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At present it is difficult to imagine theoretical nuclear phyiscs 

without such a notion like the self-consistent field. Numerous experi

mental data point out that the · nucleons in the nucleus behave in 

a certain approximation as independent particles moving in a com

mon potential well. Owing to this fact it is reasonable to construct 

nuclear theory, at least theory of low- tying excited states of nuclei, 

basing on the concept of self-consistent field. 

The self-consistent field method in the Bog~lubov formulatio-h
1

/ 

is presented below • Equations describing the ground and low ... 

lying states of nuclei are obtained on the basis of this m8thod 0 We 

will show by various examples that these equations lead to the 

well-known results of the microscopic approach to the nuclear struc

ture: secular equations for multipole and spin-multipole forces, equa

tions for pairing vibration frequencies, e9uations of the finite Fermi 

system theory. 

The total 

general form: 

Hamiltonian of the system is taken in a rather 
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' i- a - 1 G(f. ! . o' I + + H: L
I 
TllJ) al J'. 'f f o ,, o, 1 z11"Lf,) a! al a~,a,, 

l,l 1,tL 1r, 1r.2. . 1 2. 2 1-., 

r a, n = r l l, r) - ,,\ s, _,, , 
(1) 

where j 
ticle state, 

is the set of quantum numbers describing a single par
+ Qf , Qj are the creation and annihilation fermion 

operators, .A. is the chemical potential,! is the single particle Ha-

.miltonian, G is the interaction matrix. 

From the anticommutation properties of the operators + a 
Cf~ I 1 

and the hermiticity of the Hamiltonian it • foll,ows that 

It I 

I qi f) "' I l l, I) 
I I I I I I . G l$1 -lz. ; t l,) = - G ( .f.z. I, ; 11. l1 )= - G t ¥, ·¥2 ; I, l2 ) = 

= Glt2l,·,l/i;) = G*(J/l:; i2 .f1 ). 

Further we shall use also the representation . . f = i 
1
0 

distinguish the states conjugated under time reversal 

" . + " -1 
T a.i6 T == S6 d.i-6 . 

/\ 

(2) 

where 6=:!:1 

(3) 

· Here T is the time reversal operator and the coefficients So- pos-

sess the following properties: 

S6 5 _5 ~ -1 } s; = I . (4) 

4 

I 
f1 

Using eq. (3) it may be shown that from the invariance of the Ha

miltonian under time reversal it follows 

I l 'J- 15 , fo') = I (i-5 , f- 0 'J S<S S'5,• 

' 
I I I I it( I I I I , G l i/;,, </,1.62; CJ,2 6'2, i, 6,) = G '1,,-rs,, i;5z. j 'l.,l - 5.z, i

1
-~ )1. 

(5) 

x s,., S S , S
6

1 
"1 62 <1, 2. 

Let us introduce the functions 

F U112) ==<a;, a.1
2 
> ¢ ti, /z.) = < 0.1

1 
a,2.1 ·. (6) 

The averaging is performed over the ground state of the system. 

We note that the equations of motion give the following exact re

lations for the functions . F , . <P 

i ~t. F(l1i2 ) = < [ at Ql
2

, HJ>=% U, l2 ), 

(7) 

i gt cf) (ld2) = < [ a.1, 0 12 , HJ>~ tl, (tl2.) • 

In the self-consistent field method 1J ( f 1 l2) and j3H, /J may be 

expressed in terms of the functions, F l l1· f;) . , </) (1, iz) /1, 2/ 

5 



ti l/1 IJ = T 1 sll1l) cpl H2) + !l12f) ¢ l.f1 f)] -

- ½ lr I' <Pu; I;) { G-ll1l ;1; () FlHz) + 
1 Z 

+ Gl¥l2 ;ill;) Fll/1)} + f i, <P(l./-1/) G(l1f2 ;i2'l;) 'J It l2. , 

(s) 

j3U1i2)= f {!l·~2.l) Fll1l) -!HF~) Fll/2)} + 
(9) 

+f '1;1~ {ct:>*(l11)Gll2.l;f;1;> <t>U;.t:) -

- <Pliz•n G-\.l1l;·¥;1;) cp·itu;;;)}, 

where 

!~lf)=T\.$f) -I.
0 

GUJ1;l2 J') F(l,J2 ). 

l1rz . 
(10) 

The functions F ' cp are not independent but connected 

with each other by the relations: • 

Flf1lz.)=f { F(l,I> FHJ2 ) + q,*(ll1) <P UI2>], 

o = f . { Fl f1 l) <t> tll2.> + F Uzl) <P ll 1,) J . (11) 

6 

If we are interested in the time independent ground state we 

should solve instead of eqs. (3) the following equations 

• 

. · ·il \ JI f 2) :: Q $l'11t2.)=o (12) 

The solutions for eqs. (12) are then de.noted by and :Fo 
<p0 • The same results may be obtained by assuming that 

the ground state, of the system is the vacuum of quasiparticles con

nected with. the usual Fermion operators by the Bogolubov gene .... 

ral transformation 

a~:~ (i<l{v) div·· + 1fl-fv) o(: ) 
(13) 

the coefficients of which obey the orthonormali;zation · relations 

{ ,it I r., -inl") -u \lv) 
" 

+ Vl fv) vlfv)) = cSlt 

~\1A\.1v) ifl·f'v) + illiv) lfliv)) =O -
(14) 

If we are interested in the spectrum of elementary excitations 

due to small deviations from the ground state then we should con

sider small addition.: to the functions F0 and <t'0 

F\.-f--¥'J= Fa l -¥-¥') · -+ 8 F Ui'J 

cp t {f) =, to l-¥4') ·+ :5 <Pl .P.i') .. · -
(15) 

7 



The equations for 8 F and S <p can be derived from eqs. (7): 

i ft_ 8 Fl I /') = 8 J3 ( ¥ I' J , 

ijt S¢l/f)=siJl·H') (16) 

In addition, 6 f and 6 <P are not independe1:1t, but they are related 

to each other by subsidiary relations following from eq. {11): 

5 {Ftl1lz.)-f Fll1{)FlH2.) -•1¢i~Ul1) <Pll~2)]-=o 

s f f F t +1 0 <P li -lz. ) + f F Uz. l ) <P l -f- t,) j = o ~ (17) 

Due to the connection between S F and 8 <P it is more convenient 

to express them via new independent unknown functions which sa

tisfy automatically eqs. {17). 

Employing the canoniccJ.l transformation (13) we write F and 

<:p in the form: 
·It 

F~l1 i2 ) =<a! a,>= ~ 1f U1JJ lfU-2~) + 
r1 rz. 3-

{ 

It t- 'It 

-t- L U l-i1~1 ) 1,(lJ2 92 ) <d.o d.Q "> +- ?Hi,9,,) Zl({i1.)<~ ~ )- (la) 
313.2. <Ff tll . f 2 

- 11*<-l-1j,) 1fl+2.92.) <o<;o(Q) + 1,(\-i19,)1f(-'1.i2.)<ci.; o(;?} 
<1z <ft .1 , 

8 

l 

i 
I 

·)t-

Fo t 41iJ = ! 1!.tf-1~) lfl~2~), (19) 

¢ U-1 lz) : <a1
1 
at-? == L U ll1 ~) V"l-129-) + 

+L {vt-¥1~1)1.lli2.i2.)<o(:iQ) - 'l((l191)lfll1.92 )<c<!<io)+ (20) 
'J,

1 
g

2 
d"t ifz. dJ. d"1 

t 1A lf191)U ll2.g2) <d.3/¼/ + 1fli191 ) lf l~z.92.) <1
1
1

2
7 ], 

'Pal 11 ·12 ) -=- j u tJ,3) 1/(lz.~) .. (21) 

, In the methoq of time-independent self-consistent field -the wave 

function of the ground state is not a quasi-particle vacuum. However, 

the average number of quasi-particles in the ground state is small, 

therefore it is assumed to be equal to zero: 

t < d..9- JJ-, > : 0 • (22) 

To characterize the deviation of the wave function from the 

quasi-particle vacuum we introduce the coefficients 

JA. l 9- 91
): <"-3~ 1> , (23) 

satisfying the condition 

/1 ( 9 3 I) = - I' ( 3'3) • (24) 

9 



• We express S f and 6 cp through /" and f-'I: 

s Fl i1 tJ = L { vfl191) u l~2 92.)f 1ii) + U({g,,) 1f (izi) f ll2i>} (25) 
3/J2 

_6 'Pl M,) =,0. { iM,~ 1111ti,> 111.i,> + lf( {1,> 111 J.ii ~ lui J . (zo) 

To obtain equations for f we write f, in terms of 

~ f and. 6 cp . To this end we multiply eq. (25) by lfll19,) 
* , 

and eq. (26) by U ll1 ~) add to each other and take the sum over 

/
1 

• Using the orthonormalization conditions (14) we get 

Z { 1fl?1~) s Fl~142.) + i<~{1~) sq, L,e1f2)] = 
/1 . 

=L O {[1l(~!)lf1id1) + 7/\11~) 'IA l/191)] 7,{(fJ,.>t(i~~z.) + 
f, 9-, a-2. 

* * ,ft + [1.fU1j) 'U li1 ~1J + 'U l~1i) 1fU,g,)] lfll2 92 ) f t9-2 ~) ~ 

= Z: 1A \ i2 ~2) /' L 9 J2.). 
32. 

, (27) 

In a similar way we multiply eq. (25) bytHt ~) and eq. (26) by . . . 
"tfll,i) , add to each other, take the sum over / 1 and using 

eq. (14) we get 

E { 'Utl19J a F1f-1i2.) + vtiiJ sq;\1112.) J=-L"- lflfJ2.) f1,l99-z) • 
~ 32. (28) 

10 

• r~ 

. ( ) ~ I Let us use this procedure once more: multiply eq. 27 by 't( \{
2 
~ ) 

and eq. (28) by 1JH.2. ~1
) , subtract eq. (28) from eq. (27) and take 

• 
the sum over J

2 
• Then . 

f\Si'>=i-,,. {1fl1-19>1/\J2fl s Fll1 l2) + it''t.i1 9Jitt12 {J'f'>¢U1 lz.>-

- Ul.f.
1
~)?! (/2 tJ b F{ 1112) - 1f ( 119) 'lf(lz 9') S ¢,\ f1 l2.) } • 

Differentiating this expression with respect to t and taking into ac

count eq. (16) we obtain the equation for. f 

l :t /l l~f ~2) = (f2 l' 'U l 119,) 1,/\f2 92) s 11 \l1l2) + 

* 
+'lflf1i,,)1fUJ2 ) s "wt ll.,./2) + 'lfU,,~,,) Ull2~2) sJ3 lf1l2) + 

(29) 

t 'lAll19,J ?f tfz.92) ~ $ ( ~112)] . 

We get the equations for Ji in an explicit form. To this end . 

we express ~ i1 and 8$ in terms of f . From eqn.{8) 

and (9) we find 

¢ 'ttti{~2)= 2. l s!lf1n<Polft) T$.,~¥1¥) S¢>lU,) + 
.f l 

+Sq),¥1fno\(J) +c\Jolt1nsst.t20} -f,;,r 6¢Ll;J;)x 
H1 l 

xf Gll1l;t;1;)Folf.¥2) ·~Glft;l2'f;) F0 t.U.1)} -. . 

-11,;ll <Poli2'l;)f G(l1J;¥Jl:) 5 F\Hz) + GUl2;1;-1/) 8 FlH1)}+ 

t- f L , ~<Pl I; J:) G tlti2 j fz' I/) , ,~,,. 

11 
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'l"he solutions for the homogeneous equations (32) and (33) 

are sought in the form: 

-iw t . 
/' l91 ~2 ) = I e· Ip w l 9-192 ) , 

w 

~itl81 92) = ~ 

* where ':Pw = \tl _w • 

The functions 'fl w 

-i wt. 
e. '-Pw l91j2.> 1 

and ".Pw have the properties : 

lt'w l9
1
92.)=- 'Ywl92.91) , 'fw l~192)=-'P,,} .. ~2~1). 

(37) 

(38) 

We substitute eq. (37) in eqs. (32) and (33) and obtain the equati

ons for the determination of the elementary excitation spectrum 

W 'fl w l91 ~z) =- ji f .n l~z_9'J \/' w l~f) - .n. l~19') Yw \ ~z.9 1
)} ·t 

+ 2. { X l91~2. i 9/ 9z') 'rw l9/i') -Yl~'Jij~'£') 'f w l9/ £.') J 
0 1 0 1 ) 

<11 <12 · 

(39) 

-uJ 'fwl..~92)=}, {~lifJ\f'wl9,3') -.si~l9,9-') 'fwl92 9')}+ (4 o) 

~f 9;_ V19,9,; 11,'D;) 'Pw t~; 9,') -Yl~iAJ:) '¥., \ :1/9;)} . 

These equations were first derived in refJl/ • Note that if \y w , 

'f>w and W are the solutions for eqs. (39) and (40) then the 

transformation 

14 

. -it- * 
W ~-w 1 4'w ➔ '91.U 1 'Pw-, 't'w 

leads again to the solution of the same system. 

Eqs. (39) and (40) are derived without any assumptions on 

the character of the particle interaction and on the structure of 

the ground state. In what follovvs we ·shall assume that the functi

ons I\.H'),GlU';t9) are real and the functions 1)(/9). 1[(-1-9) 1 

~}~ ¥') ar.d c;f' are real and diagonal: 

1H~9)= u_,_s.,s , ~-1= 'Uis = Ui 1A-,. = Vt > 
I f/- (41) 

1J' l t ~ ) =- Vi &., i I Vy. ~ Vi 6' =- 56 1 1f; = ~} 

~ l .ft)= ! l~) ~U' 
0 

'sl-f)==f\f) ) (42) 

o o* 
C-il' :: Cu, ~ C -1- ~.e-i' , 

(43) 

C_, = ff, Gtl,-~; -.f, f) u_,, °¼' • 

'!"hen 

nl99'J = 8J3' { sl9) t u;-v; ! + 2 C3'U311} . 
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Using the results of the superfluid nuclear model we get After inserting eq. (44), eqs. (39) and (40) take on the form 

..n.t99')= 833,E(9) , £l9)=-V~; +'f2 l3J • 
(44) • 

w 'Pw ,CJ,
1
9) -=.\E l91 ) + E l~2 )) 'f'w (t-S1 ,+S-2 ) + 

. . (47) 

In the same approximation +l91 { rn ,9, ; s: 9; > tr., ts: 9; > - Y 13,~ i -f J;> 'P., 1:-~· - :,~ > 1 , 
X1aa •O'o')--.i.G(D a• 0 1 0 1

; u U u,u, -
\ef1 l'z_ I ~, ,Jz - 2. d'1 d"2. J di ~, 'i, i i J, 

! -f Gt-a1-a2 ;-a;-9n ~ ~ ~, ~, - f G1g1-~'i s/-a)1 ~ ~·~,-
, 2. 1 2. . ( 2 1 '2 ( 45) 

- _{_ Gl-<J,a;i-9/92)¼ Uq ~I Ua, +f Gt91-3,'i82'-3i)?J.3. v;, Ua, 1/4, + 
2. (ff (/7- dt c1z . ,f <fz. dz. ~ 

-w 'fw ,-~
1
-82.)= (Etj1 ) +E lj2 >) 'fw l-3,-92 ). + 

+ af 9l { x (-3, -1,; -3,'--i,' i 'f~ l-s;-a; >- Yt-3; J,; s,· 9,' J '1va; s; >} . 
(48) 

Let us now introduce new functions 

+f Gl-917,'j-3;_'3;_) ~ U3;. ½l 11~•) 
t±, { } Z l S

1 
~2) = f tr w ~ ~1 92) ± 'f w \- ~1-32 ) . (49) 

y l919z. j -3,'-£') = - ± G-(3192.; ii.'9,') U3, U2z '¼· 1£' -

- f Gt-3,-i ;-~'-i'> ~ ~ U;; U3; -}G(~-l;J,'-i )'UJ, i 11;; ~; + 

+f Gl-31 a; i-c?,'S > ~, u32 u3,, ~, - f Gii,-{;i ~J1 > ~ ~ 113,, 71
2
, - <

46
) 

- f G l-~9/; -9i'32 ) ?fa Ua 'llq, UQ, , 
111 rl:z. d1 d2 ) 

it * x~x1Y=Y. 

the equations for which are of the form 

l+) , (±) 

w l l•31 l2) = ( fl91} + £ l9-.z.)) z l91fl2) + 

+f ~, ![xlSi92.i9/9;) + xt-J,-Jz;-~'-Jli'.)] ,~ 
J,i,. 

-; [YlS;~2;-3/-i:i') +Yl-c¥1-i;9;J;>J} zll)~n + 

+r,gf~ {[Xl91£_j3,'£')-Xl-91-32J-J.,'-~1
)] + 

I I J} (:f) 
! [Y(S,t i-$'-~') -Y(-J,-Jzi_J, l ) l l9,'ii') 

(so) 
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where Thus the basic equation way be written in the form: 

[ 1' l9,j2. ;~'~~) "T Xl~31 -i;-t-J:~:; [Yt3192. ;-t-JJ+Yl-~-82 -,9;9;)] = 

l[r_1oa-a 1a' ,.a a , ,;71[(:t} l±) 
=- z \:J\clfo'z1<12<11} + GYt11-<12i-92-~1)J 3,92. 119;3~ -

(51') 

l+) . l ±) J_ [ • I I ' 

w z \j192.)= (El~i) +~l~2.)) z lg19,.) - 't lj9; Gl9-,9:i.,£9{) + 
. . I . I ] (±) t±) Vt.) { 

tGl-~1.:92.;-t-91) lf919-2 1f3/3;l,9;9!)~f37
9
~ [Gl11-~';t~~J+ 

+ G-l9,-91

1

j 9;-jz.)l+ [ Gl-3,3/;-9/t) ;: G-(~3,9,';-J;i>]}i<~~z. x 

- ~ Gt91-9; ; 9,'-3) + G(~1-3/; £'-it_)]+[ G(-31~~; -3;9?) + 
lt) t±) 

x U 9;9~ l l<J/9-l) - i- L 1 [Gt~1g1Jg:~;)- Gt--3,-ij-i'-?;)]Jt ( \ 
7$~ 5~ 

/ 1r1 (t} (±) 
+ G(-~S,;-i'i) ~ V.9,92 U9;9; ; 

;l( 1f(:t) if l;l, z (9/t) -f ~ I {[Gl9,-9.2.';j/-t) ± 
8-S2 i~i-:,. 1 2 3,32 

I ] I I ] (±) . ±G(9,-t';£-i> - Gl-3,£.';-i,'£)!:. G(-J,i, i-Ji'i:) 'U.3,fJ:,_ }I. 

[X \~1i ,9/j:) - X l-31-92. j-3,'-i'>] ! [Y(g1i2;-9t\~~ )- Y(-9
1
-92; ~:9i' ~= (:+;) <+) 

X U3,'J: z (j/J;) . 
l~) l+) 

= - f[ G(~,·gz; 7;9,'J - Gl-S1-£;-3i'-3;ij lf31~2 ifg,,fJd -
I 

- f [[ GUl-1 -%'; i'-3z) ± G l91-8; ;~:-~2>]. -

. . } (±) I+) 
- [ Gl-j19-z.'j-j/iz) !: &l-J,j, ;-J;9z>] u 3

1
9.._ u9/ ii ) 

( ±) (±) 

1J. :}!}' = ~ ~I ± ~I ~ ) 1l3j' = ~ Ut + 1lj 71,. 

(51") We rewrite eq. (53) in the i
1 
o' representation using eqs. (s) 

1+1 '(+) 

W l(i/i1,~6'2 ) = (tl%J +t:Ut-.2>) Zlj,~,i.~) -
2. l±\ 

-f o~'0'6.' Gl'i,~,il~j i~6~1i/5t')[1+s6s,s6,S ,11f'ot$ Go_" 
n ., Yz 2 1 l 1 62 11 ( I Ji 2 

'\( (:!:) l '.:tl ..L L G ( 6. 0 ' I l,.J 

X ui'6/ 't,'o.' (i;6l,~2.'62') - '10'5'0'6.' i, f''2~ji.,~,i1of) X 
f I I 2. 'J. f/f f 1'2. 2. L 

[ 
_ . ] (±l (~l l+l 

_x 1 S6 56 St5'., .SO'., lfo 6 no. U(I, O'.' o,~, l ti '6'', 0 16:' > -
f :Z. 1 2 ,,, ( 11',2. 2 Y.j ( I 1'2, "'2. · 1 f J'2 .2. (54) 

(52) -f i;~:,fd6z' [G-l~~ •.'f;.-6i'i ~'6,', i;-e>) :t= G-( i,~,f,'-6/i ~~~, ~-~)] x 

. . :(±> l±> C±) 
x[1+ScrScr S($,S ... ,] 'U9,.o i6. U.0 1,s1 015.1 Z (<?;6.,1 ,<J,., 15z_1

) -
f 2. ;: "1 f 1 1 2'- -,,.1 fly2. :Z '"-

·..1 _.,: 
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J. [G-' O (5 01_5_1, 0'61 O -6.) + (; l O 6' 0•_5•. 0 1(5' 0-et)] X - ,, L. \ '1 f , 12 z , "'t f , rz z - \ 1'1 1 , Pf t I 12 .z ' 1'2. 2. 
7 Q'o.' 0'fi' r., ,,1z 2. . 

\±) l +) l +) 

X ?J. ~ 6, 
1 

i}. 6
2 1 

Uo151 o'6' l l'i:'61 </,.
161

) 
1,111'iz 1111.l • 

Let us write eq. (54) for the cases 6-=6. and 6=--62.. using eqs.(41) 
1 2 1 

and the properties of the coefficients $~ • From eq, (41) it follows 

that 

{.!) + . l'±) 
1Ai6, fo = S6 l 1ii ~' - u,, 71i) = Ser Uii' ' 

\ t) _ . ,r _ ) l+) 
v. i<S,f-6 - s_5 l 'tli vi' + uf Vi = ~~ U. ir' 

l±) - l±> 
l{ i 0, i'~ = i<i Ui' + lJi 1, == 11i 'I-' 

\±) . <+) 
1f i6 , i'-6 =- Ui Ui, ± V-1 Vi'= 1f ii' 

Employing these equalities we get: 

V+> , (:t) ,, I 

w Zl<t,6,i,6)={[(9',)+n'l,2 l)Zl'l-t6,'fz6) - f !. G(ci,G,i,o;ct_6,i ~')x 
1 l. $'f6' 1 2. 2 I ' 

f 2. 
\±) (:t> fZJ 

x?fo o Vo 1 0 1 l.{i'Q'o'5') _ J... 2. G(060E>•0'-0'0'5')x 
}'" 1'2 1'1 "2 f I ~2. 2 i: i2 6' Y4 I 1'2. I Yi I Y1 

20 

t 
! 
I 
t 

I 
I 
11 

I 

~ 
I 
? ,r 
( 

J. 

I 
1,/ 

t ,j 

l 
.'I, 

I 
) 
j 
,1. 
;i 

lt) l±) _ (+:j 
X 'lfo a 1f 0 1 0 1 L. ( <t,'es' 0 1-6 1

) 
Yt Y2 Yf Yz f J V2 

[G-lo 6
1

0
1 6' o'G'o 6) - .1.. E r1 ,.,,z.- iv, ,.,,,2.- + 

.2. i; i~0 ' 

. I I I ] l±) (±) . l ±) 
; G l i/, ~'-6; i/s' i-Ei) s<5so, ui1 i2 ui; i; 2 l ~·6: i;6') - (55) 

- 2.1. !:. [G(<l,6 q,_'5'.0
1
6

1
0-fS) '!: G(itSn'-6'• i'-o'i-o)lx 9,;i~6' 1 'z If.'{ 'Yi_ f11'f I 1. lz j 

l±) l±) (±) 
X s6" s_(), ?A_ </,/Jz 'U i: i; l ( 'J,~6', 9,2'6

1
) J 

( ±) l -) 
w l l t,Cf, ifo) -= \ t l %J + El 9-2 l) l t i.,o, g,

2
-6') 

- L L G( 'J.6 0 -6 •o} I I ') lt) . ( :t) (.+:) 2 0 1 0 1 6' f /7'2. 11'2-,S//,1 61 'lfo Q. 1!0 1 0 1 lt'l,'o'n'-o') 
r1 r2. -,,1r2 1-1 -,,2 1 , i'z. 

_.1. 2. G'o6 o a', ' ') l±) l±J l ±J 
2 0 1 0 1 0 1 \. 7'1 ,</,i ; Ye 6 //.,16 lf </,, 'I, 'lfn' 01 Z( o' 6' a' 6') -

1''( J,z. l 1 2. l-1 -,,2 Y,f 1 1/z 
(56) 

-t fro, ..,JGl'l-,,6,9,~6'; f o; ~2 6) ± G(~d i~d'· 01-6 1 0 d)]x 
1'1 1'2. O 7 1 1 ',f ) }'2, I 1'2 

( ±) l +) ( +) 

x 5<> 56 1 Ui,,iz Ui/<Jl Z ( 9,1cs; i~-c, 1
) -

-1 ifi~cS,[G-<i16, i~-6'j 9/d', ~26)± G{ 9,16, ii6'j ~'6', ~6)] X 
X (±) (±) (±) . 

sd' s-d' u i i u o' ol z ( 0 '6' o' ".!') 
I 'Z '-f i"2 Y{ J Y;. V • 

In deriving eqs. (55) and (56) we have made use of the 

fact that in eq. ( -54) in summing overd/ > 6; 1)alf of the terms 

vanishes owing to the multipliers . ( 1 ± S S $ 1 S , ) . With the 
d,1 62. <S,, d2. 

aid of eqs. (4) and (5) it may be shown that the coefficients 
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i: Gl '/,16, i2 6 ii; 6') 
6 

L G l 'i-16, <i26 i q,
2
'-6: 9,,,

1 
d') 5

6
, 

<f . - ) 

z. GVi 6 ~-o· o'c,' D'o') 6 1 I 2 J ~ I J,'1 'L 56 Gl <t-,r6, ci2.-ci;<Jfo;q,,,'o) s<>', 
6 . (57) 

~ Gl%o'1 <J,~6
1

; i,,'o', i2 °) L G \.<t/>, i2'-0; Cf/6',-i 6) s_ , 
6 1 1. 6) 

~ GV?l, q,:o'i 9,/6'. 9-£ 0)5_6 , i s_o' G(i/, i2!_ 6~ ~'<S
1

, ~-
6) s-6~ 

--t' . 
are independent of v . For· example, 

f s_<S _G- uil, i~6'i ~'6'/t/6) = ~ s_6 s6 s6, S6 ,s_6 G(~-6,<i~-d; f6; 9l)= 

_ 5 Gf a-6 a'-0'. n'-e;' 06) = "'" 5 G · ,_ •. 0/:6 1 n -6) -f 6 \ 1'1 , 1-2 1 r,- , "z ~ _6 l C/,/519t;_ 6, r1 1 -r2 -.• 

Therefore for the coefficients (57) we introduce new notations ref

lecting this property: · · 

FL Glci-l,9,2 6; <J,/5:q,;o') = G\i.,+/l-/i q,;+,~_,'+) 
Q - / 

I I f I O' ) f fi G C i/1 ii i ,i;-6, (j{ 6) 561 =: G (~,.,ft/ i 'l,2-, v1 + , 

__j- . I I 

L L S G( o 6_ C:-6· 016
1 0161

)·- ·== '{::J-. ( 0+ i- ,· Cf +, <t1+) 2 ~ 6 V1 1 V.z J v'z I l'{ t,1 I 2- 2. I (58) 

f f 56 G( i,6i i~r; i i;-6': <J/e/J S6, = G ~ \ <t-1 t, i2- i i;- , <t/~), 

22 

if G(i.,6,~'6' i <t,'o:i
2
0)= G'\~+,i;;~~i-,i)-) 

1 
· 

• ~ w 

ff G(i.,es,i;-6'; rt/6'/l'}S)5_ 6 , = G (i.,+,CJ./i~.}-,<J,-;+\ 

ff GCi/,, i;d'; i;6:i2-6) ~6 = G-
1

\~+,i;j ct;t,i,'+\ 
(58) 

w ± ~ s_~ G( ~6, i;-6 'i i/o; i
2
- o) s_6 , = G ( ~+, i2.-; i2'- j i;+ J • 

We sum up eq. (55) over 6 and multiply eq. (56) by 5
6 

and also 

sum it over 6 • As a result we get: 

l+) . (±) 
W fl t¾o,9tz5)= (Et<t:iJ +E(9,2 )) f Z ( <J,,°, <l,/:S) -

t I I l±) t±) (±) . 
- :?:.. G li,,tt+ ii2+1 ~+)'lfo o 110 1 01 ~ Z(i}6

1
£t;6) -

9,/ ~~ V., l'z P1 1-2 6 , 

't I '+ l±) (±) {f) 
_ Y. G \i~+q,;-j i2-; 9,1 ) 1fo o lfo'o' L56 ltfo,f-6)-(59) i; i~ 1 

e. ~4 Jt2 "1 v2 6 1 2 

. + + { :t) r. ~ . I / . w I I ] l-) l-l , - f- 1 LG- \ t ii j il -, i/) + G l ~ + ~ - j ~ 1 ~/) 11 i 'I, U 't.' f ~ l ( i; 6, ~ 6) -
'1,4 i2 1 2 1 2 
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In this case, instead of eqs. (59), (60), we have 
w w · (+) Cf-) (::j:) 

-~ [G l'l,lii.-i~~ i;i-) ± (; ( i/iz-; i/i-J/)]U'k?, u'/,.-:'l/ f S6l (~'o', i/6) 
1 010 1 1 2 1 'Z 

~ Yz ' 

\+) . l±) 
W ~ l l<y,01 '/t;

2
6) =\El~)+ttq,2_)) I. Z l't/;,q,2

6 ) -
6 1 6 1 

(±) l+> 
w f 56 l l %6, ~26) = (ft 9-~) + t l i2 )) f s~ l ( 'li, q,26) -

[ 
f I I. t / I J l±) l±) 

-~ G Vt-+-,CJti <t,2.+i+) +G l't
1
+f/,t;i-'l,,_

1
+) Vo o, 1fo'o' X i; 'Ji ·1 . . . ' . 2 Y,f 1'2. ~ '2 

. r( . ' , i ± i < ±> ( ± > 
- L G 'i/ ~-, ~2.+ ~+) Vo o 'lfa1 01 L l ti'6 n'6) 

i~ i~ 111 "2 P1 1-2 6 I 1 'l'z 

\" I I {±) {±) l+) 
- ~ 0 , G ( i:~-j~/~+) lf'ki 1f~•i; ~ S0 Z(i;o,i;-6f) 
_ <J,,,rz 1 2 -t . 

w . . w I (t) (±) . l+l I , 

-L [G \~i-ii; i~+q,;t) ± G lif~+; ~'ti.t)]Uiii 'Ua,;,~s«slti;0,i2- 6 )-i1i~ ., 1 1 ~2.Y.jl;zu 

(60) 

( 
(±} I~) ) • 

x Z:.l(o'6o'o) + .[ S
6 

l{f6 o-4,) - (61) 
6 11 1Y2 0 ,f I 1'z 

[ 
W I / W .1 (±) (±) 

-21,-a, G l.~ti;; i2- ~i-)-t-G-lC/,,t<?2-; i}if~)j Ui.i. u'l,.'<j,' X 
V,f V2. 1 2 1 '2. 

(+) x(E lto'6 0
16) 

6 ~ i V2 

( +) 

+ L 56 l l~1'6, i,'-6)) 
6 2 J 

w . , , w , , l i±) l·±) Lt) 
- L ,[G l~+~t; ~- ~ t-) + G (i

1
+i_t i i1- ~+)JU~ i Ui,a' t lti;61 ft5). 

'/,_/(/,2 . ➔ 2. 4 Y2 0 .2. 

C±) 
Since the coefficients L..l ( fS, f6) are antisymmetrical and the co-

efficients ~ S6 2 t tJ, </,'-:) symmetrical with respect to permuta-

tion of the indices O 0 1 and for each excitation mode only one 
v,v(±) t±> 

of the coefficients L. ~ { 06 n 'o J and L s6 z l f/A <t'-6 J differs 
d P I 1' 6 

from zero for fixed C/, f then eqs. (59) and (60) can be essentially 
. w 

simplified. Firstly, the terms containing ± G may be excluded by 

using the symmetry properties of the coefficients. Secondly, the 
(+J (±) 

unknown fl<f6ii'6) and ~56 2('?6, 9,'-6) under the sign of 

summation over ct i I can be replaced by their sum since for each 
I , 

set of 'l, q/ only one of the terms will differ from zero. 
I 

l~) li) 
w ~ lli/S; i2-6) 56 ,:: ( El $1) + ft<?21) f 56 l t ~6, 9,2 6) 

· [G}ao-•,, s( . , , -j l±) (±1 
- ~ , l Y/ Yz J 9,z.- ~t) +G ~/"~- 1 i+ </,/) 1Ii, 9, 1f <J,,.'a' x 

i,, 'i2. ~ l ( Jl2 

( t) 

x \fl ti/61 i;o J 
<.:t=J ) 

+~5oZ(f6,i'-6) - -
<S 1 Z (62) 

[ 
W I I W I I ] (±) (±) 

- ~ L. G Ci/ct/ i i/~t) + G tit<i/i ~
2
-i

1
t) ?l.oa ?1

0
,0 1.x 

i; i~ 1-'/ 7-'2 Trf 1"2. 

(+) . (~) 
x (2.l(o-,6 a'0 ) +2. S6 l(o'0 o'-6)) 

\ 6 v1 ,-,,2 . 0 P1 ,1'2 • 
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Adding eqs. { 61) and { 6 2), introducing new variables 

\.±) (±} t+) 
R lirJ = L. llio,f6) + ~ 56 Z(9,6,f-6) 

6 6 · I 

and notations 

s, . o I O' G} , t ~ 
G ,C/,/l,ziY2"-1)=. (~+~+ii2+~+)+Gl<ttit;i;-i;+)+ 

t I 

T G l 'itt g,2- j i;+ ~ +) r ' ' +{;(.O+O-·O-O+) 
. V1 Pz. I r2 r-, J 

w w . w 
G l<i,~q,2 j 9,~i;J= G l<J,tC,,2-ict;-,q,;-r) + G ti/i2 iii4-q,;+)+ 

U) I I 

+ G l 9t/</-/ i 9,z- <J.,+ J W I I ) 

+ G l ctt 9-/ i ~2 + ~ + . 

we obtain equations for new variables 

\=t=) (±) 

w R \ct i J = (fli1l+E:l'l,2 )) R lii
2

) 
f z . . ,f 

~ ( :t) l ±> ii~ G lct.,izii;i,,') Vi1ii Yi;i; 
l ±) 

R l 'l,~ i~) 

- 2.:E i: i2 
w . <±> uc.t> Rl±) 

G l 9'i i2 i i; i;) u i1 i2 i: r;; l i; i~). 

{63) 

The interaction in the particle-particle channel affects the 

properties of the collective states through the terms of eq. {63) pro-

portional to 1f ,/:,) . The contr.ibution of the interaction in the 

particle-hole channel is contained in the terms proportional to,. 

1-{ i;J . 

26 

In studying the properties of the low-lying states of nuclei 

we should bear in mind that the inthaction G \~i ~2. j CJ:~; ) . 
is used for different moment of colliding particles. Some .collective 

effects associated with quadrupole, octupole and others correlati

ons in the particle-hole channel are defined by the interaction with 

· ( G-11.J I I small momentum transfer we imply here t q, Cf, ·1 O O ) ). The 
1 2. P2. 1',r 

other effects associated with the superconducting pairing correla-

tions are defined by the interaction with the zero total momentum 

of colliding particles { we imply here G-\ 'l-,, Cj,
2 

/1,; 9,; ) ). These 

both interactions should be consid~red a:3 . independent .. 

In deriving eqs. (63) the particle interaction was taken in a 

general form. However, it · is known that the appearance of vib

rational states in nulcei is mainly due to the interaction in the par

ticle-hole channel which gives the coherent contribution. Therefore 

as an example we consider the case when the effect of the inte

raction in particle---:particle channel on the vibrational state proper

ties may be neglected~ The interaction in the particle-hole channel 

is taken as a sum of the multipole and spin-multipole interactions 

G
1

"\iii2ii;~/)= £1 ~{rt-.i2.)f.Ut,,'i;1 +~tt(i-ti2Jt(i:t~) j (64) 

where .f I t are the single-particle matrix elements 

of the operators cf the multipole and spin-multipole momenta res

pectively. 

In this case eqs. (63), taI:<ing into account the symmetry pro
{ ::!: } 

perties of the coefficients R t '1,~ q,
2

) take the form 
, 
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H l+) w R ti1 i
2

, = (~(i.,, +eti2 >) R li .. i
2

) 

( +) p I I ( -f-) t+) 
-z~, !ti/t2> Ui~i2 o"fo, T ti., 'l,2.J Uq,_,'i; Rti; Cl,~) 

, ' ,,, 1'2 ) 

(65) 

l+> l-l 
UJ R l <l,/l,

2 
) = ( f ( i.,) + E ( iz)) R l i-f i.z) -

t (-) .J ( 01 I (-) R l-) 
- 2. ~ ( ~ ~ ) Uo O L C ~ i2 .J U O , 0 , l ~/a') 

t 1 2 "-f rz i' o, "1 V2 ., ¥2 ., 
I Yz 

(66) 

Eqs. (65) and (66) do not include the terms. containing 

z: wi~ 
(+) (+) . 

-t<ff) Ua 1 0 1 R(i'f) 
f z 1',i 1'z 1 2 

i I I (-) RH , 
i: -rl9,-t i2 J Ui,o' ti' i2 ). 

lff -_Yz 1 
,, 2 

since these sums vanish due to the symmetry properties of the 
, \.::!:l l±l 

coefficients t- t 
1
R 

1 
'U with respect to permutation of indices 

I l±) ct,/ , 9,~ . The coefficients R l CJ,,/ 
1 
q,;) are a~tisymmetrical. with 

respect to permutation of indices if for the mode of excifation con-
• I I I I 

sidered to given i , ~ there correspond identical (5 and 62, , 
1 +) 2 1 

The coefficients Rtl"ij, 9,') are symmetrical with respect to permu .. 
1, 2. 

ta.lion of the indice ,, in the opposite case. These sym'Tletry proper .. 
J} I I 

ties are the same those for the coefficients 1-\, ~)and opposite 

to those for the coefficients tti; qJ. 
We transform eqs, (65) and (66) • To this end we introduce 

the following notations 
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l ±) . l £ ,f. J r ~ ( <t f) . 

1 
l ±) . l ± ) 

V =llctt i~' ttcti'> 11.q,r Rli<i'J.) 
(67) 

and rewrite eqs, (65) and (66) in the form. 

· .f. I • I+) 
\±l \-l ( lrtiJ) t±)y ,.,. 

tf<<t- ) +fl9'>)Rlq,<t'J -wRtii1J = tt~i'J Uq,f . (68) 

Hence, we • find 

l±I 
Rlii'J= 

( ll iii'} ) . (±) , (±) ( t<1f)) l+l . (=F) 
\tl'i'l-') uii'(niJ+E<iJ)V + J(ii'J Ug.i,wV 

\tli)+£l<i'))
2 

- w·
2 

.. (69) 

Inserting eq. (69)' in eq, (67) and putting that the determinant of the 

system of linear equations derived is zero we get a secular 

tion for determining the frequencies of collective vibrations: 
2 (+)2 . 

\ 1 _ 2 ~ i r. / u1 r 1 u ii' ( r t i, 
2 
+ n i', ) 2 .. .,., ... 

ii' (Eli)+El't)) 2 
- w 
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equa-



l t z. ( 1 l-) 2 

x f - 2£t ~, i<;) Ui~' · (c(~J+ £li'J) ) = 
i~ (fli) +El'l,'))

2 
-:- u,

2 

=- 1~, a::-t 
I I ( +) (-) 

( 
L Jl'l-'l-Jtl<t-i; Uii;, 1 Uii' 
i~' tEli)+£l'l,'>)2 -w2. 

w y 
This equation is studied in ref./3/ when investigating the quadrupole 

states in deformed nuclei. 

Assuming cf t = 0 we get the well-known sec_µlar equation for 

the case of the multipole-multipole interaction: 

2 2 

f=2.2f L /ti9'J '2{:;', (£l<t,)-rE('t')) 

.(. i f l f Vt) + [ l<t') ) 2 - w 2 

The roots of this equation are the energies of the vibrational sta-

tes. The solutions for the equations of this type are found in 

studying the vibrational states in spherica/
4

/ and deformed/5 / nu
0

clei. 

In addition to the vibrational levels which are mainly due to 

the. interaction in particle-hole channel, in nuclei there exist col

lective states the properties of which are mainly due to the interac

tion in particle-particle channel. An example of such states is 

pairing vibrations. 

To consider the properties of pairing vibrations we put 

G w( ~ a • qi 0 1;· = O and 
1 -P2. I Y2 "1 

G ~l i/f2 j ~; ~
1

) = G ~j't bo• n' (70) 
" 2 "" "'2 
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In this case eqs •. ( 63) take on the form 

l+) l±) 
W Rlct<i) = 2El'iJ Rtrti) 

• t±) <±>· l±) (71) 
G 1!(9,<n r. >Jo'i' Rli'i'J 

'I,' J' 

We introduce the notations 

l :t) t.±) - l±) 
d =-Gf lfii Rtq,cz,). (72) 

Then eqs. (71) read 

l+) \+) 
Z E( iJ R l~i) - W R let~) 

= '.'( l ±)d (±) 
ui~ . . . (73) 

It follows from (73) 

l+) <±> <±) 1-l ,-) 
R l9,i) == 2El<t) V~i d + w 1fi; d + 

4 E2 l<t> - w
2 

(74) 

We substitute (74) in (72), put that the .determinant of the system 

of linear equations derived is zero and 'obtain an equation for de-

termining the frequency of pairing vibrations: 
2 

( 
.L _ 2. 2 E l<iJ ?frJt' 

2 
) ( ~ . 

G i 4E\i>·- W 

2El'?) . ) , L . z. i == 
i 4 f ti)- w . 

(75) 
{+) 2 

w2 ( L. lhi ) 
- 'l, f£2('1,J-W2 
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i . 
I 
I 

Such type equations -were derived in ref/
6

/ for spherical nuclei 

and in ref/
7 

/ for deformed ones. These equations underlie the 

theory of pairing vibrations/a, 9/. 

Now -we consider the more general case and put 
w 

G '- <?-., ci.2 ; i; 9;,) = ~ -I Ut1 i2 > J ( i; ct~) 

G~1q,o ,0 1 0')-G 8 8, 
' 1 112 , Vz v., - 'l-4 C/,,z ~ q,~ ~ 

Then eqs. ( 63) take on the form: 

~> l~ 
w R t ci,1 <i2 ) = ( £ Vl,.,l + £ l q,2 )) R l i., '?i ) 

l+) p I I l+-) \+) 
- cf t l 'l-/l-.zJ 1£ i/t2. J';-O' TU?., i2) U i' q,' R(ci~ i;) · ..--,vz i 2 

lt-J (tJ l+J 
6- lfi/t2 Si,i2 f, ~'J' Rtq,'f) J 

l+l \-} \-l H 
W Rtiih) =(Hfl..,)i-fl't2>)Rui.,i2, - Gsi,i2 f, Rli'fJ °½'f 

We introduce the notations 

t+l (+l 't+) 
V =- £. L -t l q, i') 11. (J 0 1 R l </, </,1 ) . . ii' . 'I/I' I 

(+-) l±) l±) 
d - =GL 'lfii R tii) 

i 

Then eqs. (76) read 
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(76) 

(77) 

·( 

• 
l+l l-> D ; ( t-) (-tJ , (H (+l 

(.Et'l,J¼-Etr,)Rtii'J -wRtq,rz,')=-tlC/,'tJUii'V +sir½i d, 

l+) I_-) d l-) 
-w Rtif) + (.£l</,)+£li'>) Rli<i') = E,'l,'l,' • 

(78) 

It follows from (78) 

I (+) (H I+) (+) t-} 

R<+>, _ (t:l</,)rc(i'>)-flii>Un,V +ZECrt171nclo'l-t' +wd .sn; 
tiiJ- 2. . ) 

t Eli) + £ l </,' l) 
2 

- W 

t-) 
R l q,q,'> =-

{) {+) (t-1 {+) J (+-) (-) 
w t-<tt-i'J Un, V +W8n, lfit a ·+- 2fl</,J sn, d 

I . 2. 2. 
(.El<l,)+~li>) -W 

(79) 

We substitute (79) in (77), put that the determinant of the system 

of linear equations derived is zero and obtain an equation for de

termining the energy of the collective excitation: 
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' . 2. . 2 
(£r. £t'H'Jlti~'J u~1, · 

'tf f2.l<i't'> _ w2. · -1) 

l+l D 
£ 2:. w Uii -tl<Ji) 

de.ii 't- 4 £2.<CJJ- w2 

l+I l+\ P .. 
cf!. zr<i)'l.lei 1/9:2. -rl'l,'l,) .. 

'I, 4f 2l'l,)-w 2 -· 

~ I: tt~fJ'll;/ w 
z i t r 2ci,-w2 

( 
(;z_ I: 2tti> -I) 
2_ 'I, tf2

liJ-W2 

(+) 
G w lf ii 
- ~ 2. z 
2. '/, 1f l'1)-:W 

£C<ii'J = f:(<J.J + r l q/) • 
' 

' . · · /1-) (1-J 
2.·r 2EctJ'Uii 1f~t /lili 
lt ~ ~2 ti)-W2. 

G- wv 1
+) 

-2::. n 
l i ~Efi>-Wz 

\ 

(+)2. 

Ji~ ZEl~) lfn - /) 
2. j 't£2.li)-ui2. 

Such type e'quations were derived • in ref/a/ for deformed nuclei. 

.. Q 

We have deduced the equations for .the proper vibrations of 

the system. Now we consider vibrations induced by a weak exter

nal fied, To t_his end we add to the Hamiltonian ( 1) the term 

+ 
~ o I U -¥') al a p , (80) 
f¥' 

where the function 8 It J.j') = ~ 1'1\W J) describes the external field, 

The expressions O 1.-{ l{, .f.z) and 61sU
1 
f~ presented by eqs, (30) 

and (31) should be supplemented with the terms 

~ i.{ tl.112.) ::; I. i ~ It 11 i) cp l-U2). + s I \ 12 n <P U
1 
~ ) ? 

ea: ll J) (81') 
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• 
·~ 

5 J3JJ◄ t) = 7 { 8 I l.f-2 f) Fl14J) - ~I (J.f-1) ~(~ -l.2) -
(81") 

Using 
-i.wt 

o I lltl = Lo 
UJ 

e, s Iw l-t P) 
J 

s !'\{~')= ~ w 

-Lwt * ,, 
e. 8I_w l{,-). (82) 

in the presence of the external field eqs, (39) and (40) are writ

ten in the form 

w 'Ywli◄ 92 )=f, f.!l.ti9'J 'f'i,.,l~◄ 9'J -.n( ~t) 'rw l92-~'J] + 

~aTgl {Xl94~2.i9l9;) Ywti;~;) -Y(3.,92i94'9;) ':fwl8; ~;)j + 

+ f.,, {vt~'9-1}U.\J~2) - Utf~.f) 1f_t-l·'&)j Siw l.flJ, 

-Ill~ .. L9,l1
2

) : f 1--~tt9
2
)t'J P., \9"i3'J - .s:t'\lt,9'> Pw \9-,9')} + 

' 

(83) 

+ sT9~ [x\9~g1-i 9/ g~) '9w l~; ~;) - y ~\ i.f i j ~I 3;) 'i'~ l94' 9;) J + 
.(84) 

+ b, { 11\.1'9,) u l-t9,) - u L-19,) 1/11'3,) J .;r~w l IP). 
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We rewrite eqs. (83) and (84) in the ·approximation of eqs.(41),(42) 
l±) 

and (43). We introduce the functions R l 9, '{/), perform the same 

· calculations as in deriving eqs. (63) and get: · 

(=t-l . l±) 
w Rl'l,/J,

2
);:;(.Eti.,l+£l<i,2)) R~i.,i2 ) -

I , , (:t) t±> l±) -ti~ G ( i.,i.z; i2. CJ.1 J V'i1i2 1fi; i~ R < i; i;) 
w I I (+) (±) l±.) 

- 2. ~ / G l i.,i2.i iz. i.,) Ui. i y<t' <J/ R l ct,~ i;) 
i1i2. 1 2. -1 2 

(85) 

.L ' (±) + * J 
- 2 Ui/h [ Slw l i.,i2.> - ~ I_w ~~%) , 

where 

8IwltitJ=~ \ ~Iwli6ii'6') - 56 'S1wti6',f-6)) 
6 . . ) 

8 I~w l'l,i') == ~ \ 6 I~w l i 6,i'6) .... 56 ~ I~w { io-,'t'~5)) . 

We write eqs. (85) in a form close to that which is given in 

the finite Fermi system· theor--i10/. 'I'o this end we introduce the 

functions 

(+) 'l (±) l±) 
d,; n) = ~ G l'l,4i2.i i;f) 7/0101 Rli;i~) (86) 

\ i',i l'2 i: i~ 1 V1 YZ . . I 

' 
l±) 

V l <///,2) 

w . { ±) l ±) · ' s ( ±i .. 

= 2 ~ G («i.,92.; V~<t;J Ua'o' Rtro' J+V/~i)(87) 
0 10 1 i-4 i-2 1 r2. 
Y/ Vz · 
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v/±lq,ii2) :: t ( ~r~ l~~i2_>-± ~1~w ti.,q,2)) • 
t . '. 

Then 

(+) 
(El iJ+tlfJ) Rt°ii'J 

Hence, it follows " 

l+) · l±) l±) 
-w Rl<H!) == lf~i' d1ii'J.: + 

. l±l l ±) · . 

+ 1l ii' V Ut,~'J • 

,(88) 

(89) 

R / ,,,,_____ . '. (±) l+) (+) (±) 
l ±) . -f { ·. ,, 

\ 'l,'t,) (tl't,)+E(~))2.-w2 (ni)+f('l,))I'UH' Vtfr1 +1Jii1 dtif11 + 

l+} · l =t: > 
+w [ Uq,i' V tir> + .7/;p d<ih] }. 

Inserting eq. (90) to (86) and (87) we obtain 
. lt) 

(90) •· 

. l.±l l±) w Ui'<t-' . 
Vti,,i

2
)=Vo li1i2 ) + 2"f,0,G{'J,,ti2.j'b,'~'),. ,~ 

2 
')2. 2. X 

· . 1-0-2 , ,Hi
1

J+~lq,) - w 

{ 

I ·,·)[ {±) l±) (±) d(±) 1 
'/.. (tl~}+:ti2 1 7). 0 ,0 , Vt</,,''//) + 7!0 , 0 1 . l'?.'9,') · + ' 

,,,1 .-2 1 2 "( Vz { 2 

.(91) 

[ 
l+J . l+) l+) 

+ w 'U. o'o' Vri.'i') + 1!0 1 O' v., "ll2 -1 2 1-'f 112 

l-) 1 } dti; i~) 
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d 
( :t) . t 
VJ4 i) =ti~ G l i .. i.z i i; i; J 

( ±) v,~~i 
(tC~'J+E(~'J)2

- w2. 
,f 2 

X 

f ) [ l±). x {(~tt;)+tli~) U~,~ 
('t) ( ±) (±) 

V li' i') + 1f o1 a' d (j' i' >] + ., z. l',t 1'z. ,, z. 

[ 
<-J l+l (+) 

+ w u + Vupo' J + 'lf a10 1 i; i; f 1'2. 't l'z. 
(-) Jj d l i; i;) . 

(92) 

We have deduced the equations for four unknown functions 

V (±> J l ±) . . , or • However only two functions from them are 

indep~ndent, as it follows from eqs. { 63). By this reason it is more 

convenient to use eqs. (63) instead of eqs. (91) and (92). 

Thus we have derived from the equations of the self-consis

tent field method the equations of the finite Fermi system theory 

which were usually obtained by the Green function technique. Yet, 

tre equations of the self-consistent field method have been written 

for the distribution functions <'t'lti .. , "rtn))and <'ttti .. > Ylt Z.z)} . 
Nevertheless the result obtained should not be considered as un

expected. It follows from the general theorem on the variation of 

the mean value of ~ dynamic variable/ ll/: 

~'\A (i)> -= <Ali)) 
H+-SH <Alt>> -H 

. { -lat u:t ~ ~] 
= 2. 'If e, ~ A, B ~E o $ + e, ~AI B ~ E 8 t ) 

.where Ali) is a certain dynamic quantity in the Heisenberg rep

resentation; 

8 is a time independent operator; 
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:s·~ is' an- infinitesimal C -number; 

is the' ·Green function in the E -representation/
11

( <A,B~ 
This theofem reiates the variations of the distribution functions to 

the appropri~.te Green functions. Using this theorem; introducing· 

in the Ha~iltonian· weak external fileds and varying with respect 

to a small parameter we can always obtain from the equations. of 

the distribution functions the equations for the Green 'functions. 

We have shown that among the mathematical methods of the 

microscopic nuclear theory the self-consistent field method is the 

most . general one. Under certain assumptions; one ~y derive from 

its basic equations . both the equations for effective fields of the 

finite Fermi system theory and the secular ··equations of the model 

with pairing and multipole-multipole forces. However, the self-con-
. . " 

sistent field method in itself is not free of restrictions. The fact 

that we use simple rules of splitting of the average values · of the 

products of four Fermi operators and assume the matrix elements 
+ -<d...9-</../) to be equal to zero means that the nonlinear effects are 

not taken into account in this approach too. For this reason the 

self-consistent field method turns out to · be actually equivalent 

.to the quasi-boson approximation. Besides, it is more convenient 

from the · practical poirit of view to use the wave functions of the 

nucleus as in the approximate second quantization meth_od rather 

than the average values of the operators as in the self-consistent 

field method. 
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