
·. · ~r-tt')· .:. · 
. OBltED.J.iHEHHbltf .. 

.. · HHCTJ.iTYT 
· .RD.EPH'biX . 

J.iCCnED.O~AH~A 

llyfSaa 
'-,"' 

\'' 

\ '. I • ', 

'),' 

,1· ;;/,;., ftil' 
. 'f/l .. rv. 

J ..... 

. E4~·- .486f. 

\' 

•t' 

' .. ;/ .··~ r: ? ( 

, K~:·Walase~~\-'A-~L. Kuienuky · 
- .1 • ' : ., ' " ',·,· .· ':· 

J. .• DE:RIVATtON, 
.._ " ; 

<, • ,'"' •• • -. I ',',, .\ ' ·, '. ' . 

·', > · .... OF THE l{lNETIC EQUATIONS ·. 

' 'FQR ,THK,'SYST£1\t'\V,~AKLY. COUPLED'.! 

f ',-

' ' 
I,, ... ·• 

',1969>···· .. 
:.1: 

jl. 

' \ ~ ' . ' :, ·' 
• ,. • , • ~I ' 

. ,;. l' . ' .. 

" 'i 

' / . ; ' 



~ ( ' . 

".1' 

,• ;/ 

';"' 

·. •'. 

E4 - 4862 

K. Walasek, A.L. Kuzemsky 

DERIVATION .. 
OF THE KINETIC EQUATIONS 

FOR THE SYSTEM WEAKLY COUPLED 

TO A THERMAL BATH 

Submitted to 
'TeopeTH'Io H MaTeM. ljJH3HKa' 



! \, 

·:J 

,i 

1. Introduction 

In this paper we investigate a relaxation processes in two 

weakly inter.3.cting subsystems, one of which is in the nonequilib

rium sfa.te and the other is considered as .a thermal· bath. We are 

interested in the problem of derivation of the kinetic equations for 

a certain set of the· average values which characterize the non- •" .. ' ~ 

equilibrium state of the system. As is known, the generalized kinetic 

equations, i.e. the· equations for a certain set of the' averag'es (e.g. 

for the occupation numbers, spins and so on), describing the non

equilibrium state of the system with small interaction have been 

obtained by S.V. Peletminski and A.A. Yatsenko/
1

/ and L.A. Pokrov

sk/2/. The problem of the system weakly coupled to the thermal 

bath similar to that studied here has been considered in the paper 

of L.A. Pokrovsk/3/. It was assumed there that an external time

dependent field acts on the non-equilibrium system. 

In the derivation of the kinetic equations we use the method 

of the nonequilibrium stat is tical operator developed by D.N. Zuba -

reJ4- 5/. In the following section .we consider the. construction 'of 
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the nonequilibrium statistical operator and d~rive the kinetic equa

tion for the system weakly coupled to a thermal bath. 

It is shown, that the expression for the. "collision term" has 

the ~am~ form as in the generalized kinetic equations .in papers/1;2/ 

but differs by that the states of the thermal bath are taken ir)to 

account in it, in the averaging. In Section 3, on the basis of 

the derived equations, in some approxhnation, the equations simi-

lar in structure to the Redfield's type equations for the spin den-
< 

~ity matrix are obtained. 'I'he master equation has been obtained 

for a particular case. As an example, in Section 4 we consider 

the longitudinal nuclear spin- lattice relaxation problem and. derive 

the Gorter's relation. 

It should be noted that Redfield's type equations have been 

considered in paper/3/ using the method of the nonequilibrium 

statisti.cal operator when Ol{l the nonequilibrium system acts an 

external time-dependent field. 

2. Construction of the Noneguilibrium Statistical Operator 

and Derivation of the Kinetic Equations 

Let us consider the relaxation of a smaU subsystem weakly 

interacting with a thermal bath. 'I'he Hamiltonian of the total system 

is taken in the follovving form 

J{ =J{ t ;:. J{ 2 + v ' 

+ where J{ - ~ E a a a 
1 -~ a a a 

and 

V"' ~ ~ f3 a + a/3 , ~- f3"' ~{3+ 
a,f3 a a a a 

(1) 
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Here .J{t is the Hamiltonian of the small subsyste 

a a are the creation and annihilation operators c 

in the small subsystem with energies Ea , V . is 

of the interaction between the small subsystem and 

bath, K2 is· the Hamiltonian of the thermal bath, "' 

write explicit!~. 'I'he quantities ~ a f3 are the opera I 

the thermal bath variables• We are interested .in the 

of the nonequilibrium process in the system weakly 

thermal bath. Therefore, we assume that the state c 

is determined completely by the set of averages < P 

and the. state of the thermal bath by < J< 2 > , where 

tes the statistical average with the nonequilibrium s 

rater, which will be defined below. 

. We shall follow the method of the nonequilibri 

operatoj4 • 5 /. Let us· introduce the quasiequilibrium 

p ( t) = .- S(t,O) 

•q e 

where S(t,O)=O(t)+ ~ P .f3(0)F f3(t)+f3J{ 2 (0) 
a,f3 a ~ 
. -~Pf3F 

is the operator of the entropy and n"' fn Sp e a.f:3 a I 

H~re Fa f3 . ( t ) . are the thermodynamic parameters • 

<P D> , f3 is the reciprocal temperature of the therr 
ap ' 

the operators are considered in the Heisenberg re 

'I'he· nonequilibrium statistical operator of the 

constructed in the following way --- s ( t. 0) 

p (t) =e • 
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rive the kinetic equa

nal·bath. 

~. "collision term" has 

~quations in papers/1: 2/ 

>a.th are taken into 

, on the basis of 

the equations simi

ms .for the spin den

has been obtained 

tion 4 we consider 

1 problem and . derive 

!quations have been 

the nonequilibrium 

1 system acts an 

ttistical Operator 

.l subsystem weakly 

n of the total system 

(1) 

Here }{ 1 is the Hamiltonian of the small subsystem, and a! ·., 

a a are the .creation and annihilation operators of quasiparticles 

in the small subsystem with energies Ea , V is the Hamiltonian 

of the. interaction between the small subsystem and the thermal 

bath,}{ 2 
is. the Hamiltonian of the thermal bath, which we do not 

write explicitly-. The quantities <IJ a {3 are the operators acting on 

the thermal bath variables• We are interested in the kinetic stage 

of the nonequilibrium process in the system weakly coupled to a 

thermal bath. Therefore, we assume that the state of this system · 

is determined completely by the set of averages < P af3> =<a~ a {3 > 

and the. state of the thermal bath by < R2 > , where < ••• > deno

tes the statistical average with the nonequilibrium statistical ope-

rater, which will be defined below. . . 
We shall follow the method of the nonequilibrium statistical 

operatoj4 • 5 /. Let us· introduce the quasiequilibrium distribution 

- S(t,O) 
p (t)=e· 

•q 

where S(t,O)=O(t)+ ~p {3(0)Ff3(t)+f3}{ 2 (0) 
a,f3 a !I 

., 

-kP {3F {3 (t)- {3}( 2 
is the operator of the entropy and 0= fn Sp e a.fJ a a · 

(2) 

Here Fa {3 ( t ) are the thermodynamic parameters conju~ated with 

<P~[i> , {3 is the reciprocal temperature of the, thermal ~ath. All 

the operators are considered in the Heisenberg representation. 

The· nonequilibrium statistical operator of the total system is 

constructed in the following way --- 8 ( t. 0) 

p(t)=e • (3) 
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where 

~ 0 €t1 
,S(t,O) =€ Jdt 1e 

. -oo (0 (t +t 1 ) +a~ p a,B(t 1) Fa,B (t+t1 >+:,8 J{ 2 ( t 1 )) 

is the "quasi..:.invariant" part of the operator of 'the· ent;opy ar:td € 

is the infinitesimal quantity, which we let tend to zero, but only after 

the thermodynamic limit 'has been taken.' The parameters Fa,a< t) 
. . .. /4-5/ are determined from the conditions 

<P a,B > =<P a,B >q 
(4) 

where < .... > q is the statistical averaging with the quasiequilibrium 

statistical operator P q • The fulfilment of the conditions ( 4) guaran-

tees the. conservation of the normalization after ,taking the invariant 

part. 

In the derivation of the kinetic equations we shall use the peP.. 

turbation theory in a "smallness interaction" and shall assume that 

<<ll a,B ~=0 while the other terms can be added to the renormali

zed energy of the subsystem. 

The nonequilibrium statistical operator (3) can be rewritten as 

p(t)=Q.;. 1e -L(t) 

(5) 

where 

0 €t 1 . 

L(t)=€fdte II P,B(t )F,B(t+t )+,81<
2

(t )l 
-oo 1 a.,B a 1 a 1 . 1 (6), 

and Q is the normalizing factor. 

Intergating in Eq. ( 6) by parts, we obtain 

! 
~· 

~: 

l 
~ 

! 

I 
r 

. o n 1 
L ( t) = I P F ( t) + ,8 J{ - f dt e I I P (t )I 

a,,B a ,8 a,B 2 -oo .1 . a,,B :a,B · 1 . 

aFa,B(t+t1 ) . 

+IPa,B(t 1 ) ... +,8J{2:(t 1 )}. 

.. a.,B at 1 

For further considerations it is convenient t< 

-1 . -A 

p = p •p = Q e 
q t 2 q 

where -1 
p = Q exp I-~ P ,8 F ,8 ( t) l; Q, = Sp exp I -I I 

1 . t af3 a a 1 a,8 

-1 
P 

2 
= Q

2 
exp I -,8 J{ 2 l ; Q 

2 
= Sp exp I -,8 . 

Q 
q 

= Q • Q 
1 2 A.= a,I,B Pa,B Fa,B ( t) 

We start from the kinetic equations for <~>'in U~· 

d<Pa,B> . 
· =-i< [P ,8 , J{ ]> =-i ( E -E )<P >- i<[P 

d t a ,8 a a,B · af 

and restrict ourselves to the second-order in inte1 

lating the right-hand side, of Eq. ( 9). To this end · 

p ( t) in the first-order in V • Taking into account 

we calculate 



)f 'the· entropy and f 

to zero, but only after 

parameters Faf3( t) 

(4) 

rith. the quasiequilibrium 

conditions. (4) guaran

~r , taking the invariant 

; vie shall use the peP... 

nd shall assume that 

ed to the renormali-

1) can be rewritten as 

(5) 

)I (6) 

0 ft 1 

L ( t ) = I P F ( t ) + f3 J{ - f dt e 
a,f3 a f3 af3 2 

-oo 1 

. 
{ I P f3{t 

1
) F f3 (t+t 1 ) + 

a,f3:. a a . 

(7) 

For further considerations it is convenient to write Pq as 

Where 

-1 -A 

pq=p1•P2"'Qq e 

-1 
p 2 = Q2 . exp { -{3 J{ 2 I ; 

(8) 

Q 
2 

= Sp exp { - f3 R2 I , 

A=IPf3'Ff3(t)+f3J{. 
f3 a a · 2 

a, . 

We start from the kinetic equations for <~>·in the impliait form 

d~~ . 
---o:-i<[Pf3, J{ ]> =-i(Ef3-E )<Pf3>- i<[P ,V]> 

d t a a a af3· - · 
• • ! • 

(9) 

and restrict ourselves to the second-order in interaction in calcu

lating the right-hand side of Eq. (9). 'I'o this end We must. obtain 

p(t) in the first-order in V • Taking into account these remarks 

we calculate 
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aFaf3 (t+t 1) 
) 

. ) . ~ aF{3(t+t1 ·(·E -E )F. (t+t1 -a f3 a<P f3 > 
a = 1 f3 a af3 a 1 • 1 a 1 1 at 

1 

X 

x<[P (t 1 ),V{t 1)]>=i(E{3-Ea )F...n (t+t1 a1 {31 'f-' 

) • . aFaR_ (t+t 1 ) 
-a~ _;:.t::._ 

a1,f31 a< p > 
a2 a1,f31 

X ( < ~ p >-< ~ . p . . > ). 
{3a·aa · aa·af3 • 
12 22 2121 

X 

(10) 

Restricting ourselves to the linear terms in Eq. (10), we obtain 

a :_af3< t +t1 > 

at 
1
. 

.. i (Ef3 -E )F {3(t·+ t )-i ~ 
a a 1 

.1: a1' {31 
~ 

aFaf3 (t +t1 ) 
. X 

a< P f3 > 
at 1 

xl< ~ > < P >-< ~ 
a1a2 q a1a2 a2a1 

><P >l=i(E{3 -E 
q a 2 a 1 a )Faf3 (t +t 1 ). 

. 

(11) 

The quantities, P f3 ( t ) and }{ (t ) in the first-order in in-a 1 2 1 

teraction have the form 

Paf3(i 1)=-i(E{3-Ea )Paf3(t 1 )-i[Pa{3(t 1 ),V (t1 )] 

}{ 2 (t 1) =- i [ }{ 2 (t 1 ), v ( t 1) ] • 
(12) 

Here and below all the operators are taken in the. interaction reP.,. 

resentation. 

Using Eqs. (11) and (12) we find 

0 
Et 

L(t)=A+i fdt e 1 [~ P (t )F (t+t )+f3}{
2
(t 1),V(t 1)]. 

. -oo 1 a.{3 af3 1 a{3 1 (13r 

8 

t 
i 
~ 
i 
I 
I 

I 
I 

Following 13 . / it is easy to check .that the expressi 

~ P 
13
· ( t ) F f3 (t ~t )+{3 }{ is· independent of t 1 in 

a,f3 a 1 a 1 · 2 

in interaction and consequ:mtly is equal to A . • ThE 

in the linear approximatioh in interaction V we hav 

. 0 Et1 1 ~A . ' -~A 
-i p fdt e JdA.e .[A,V (t 1 )]e 

Q-og1 0 . 
p(i)=p' 

q 

Now, using the relation/
3

/ 

AA ...\A d AA ...\ A 
e [A ,V(t )]e =-e V(t 1 )e • 

1 dA. 

and integrating in Eq. (14) over the A one can e< 

p(t)=p 
q 

0 Et1 
-ifdt 1e [V(t 1),pq]. 

-oo 

Finally, with the aid of Eq.(15) we obtain the kinetic 

<P a{i' in the form 

d<P {3> o ct1 
--a--=-i(E{3-E )<P{3>-Jdte <[P 13 ,V]•V(t) 

d t a a -oo I a 1 

The last term of the right-hand side of Eq. (1 

led the generalized "collision· integral". Thus we se 

lision term for the ·system weakly coupled to the th 

a converuent form of the double commutator as in t 

kinetic equations/1 , 2/ for the system with small inte1 

It should be emphasized, that the suggestion 

form of the Hamiltonian is nonessential. We shall si 

the Hamiltoni~n given by Eq. (1 ), in Which we do 
I . . 

ready the form of }{ 1 and V . • We assume that 
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q. (10), we obtain 

(11) 

-E a )F Q (t +t ). 
ap t 

the first_:order in in-

v (t~ )] 

(12) 

1 the' interaction rep-

(13) 

Following 13 . / it is easy to check that the expression 

IPaf3(t 1 )Faf3(t~t 1 )+{3 }{
2 

is independent of t 1 in the zero-order 
a,f3 
in interaction and consequmtly is equal to •A . • Then for . p ( t ) 

in the linear approximatioh in interaction V we have 

•O (tl l AA '->..A 
- i pq J dt e J d>.. e . [A , V (t 1 ) ] e 

--oo l 0 
p( t)= p' 

q 
.. (14) 

Now, using the relation/
3

/ 

AA -A A d M ->.. A 
e [A ,V(t )]e =-e V(t 1 )e • 

l d>.. 

and integrating in Eq. (14) over the >.. one can easily show that 

0 (t l 

p ( t) = p - i f dt 1 e · 
q 

(15) 
-oo 

Finally, with the aid of Eq.(15) we obtain the kinetic equations for 

< p a{:i> in the form 
., 

d<P > o ctt 

d~f3-=-i(Ef3-Ea )<~f3>:Ldt1 e <[Paf3'V]• V(t 1 )] >q 

The last term of the right-hand side of Eq. (16) can be cal

led the generalized "collision· integral". Thus we see that the col-

lision term for the system weakly coupled to the thermal bath has 

a convenient form of the double commutator as in the generalized 

kinetic equations/1•2/ for the system with small interaction. 

It should be emphasized, that the suggestion about the .model 

form of the Hamiltonian is nonessential. We shall start again from 

the Hamiltonian given by Eq. (1 ), in which we do not specify al-
. . I ' .. 

ready the form of }{ 1 and V . • We assume that ihe state of the 

9 
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nonequilibrium system is cha-racterized completely by some set of . 
the average values <P k > and the state of the fhermal bath by 

< J{2 > • We confine ourselve~ by such systems for which. [J{l'pk] = 
= r 8 kfpf 

that < V > 
, where a kf is some c .;..t:lumbers. Then . we assume 

q 0 , where < ••. >q denotes the statistical average 

with the quasiequilibrium statistical operator 

-1 
p = Q exp I -}; P F ( t) -{3 J{ l 

q q k k k 2 

and F k (r) are the parameters conjugated with <Pk > • Following 

the method used above in the derivation of the equations (16),. we 

can obtain the generalized kinetic equations for <P k> with an 

accuracy of the terrris which are quadratic in interaction, in the 

form 

d<Pk> .· o ctt. 
----=i}; akf<Pe>-Je <[[Pk,V], V{t 1)]>q dt

1 dt f -oo (16a) 

In conclusion, we remark that if one constructs the nonequilib-

rium statistical operator putting J{ 
2 

.. ]{ 
2 

+ V ; which turns to the 

Gibbsian canonical distribution in the limit, then one can obtain also 

the equations (16) but in a more complicated way. 

3. Obtaining of the Master Equation and the Redfield 's 

'Type Equations 

In the previous section we have obtained kinetic equations 

for <P r13> 
lions (16) 

in a 

in an 

general form. Our· next task is to write the equa-
.. + 

explicit form. We remark that V{t1 ) =}; <ll f3(. t 
1 

)a af3 r 

'where 
a,f3 a a. 
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<ll f3 (t a 1 

I J{2tl 
)= e 

-1J<2t 1 

<l>af3 e e 
l(Ea-Ef3)t 1 

Now, we calculate the double commutator in fr 

side of Eq. (16) 

.. 
< [ [ P f3 , v l, v { t 1 > l >' ... }; I < <1> <1> {3. (t 

1 
> > < P f3 

a q. . f3 f3a 1 a 1 1 q a at 1 

.. 
+<<1>{3 {t )<ll 

1a
1 

1 a
1

a 

x<P {3> l, 
at 1 

.. .. 
>< pf3{3>-(<<ll <l>f3f3(t )>+<<ll ( 
q 1. at a . 1 1 q af 

where we restricted ourselves to the linear terms in 

tion of the quasiparticles. 
"" .. 

The correlation functions <<lla f3 <l>a..f3 {t)> and <<I 
11'-:&2 q 

are connected with its spectral intensities in the foil 

= oo -1 (cu-E -E )t 
<<l>af3<l> f3 {t)> = J J f3 (cu )e . a2 {32 

1 1 ~ 2 q -oo a
2 2

,a1{3 1 

<~ (t )<ll > = j J Hcu+Eat -Ef3 )t 

at {31 nR q - a {3 a {3(cu)e 1 de 
-:t-"11 00 2 2 • 1 1 . 

Substituting Eqs. (17) and (18) into Eq. (16) and taki 

the notations 

00 .. ftt 

}; J <<l>f3a <ll {t 1)> e · 
a 1 ...,., 1 at f1t q 

J a 1 {31' f3 a (cu) 
-~-. 1 

00 

~ J dcu · · E + i c 
d 

=i"" · -E + f3 tt at-oo cu a
1 

1 

/ 
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:etely by some set of . 
' the thermal. bath by 

ems. for. which [J(l'pk 1 = 

1bers~ Them·.we assume 

statistical average 

lth < Pk > • Following 

1e equations (16),. we 

'or <Pk> with an 

interaction, in the 

(16a) 

nstructs the nonequilib

which turns to the 

m ·one can obtain also 

Nay.· 

the Redfield 's 

~.·kinetic equations 

:; to write the equa

v(t )=I~ {J(_t )a+ a{J; 
I_ a,{J a 1 . a. 

<I> {3 ( t a 1 e 

Now, we calculate the double commutator in the right-hand 

side of Eq. (16) 

- .! 
<[[P{J,V],V(t 1 )]>' =I 1<<1>{3 <I> {J(t

1
)>< P {3·>. 

a q arfJI ar ar l q a l 

>< p{J {3>~ ( <<f> ~{3{3( t )>+ <; (t )<f>{J{J >X (17) 
q 1 ala . I l. q af 1 , 1 q 

x<P {3> I. a, I 

where we restricted· ourselves to the linear terms in the concentra

tion of the quasiparticles. ... "' The correlation functions <<l>a {3 <I>a..{J (t)> 
. 11'<12 q 

are connected with its spectral intensities in 
and <<I> {3 (t)<l> {3 >J 

al I a2 '2/6 
the following way' 

(18) 

Substituting Eqs. (17) and (18) into Eq. (16) and taking into account 

the notations 

00 J (c:u) . 
a I fJ, ' {3 a I ' dt I= i I I dc:u -- . . ----= K {3{3 

at-oo cu-E +E +ic 1 
a, {3, 

/ 
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and •,, 

0 .. .. £t 1 

f{ <fl> cl>f3f3(t )> +<fl> (t )fl>f3f3 > I e dt 
-<><> a

1
a 

1 
1 q a1a 1 1 q 1 

00 l 
<cJ. I --E +Ef3 +i£ . w...,. f3 1 

l 
w- E.-+....,E---i-£....:. I =K af3 ,a }3 • 

a ;a
1 

1 1 
= i f d w J {3{3 ' a f 

-oo 1 

one can revvrite the kinetic equations for <Paf3> as 

d<P {3> 
. a = i ( E - Ef3 ) < P f3 > - ~ I K f3 {3< P f3 . > + K *{3 < Pf3 {3> I + 

.a a {3
1 

1 a 1 a 1 1 

(19) 

+~K <P ;;>. 
a f3 af3 ,a 1{31 at P1 
1 1 

The above result is similar in structure to the Redfield equa-:

tion for the spin density matrix/?/ vvhen the external time-dependent 

field is absent. 

If one can confine itself by the diagonal averages <P aa > 

only, the last equation may be transformed to give 

d<P > 
_ ___:aa~ ~ K {3{3< Pf3f3 > - ( K + K * 

dt {3aa. · aa aa 
)< p >, 

a a 

vvhere 

K f3f3=21TJ {3{3 (Ea -Ef3)=W f3 aa, a , a _.,a 

and 

K + K * = 2 11 ~ Jf3 f3 ( E f3 - E ) = ~ W f3 aa aa {:3 a, a a f3 a -> 

12 

Here Wf3->a and~ a-+{3 are the transition probabllil 

in the spectral intensity terms. Using the properties ' 

intensities, it is easy to verify that the transition pre 

tisfy the relation of the detailed balance 

Wf3->a e -{3 Ea 

W a ... -;;=~;:;- • 
e 

Finally, we have 

d<l:za> ~ P ~ P -- =...., w13 < f3f3 >-...., w f3 < >. 
d t f3 ->a f3 a-> aa 

This equation has the usual form of the master equal 

4. Longitudinal Nuclear Spin-Lattice Relaxation 

As an example in this section· we consider the 

spin-lattice relaxation. 

Let us ·Consider the behaviour of a spin system 

miltonian J{ 8 weakly coupled by a time-independent 

V to a temperature reservoir or a crystal lattice wi 

nian J{ L. 

The total Hamiltonian has the form 

J{ = J{s + J{ L + V ' 

vvhere J{s =.-a 7 I I z ' a = yHO and I lz is the opera 

component of the spin at the site i , H 
0 

is the tir 

external field applied in the z -direction, y 

coefficient. 

is the 

+ 
Now we introduce a 1 ,\ and a 1,\ the creation < 

tion operators of the spin in the site i with z -cc 

to ,\ , vvhere -I s. ,\ ~I 

13 



' (t 1 

d t 1 

--I =K R R. , E -i£. · a,.. ,at~-' i 
a 1 

(19) 

.re to the Re:lfield equa

external time-dependent 

nal averages <Paa > 

to give 

p >, 
a a 

w jQ • a ... ,.. 

and~ a-+(3 are the transition probabilities expressed 

in the spectral intensity terms. Using the properties of the spectral 

intensities, it is easy to verify that the transition probabilities sa

tisfy the relation of the detailed balance 

W (3 -+a e -{3 E a 

-w-;=~;;-· 
a-+ 1-' e 1-' 

Finally, we have 

d<l:za> ~ ~ P 
-~'-- =,., W <P RR >-,., W R < >. 

dt (3 {3-+a 1-'1-' (3 a-+,.. aa (20) 

This equation has the usual form of the master equation. 

4. Longitudinal Nuclear Spin-Lattice Relaxation 

As an example in this section we consider the problem of 

spin-lattice relaxation. 

Let us -consider the behaviour of a spin system with the Ha -

miltonian J( 8 weakly coupled by a time-independent perturbation 

V to a temperature reservoir or a crystal lattice with the HamiltO

nian J( L. 

The total Hamiltonian has the form 

J( = J(s + J( L · + V ' 

where H
8
=-af1 1 z , a =yH

0 
and 1

1
z 

component of the spin at the site i 

. (21) 

is the operator of the z -

is the time-independent 

external field applied in the z -direction, y 

coefficient. 

is the gyromagneti~ 

+ 
Now we introduce a 1 A and alA the creation and annihila-

tion operators of the spin in the site with z -corhpon€mt equal 

to A , where -1 ~A ~I 

13 



, :1 
;I 
'I 
!j 
a 
:I 
'I 

Then we have 
.,, '-

z - + 
I =~Aa a =.~An , 

l A lA lA A lA. 

and consequently J{ = ~ E n 
s A,l A 1 A 

E A= -a A .• Following 

section 2 we write the Hamiltonian of the interaction as 

V = ~ ~' Ill lA, q.t 
l IL•I\ 

+ 
alA a l!L 

<I>· -<1>+ 
lA, 1 11 - 111 , 1 A 

Here <I> lA, 
1 11 

are the operators acting· only on the lattice variables. 

In agreement with Eq. (8) we construct the quasiequilibrium 

statistical operator 

P q =.P L • Ps • 

where 

and 

-1 . 

p = Q exp I - {3 J{ l , Q = Sp exp I - {3 R 
L L L L L 

-N 
p ·= Q exp I- {3 ( t) J{ }, Q = 

s s s s s 

f3s (t) . 
sh --

2
- a(21+l) 

---
s~ f3s(t) a 

2 

Here {3 ~ is the reciprocal spin temperature and N 

number of spins in the system. 

(22) 

is the total 

+ 
The average values < n

1 
A>= <a

1
A alA> correspond to the equa-

tion (see Eq. (20)) 

14 

d<n > 
-d-~-=~W , (ii)<it >-~WA .... (ii)<n 

t IL ll-+1\ 111. IL IL 

where 

and 

Here 

and 

w (ii)=21TJ<I> <I> 
A-+!L . /Ll,Al AI./L 1 

(ElL -EA) 

w . ( i i ) =217 J <I> 
/L-+A Al,!Ll <I> ILl ,A l 

(EA-E
11

). 

-1 ~SEA We remark that < n , > = <n, >=Q e 
II\. 1\ · S 

d<nA> 
= ~ W IL A <n > - ~ W ,\ < n A>. 

IL .... IL IL ,...IL . dt 

w, =~~w, (ii) 
1\-+IL n 1 1\-+IL 

w . =.!..~ 
!L-+ A N I 

w !L-+A(ii ). 

It is easily seen that 

we find the equation 

fj(E -EA) 
W -e IL W 

11->A.-. A->!L • 1 

d 11 2 ( -<{3-{3 )( E - E ) ~-'s 1/L•A A-J.L}W, [1-e . s A /L] -{3SEA 
~ = 2 M/L e 

~ a2
fn Qs 

a a{3 2 
s 

In the derivation of Eq, (24) we took into acco1 

= 2 A<nA> and 
A 

d<lz> 

d l 

2 . df3 ~ 
I df3s a fn Qs = _.!_ _s_ (<(I z) > -<l 

=--; d;- a(3, 2 a dt 
s 

15 



.• Following ,\=.:..ax 

1teraction as 

::m the lattice variables. 

:t the quasiequi librium 

(22) 

J( I. 
L 

21+1) 

re .and· N is the total 

correspond to the equa-

t 

I 
I 
i 

i 
[ 
I 
' 

d<n
1
,\> 

-yt--=IW (ii)<n >-IW,\ (ii)<n,,\>, 
fl JL-> ,\ lfl ' fl ->fl 

(23) 

where 

(E -E,\ ) 
fl . 

and 

-t -,88 E,\ 
We remark that < n 

1 
.\. > = <n ,\ >=Q

8 
e • 

d <n,\> . 
_.......__=IW .\<n >-IW, <n.\> .. 

dt fl fl-> fl fl Mfl 

Here 

W, =~IW, (ii) 
11.->fl l'l I 11.->fl 

and 

W =.!..."' w ('') , ..:.. , I I , 
fl-> 1\, N I fl->11. 

It is easily seen that 

we find the equation 

df3s 
-<{3-,8 S )( E ,\ 

:£(.\-p)W, [l-e 
I p,7i. 11.->fl 

~ = 2 :_Q_
8 

__ a"""
2
,_f_n_Q_

8 

______ , 

a a{3; 

.. 

Then we . have 

• Finally,, for ,8 
s 

(24) 

In the derivation of Eq. 

= I .\<n,\ > and 

(24) we took into account 'that <lz > ·• = 

,\ ' 2 
d<lz > _____ I d,88 _a_en_Q_

8 
· I d,88 z 2 z 2 

= -- -- (<(I ) > -<I •. > ). 
a,B, 2 

a d t s 
d t a d t 
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i 

· In the high-temperature approximation we 'obtain 

df3s {3-f3s 1,. 

---= dt 

where T 1 

T1. 

is the longitudinal time of the spin-lattice relaxation 

2 

1 

T 

1 X~ (X-1!} Wx .. - ....t!JL_ ____ :.lf __ • 

1 
2 ~A? 

..\ 

The above expression is the well-known Goiter relation/
7

/. 

Conclusion 

The results of the preceding sections show that the method 

of the nonequilibrium statistical operator is well applied to the stu

dy of the relaxation processes. Our consideration is simple enough 

and it can be used in a number of concrete problems. We remark 

to obtain the Schrodinger that in a similar way it is possible 

type equation for the average amplitudes <a > and <a+> for the · a a 

system weakly coulped to the thermal bath. This will be the topic 

of our subsequent paper. 
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