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1. Introduction

In recent years, an increasing number of experimental data
indicates that the simple adiabatic description of low-energy spec-
tra of odd-mass deformed nuclei based 6n the Nilsson model is
valid to a certain extent A.only. In p%n’ticular, a very large mixing
of single-particle states from different harmonic oscillator shells
( N -mixing) has been observed in the Gd‘ , Dy and Er nuclei.
Another example is the mixing associated with the Coriolis force
( K -mixing), Both effects have been discussed in detail in a num-~
ber of papers(see, e.g. refs, /1—3/) Hence we face the necessity
to improve the smgle-partlcle description.

Recently, the theoretical treatment, using the Woods-Saxons
type of potent1a1/4 5/ has been proved to be very useful in the
‘analysis of the mixing of states from different major shells/ /. A
systematic analysis of the K -mixing induced through Coriolis co-
upling of rotational bands was developed by Bohr and Mottelson

7’8/. However, when K -mi-

in terms of the perturbation expansion/
xing becomes of importance one has to use the nonadiabatic ro-

" tational model, For the two interacting rotational bands with AK =1



o/

the problem has been solved by Kerman'~'. A more general case

10/ .

. But their least-squares fits to ener-

has been investigated by Brockmeier et al,

, and, more recen-
[11] ‘
h

tly, by Bunker and‘ Reic
gy levels requi‘re'ya éonsiderable number of input parameters.

In the present works, we shall describe a method by which
an exact diagonélizatibn of the Coriolis coupling term can be made
and shall show resulfs of sor.ne initial calculations. The outline

of this. method has been reported recently by one of the authors
(M. ch)/1?,

2, Theoretical Consideration

The Hamiltonian of the problem for the axially-symmetric

7,9/

nucleus can be written in the form

H=H, +H__ +H (1)
where H,, describes the single-particle motion, H.: is. the
rotational energy, and Hg represents the Coriolis force, which
gives rise to a coupling between rotational bands, This term is

. of the form

2

(1, j_+1_j,] ' (2)

with the usual definition

I+_=Ix iin ’ ] “jx iij .

We solve the problem by diagonalizing the matrix of H using
a certain set Xvk of eigenfunctions_of Hg,p. in the (v,K) rép—

resentation, Here, K is the angular momentum component along



the nuclear sym‘metry axis and v stands for the set of asympto-
tic quantur;'l numbers N,n, ,A | We denotes by ¢, the cor-
responding single-particle energies,

We may write the symmetrized non-adiabatic wave function in

the following form

.1 .
[IM>=3 C, | IMvK>, (3)
v.K .
where ] .
2141
| IMyK > = Y ———{ DL x . +
16 7 ‘ (
4)
1+ +K 1
+O 0 Dy xxer b
Here, x,8% is defined as the time-reversed of "X ,x . The phase

factor in eq. (4) includes the orbital quantum number € .
The K -mixing amplitudes CVIK are supposed to be real
‘and normalized as follows

s (C
v,K

I
VK

y =1, ' (5)
In general case we can take into account the mixing of states
with AK <1 =1/2 . Now, the eigenstates of H can be clas-
sified by I, I, =M and parity = .. In some cases the appro-
ximate quantum numbers (v,K) can be used as well.’ .
In our treatment the moment of inertia J is cpnsidered as
avspin-independent parameter, which can be chosen for each nuc-
leus from comparison with experimental data. Thus, the full spin de-
pendence is believed to be provided by the mixing amplitudes CII,K,

which are to be calculated for each. spin value,



The eigenvalues of the Hamiltonian () may be written as fol-

lows:
& (IM) =<IM| H | IM>

2
I 2 [E —-h——K2] . (6)

vk VK ) vK  2F

P10 0™ ()

with definition

O (1) a @) == <IM| 1§ _sT_j [IM>. @)

Eq. (7) presents the generalized definition of the decoupling para-
meter for.any spbin value, A more detailed expression for a(I)

reads

1+1/2 I I
=) (1+12)a=- 2 3 ) Chp

vx
x<IMvK I, j_+I1_j,|IMyv’K’>=a- 3 I c'cl.,

rd
vk p'xk” VK VK

\/-———— ) : (8
x 2V (I-K)(I+K+1) 3 <x  li_Ix . .>

K%K+1 VK

+1/2

¢
+(=) I (1+172) Bx,i/zsx'.l/z ) <Xuxlj+lx u’1?’>}'.

The summation in egs. (6) and (8) extends over single-particle sta-

tes of the same partity and with AK <I-1/2.



In case of I1=1/2 and <for a'éingle, level with K=12 the
generalized definition (7) coincides with the usual one, given by
Nilsson/ 13/. The interaction of two or more levels with K =1/2
brings the change of the decoupling parameter for any spin value,
On the other hand, the notion of the decoupling parameter extends
now on any rotational band, The fluctuation of the mean value of

C,,IK and a(l) within a rotational band will sho‘w,to what ex~
tent the phenomenoclogical formulae for the rotational energy can

be used. In practice, even though the distortion caused by the Co-
riolis force is strong, sometimes the nuclear states pbssessing app-
roximately'the same mean value of 2 (1) can be considered as
belonging to a '"rotational" band and described by means of pheno-
menological fbrmu.lae, e.g. of the type established by Bohr and Mot-

telson/7’ 8/. .

3. Static Pairing

There is ah additional interaction, so far neglected, associa-

ted with the pairing force. In the second quantization formalism it is

H == G b a+'a+aa =, A, (9)
palr B % v 14 v
. v >0
where at, and a, are the creation and annihilation operators
‘respectively, G - is the strength of the'pairing force, v deno-

tes the: time-reversed state of v ,

Now we can start from the solution of the pairing correlati-
ons and then superimpose the Coriolis force. The use of the static
pairing approximation implies that the solution for the energy gap A

and chemical potential A, obtained for the ground state of even-



—even nucleus can be utilized to calculate the single-quasi-particle
energies in the neighboring odd-mass nucleus., Thus, to take into
account the static pairing, the general formalism, developed in the
previ>ous section, is to be changed in the following manner

i) The single-particle states X, g are replaced by single
quasi-particle ones a:K 0> , the latter being the solutions of

the equation

(H,, -AN +H ., ok 10> =Ej a,%]0>. .(10)

Here, N denotes the particle number operator, and 10> is the

vacuum state, The single-quasi-particle energies are defined as

v 7
EVK=[A2+(5VK—A)2 17 . (11)

ii) The single—quasi-particle energies E . are used in all
the formulae instead of single-particle ones,
iii) The matrix elements <x yxl]j + Ix, %+ > are to be

multiplied by the factor

Mok pk=Upx U ¥V Vo (12)
where V;‘:K (uj < ) is the filling ( emptiness) number of the

state (vK) .
" "Using the static pairing approximation we neglect the following
most important effects:
i) the blocking effect,
ii) the Coriolis force antipairing effect,
iii) the coupling of the quasi-particle to pairing vibrations of
the core, generated by pairing force,

These effects will be taken into account properly elsewhere,

8



4, Details of Calculation

' 1
In order to find the mixing amplitudes C, and - energies

& (IM)  we mir;imize the latter

—18(IM) -0 (D[ = (C ) .) " =11} =0. (13)
v K’ '

K ’

aC

Using egs. (6), (8), (13) and the results of the previous section,
we obtain a basic set of equations which together with eq, (5) de-

termines Cyi( and o (I)

1 2 R
CVK {Ew(+2—J[I(I+1) -K. ]-a)(I) } o=
2 1 . (14)
= 3 Ol P (M, e,
where F - is given by
Fox o =<IMvK [T j_+I_j [IMvK">. (15)

The Lagrangian multiplier o(l) introduced in the above equation,
must coincide with the mean value of &My

In calculatix;lg, we have used the single-particle energies and
the wave functions for the deformed Saxon-Woods potential, callcnu—“
lated by means of the ;nethod suggested by Gareev et al./ 5/ Thus,
the mixing of states from different major shells has been taken into
account properly. For the pairing interactions in rare-earth nuclei,
we have used the same values of G determined ;ror7 the expéri—
14

mental even-odd mass difference by Gareev et al, namely,



28-2% o 20-32
z A - (18

In their calculation thé pairing force was allowed to scatter among
40 single-particle states nearest to the Fermi surface,

 In the case of strong K -mixing of several bands such a
choice of the pairi.ng force strength G cannot be justified how-
ever, due to the interaction between pairing and nuclear r‘otation."
This interaction may result in either decrease or increase of the
G value, depending on concrete properties of the interacting sta-
tes/15/ . In the next. section we will show that the renormalization

of G . value is nécéssary to bring into agreement the calculated

and experimental energies,

5. Results and Discussion o
Recently in a number of papers (see e.g. , refs./l_a/) it has
been pointed out that the effects - of Coriolis coupling are especially
pronounced among the positive parity states of rare-earth nuclei
with neutron numbers 91, 93, 95 and 97. Actually the single-par-
ticle scheme in this. region (a portion of it is reproduced in fig.1)
is very cbmplicated due to the "crossing" of several states from
N =4 ard 6 shells/5/.’ Of particular interest is the strong N -mi-
xing of pairs of states !1/27[660], 1/2"140011 and i3/2* 651 ,

3/2+ [4021}% . Moreover, the matrix elements F between

vK,v’K’ (D
states, originating from the i3/ spherical state are very large,
that causes an appriciable distortion of the rotational bands, based

- on the states mentioned. A relevant case is the anomalous '"rotatio-

10



nal" band in "5 observed recently by Ryde et al./16/ b‘j means
of (a,3n) reaction.Some levels of the same "rotational " band have
- been found by Gromov et al./17/ through B -decay study. of %1 T,
Ryde et al. /_}6/ had observed a cascade of quadrupole transitions
between states with Al =2 . 1t is proposed the "rotational" band,
consisting of states with even values of I -1/2 , the 9/2+ state
being the lowest of the band. |

One can construct such a rotational band, based on a state
with K =1/2, provided the decoupling paranfeter a > 8, The theory
predicts that the single-particle decoupling parameter 2,,  for
the state 1/2% [660].is less than seven, The suggested experimen-
tal value 2 o =9%1 +0.3 by far exceeds the single-partcile value,
Utilizing the method described in the previous sections we carried
out the calculations for 16]Er varying deformation & , inertial pa-
rameter 12/2)  and pairing force strength G 5 . The number .of
single—par'ticle states involved in the K -mixing process was wvaried
as well, )

Due to the large value of the decoupling parameter the ro-
tational bénd Jbased on the 1/2+ [660]} state splits into two bands
of states with even and odd numbers of I = 1/2, the band with
odd numbe_rs I1—1/2 being shifted up. Electric quadrupole transiti-
ons connect the states inside of each band, while the interband

M1 otransitions cannot be seen because of the large spin-diffe-

" rence of states. On the other hand the K-mixing of states originat-
ing from the 1,3/, spherical state is very strong, that brings an
additional distortion of the rotational band, based on the 1/2*[660]
state, Owing to the strong Coriolis coupling the rotational bands,
based on the states 3/2% [651] and 5/2 Tl642] also split into parts

- with even and odd numbers of I-1/2, -

11



The calculations performed show that it is possible to form
the anomalous '"rotational" band in "Bt either on the 1/2%[660 1
or on the 5/27[642] states., The structure of the "rotational" band
on the 1/2*[660]state is very complicated due to the strong co-
upling with the 3/2% [651] and 3/2* [4021 states, which is respon-
_sible for the significant increase of the decoupling paramete'r value,
and results in the iowering of states with even numbers of I- 1/2,
the state with [ =9/2 being the lowest one, The energy spacing
between the states with I =9/2, 13/2 and 17/2.bec_4omes much
smaller if we.involve the state 5/2% 16421 into K -mixing process, It
occured that with Gy =23/A MeV (this value is obtained from

odd-even mass difference) it is impossiblé to fit the calculations
to the experimental energy difference § (142) & (I) by any varia-
tion of neither the deformation 8 nor the inertial paraheter 1°/2J.
Fig,2 shows the results of calculation with & =0,304 (at this point
the state 3/2% [651] contains approximately 50% of the state 3/2%
[ 402] and vice versa), The dependence of &(I) on deformation
6 is important only for the two or three-bands mixing, The .
inclusion of additional /states in the diagonalization of the matrix of
the Coriolis term madé ‘this dependence very smooth, However, in
‘order to fit our five=bands mixing results to experimental data we
- have to reduce the pairing force strength by approximately 30%
(see Fig.2). The effects from the addition of the states 7/2+[633]
and 9/2*[624] are also shown in Fig.2,

" The complete theoretical energy diagram of the positive pari-
ty states in " 'Br , tentatively distributed over '"rotational" bands,
"is given in Fig.3. Each "rotational" band consists of states, which
V have the close mean values of a(I)X/ as is shown in the lower
x/ It is interesting to note that the sum of all a(l) for a given 1 is the

same for each spin value and equal to the sum of unperturbed a
for the states 1/2+ [660] and 1/2+ 4001 .

12



part of Fig.3, The only normal rotational band is that one built on
e 1/2*[400] state, -

In almost all the states within the "rotational” band built on
, thei3/2+[651‘] state the. main component does not exceed 50% of
" the total norm., The state 3/271{402] is also strongly mixed with the
others. Apparently neither the 3/2% 16511 nor the 3/2*[402] rotatio-
nal bands could be properly identified in the spectra of 1 By .
This result  is in agreement with experimental data obtained by
Tipm and Elbek! 18/ | ' _

The amplitudes of the low-energy "rotational" states, associa-
“ ‘ted with the 1/2+ [660]orbital are listed in Table 1, This band is
. strongly mixed with all, but 1/2+[400], bands, the leading compo~
nent [C‘[ESO]%;]Z being less than 0,5 for most states with even
number of - 1/2, The A K=2 admixture is very large, especially in
the 'lowest states of the band., Moreover, the decrease of the pair-
ing force strength G for this band is mainly due to the inclﬁ—
sion of the 5/2'[ 642 ]state into the diagonalization matrix, -

The Coriolis coupling  distorts the rotational band built on
the 5/2+[642]state.- The states with the odd-numbers of I= 1/2.
are distinguished in this band and may be identified with those
observed in the spectra of 181 By (see F‘ig.4).‘ Five - bands
mixing with G y =23/A MeV gives a satisfactory fit to the experi ~
mental energy spectrum, But in this case not all the possible AK =1
or 2 effects are taken into account. The inclusio_n of the states
7/2* 1633) and 9/2¥ [624] necessitates the decrease of Gx to
bring into agreement the calculated and experimental energies, Tab-
le 2 lists the results ohtained for .some states of the band discus-
sed,

It may be concluded that the theory predicts the existence
of at least two groups of low-energy states in the spectra of B 0" R

each might be identified with the observed anomalous "rotational" bané].'6/ ‘

13



The strong Coriolis coupling profoundly affects the E2-tran-
sition probability ratios within the rotational band as is demonstra-
ted in Table 3,

The authors would like to thank Profeséor V.G.Soloviev for
his interest in this work., One of us (N.P,) would like to thank Pro-
fessor A,Bohr and Dr, 'S.Wahlborn for the stimuléting and 'clar'ifying
disct;tssions of the problem, We are grateful to Dr, K.,JJa.Gromov for

"discussions and to Drs. .I—I.Ryde, S.Hjorth and K.Hagemann for, dis-
cussioﬁ and making available the experimental results prior to pub-
lication. Thanks are due to Drs, S.vanova, F,Gareev and H,Schulz
for generous access to some computer programmes. The valuable
programming assistance of Dr , A,Korneichuk is also gratefully ack-

nowledged,

References

1. R.K,Sheline, M.,J,.Bennett, JW,Dawson and Y,Shida, Phys, Lett,,
26B, 14 (196%7).

2, C.W.Reich and ML,E,Bunker. Nuclear Structure: Dubna Symposi-
um,. 1968, IAEA, Vienna, 1968, p.119,

3. P,O,Tj¢m and B,.Elbek, Mat, Fys, Medd, Dan.Vid.Selsk.,B_@l No.8
(1967). .

4, P,E.Nemirovski and V.A.Chepurnov, Sov. Journal of Nucl. Phys,,

.3, 998 (1966). 4

5, F.A.Gareev, S,P.lvanova and B.N,Kalinkin, Azv, Acad. Nauk
USSR, ser, fiz. 32, 1960 (1968),

6., M.I.Chernej et.al. Phys. Lett, 27B, 117 (1968), A

7. A.,Bohr and B.R.Mottelson, Monograph on Nuclear Structure,

- chapter 4 (to .be published).

8. A.Bohr and B.R.Mottelson, Atomnaja Energia, 14, 41 (19‘63).

14



"9, A.K.Kerman, Mat., Fys, Medd.Dan.Vid,Selsk., 30, No.15 (1956).

10. R.T.Brockmeier, S.Wahlborn, E.J. Sepp1 and F,Boehm, Nucl, Phys,,

11,
12,

63, 102 (1965).

M.E.Bunker and C,W.Reich. Phys, Lett,, 25B, 396 (1967).
IVII Chernej and V.D,Ovsjannikov, JINR Preprint P2-4168,

Dubna 1968 Sov, Journ. of Nucl. Phys,, 10, 262 (1969)
13. S.G.Nilsson. Mat. Fys, Medd.Dan.Vid.Selsk., 29, No.16 (1955)

14, F.A.Gareev, B.N.Kalinkin, N,I.Pyatov and M.ILChernej. Sov.
: Journ, of Nucl, Phys., 8, 305 (1968).
L.Hamamoto and T.Udagawa. Nucl. Phys., A126, 241 (1969).

15,
- 16,

17,
18,

K.A.Hagemann, S.AHjrth, H.Ryde and H,Ohlsson, Phys. Lett.,-

28B, 661 (1969).

A.A.Abdumahkov et al, Preprmt 6-4393, Dubna, 1969,

POTJqu and B.Elbek, A Study of Energy Levels in Odd-Mass

Erbium Nuclei by Means of (d,p) and (d,t) Reactions (to be

_published),

Received by Publishing Department
on June. 4, 1969,

15



TABLE I

Energieé, decoupiing term a(I) values and K-mixing amplitudes C,I," fot the

nrotational® band built on the I/27 [660] state in I6Ig;, Five-bands calculaticn

is carried out with ﬁ2/2J=I7 kevV, S=0.3,04 and Gy =16/A‘MeV (Ay=0.438 ieV,
,)\N = =5.,4 MeV). The levels below the energy 2.5 MeV are listed

II é(l) a(I) c,IK_
[kev] + A + +. + : +
1/2% |660) - 1/2% [a00] 372V [650  3/2" [402) 5/2" [642]
1/2* 757 6,29 0,949 . =0,314 - —_ —

5 3/2* 1187 8,75 0,954 -0,I150  -0,180 0,190 —
5/2% 374 5,39 0,639 -0,I34 0,477 -0,429 -0,403
7/2* 1737 10,16 0,904 -0,159 -0,272 0,279 0,075
9/2% 0 . 9,03 0,423 -0,086 . 0,437 -0,400 . . 0,680
11/2* 2438 10,65 0,874 -0,159  -0,3I2 0,317 0,113
13/2% 80 10,57 0,551 -0,I11 0,458 -0,429° 0,538
‘17/2* 270 11,07 0,614 -0,123 0,456 -0,432 0,461
21/2* 587 11,28 0,649 -0,129 0,451 -0,430 0,416
25/2% 1035 11,38 0,672 -0,133 0,446 -0,428 0,387
“29/2% 1616 11,43 0,687 -0,136 0,44T -0,425 0,367

TABLE 2

Energies, deooupling term a(I) values and K-mixing amplitudes Cf,( for scme
states of the "rotational” band built on the 5/2% [642] state in 1°TEr, Seven-bands
caloulation is carried out with £2/2J=15 keV, S‘=0.JO4 and G,'=I5/A MeV

( On = 0.370 MeV,  w =-5.387 ‘MeV) ]

I

i G

1" 4 D

ke? 1/2% [660] 1/2" [400] 3/2"[651]  3/2% [402] 572 [6421  7/2%[633] 9/2%[624]

Nqzpt oo -5,37 0,093 -0,020 0,289 -0,254 0,902 0,171 -—
11/2* 84  -7,65 0,136 -0,030 0,350 -0,312 0,830 0,267 0,035
15/2% 273 -8,59 - 0,160 -0,036 0,373 -0,337 0,785 0,317 0,059
19/2% 574 -9,07 0,175 -0,039 0,284 -0,350 0,755 0,347 0,080
23/2%1010 -9,35 0,184 -0,04I 0,389 -0,356 0,733 0,373 0,099

27/2%1522 -9,53 0,191 ~0,043 0,391 " ~=0,359 0,717 0,391 0,1I5




Table 3\; : . - .

Ratios of B(E2) values within the "rotational" band built
on thy 1/2% [660]state, caloulated with § =0.304, Gy=I6/A MeV
and tz/ZJ I7 keV, are compared with that aocording to Alaga

rule
B(E2, I+2-=I)/ B(B2, I3/2—=9/2 )
1 9/2 . 13/2 17/2 2172 25/2
The ory I 2.8 4.0 5.0 5.6
Alaga I I1.05 1.07 1.09 I.1I
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is added) The inertial ‘parameter used is  2/2J =17 keV.
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