 2p

0 
01 

., 

This expression determining the optical potential {see eq. (20)) 
is the main result of this paper. To .explain the structure of the 

. · · optic~! potential we ·write it for a simple case /:). p = 0, I m xn m 0 

(we recall that in the general case the functions X n m are 

comple)
1

/). Then y 0 and after simple transformations we get 

R X 
e opt 

Im X == opt 

l Xot X10 
X oo - - 2 XII ----~----2 --

4po· l + -;~ Xil 

l 

2p 
0 

9 

4po (22) 
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4. Disc~ssior. 

X 
01

·_ enters in .(22) quad-:-The channel coupling . potential 

rati~ally,· sine~ onl; twO-particl~ correlations in· the nucleus are 

t.;:;_ke~ into.ac~oun/11 .. Itis ~een ·that ~e optical. potential (2~) 
is local· in the ·approximation used, i~ complex an:d d~p~~ds on 

. both the . projectile. energy and the effective excitation ~nergy. The 

. ima~inary part of the .. pote~tial ~?2) is" c;ompl~tely d~e te> the 

introduction of the inela.stic charm~ I . and is larger in · ma:gnitude 

than the second:·term of the. real part. 

· No~e _that the sign of the imaginary part .. of (2.2) ·corresponds 
• • 00 I ' 

to the absorption ?ince I m x~pt "" ,... Io I m uopt( p' l) d l and, conse-. 

quently Im U < 0 
. opt 

·. Now we clarify qualitatively the role of the effective. excita-

tion energy. 11 p in elastic scattering of electrons by nuclei, For 

a rough estimation we write the amplitude (18) as · . . 

foo(O},; (J.o{qp) X
00

(p) Pdp -y f
0 

Jo{qp) Xot(p) Pdp 

In the case of uniform electric charge distribution the .. first ter!Jl 

is proportional to the form factor F00 ( q R ) "" ~2( sin qR- cos q R ) • 
. (qR) qR 

If we assurrie/3~:that· the transition density is p0 1 (r, R)."' d~ p00 ~·r, R), 

where p 00 is the charge density in the ground state, then 

the second term is p~oportion<l:l to the form factor J.b 1(qRh;rJi-F00(qR): 
. . . . , ·. 'I 

Now it is easy to. show that in this case .the curves of 

the squares of the form factors will be iri the .. "counter- phase". 

This means that the factor y can lead to the diffractional cross 

section minima being filled partially. This important fact will. be 

further investigated in ~()re detail by numerical calculation. 

~; . ~ 
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