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Abstract 

Assuming 'l. pure transfer mechanism, the structure factor 
determining the • !xcitation of the final nucleus in reactions of the 
type A + B -+ (A. - k) + (B + k) with k m 2,3,4 is discussed in 
some details. Al. intermediate states of the group of the transferred 
particles are ta~ en into account. The structure factor is written in 
a form ana.logou; to the structure factor of reactions with one-nucle
on transfer. The theory determining the dynamical factor of reactions 
with one-nucleor transfer can therefore be applied also to reactions 
with transfer of :t group of nucleons. 

It is shown that there is no factorization of the spectroscopic 
factor of the rec ction into two factors one of which depends only 

on the properties of the nuclei A and A - k and the other depends only 

on the propertiE s of the nuclei B and B + k. From this, it follows 
in most cases c reduction of the number of terms determining 
the spectroscop .c factor of the reaction. The excitation spectra of 
the final nucleu; observed in different ;eactions with transfer of k 
nucleons on thE same target nuclei will be different from one 
another 1 as a nle, and different from the spectrum of the correspon
ding usual spectroscopic factors. Exception from this rule are dis
cussed. 



1. Introduction 

In a preceding pape)l/ (in the following desig '1ated as I) the 

mechanism of reactions with transfer of two particle ; was discussed. 

The structure factor which determines the probabili~ for excitation of 

a level of the final nucleus in reactions between cc mplex nuclei 

has been given there by taking into account all intE ·rmediate states 

which the transferred nucleons can form. Here, rea< tions 

transfer of three or four nucleons of the type 

with 

are considered in the approximation of a pure one-: ;tep process 

A ------.------->: A - k 

B ___ ___,l.__k------+- B + k 

( k = 2,3,4). As in paper I, all intermediate states )f the group of 

the transferred nucleons are taken into account • 

There is not yet a theory . describing both the structure 

properties and the dynamical properties of reactions induced by he

avy ions in which transfer of several nucleons takEs place. In this 

paper, the structure factors will be discussed in so ne details. They 

are written in a form analogous to the form of the ~ tructure factors 

of reactions with transfer of only one nucleon. To r, et the cross 

section of the reaction, one has to multiply the stru• :ture factors AN 'L' 
NL 
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N'L' 
by the dynami• :al factors B NL and to sum over all interme-

N'L' 
diate states. The B NL show up like the dynamical factors in 

the theory of rEactions with transfer of only one nucleon. 

The struc ure factors are compared with the usual spectrosco

pic factors for 1ucleon groups as deuterons, He 
8 or tritons, and 

a -partiCles. vlost reactions with transfer of a nucleon group will 

lead to an exci :ation of the final nucleus which is not proportional 

to the usual spectroscopic factor for the corresponding nucleon 

group. It is she wn from which type of reactions one can get the 

usual s pectrosc opic factors. 

2. Formalisms 

2.1. Tran ;fer of a group of k particles 

It has be ~n shown in paper .I that the structure factor for 

reactions A + B .. (A - k l + ( B + k l with transfer of a group of 

nucleons can l•c written in the form 

(T T lz T~T2z ,TkTkz)(T4T4z1TaT8z ,Tk T kz (1) 

N+L/2 
(_!_) 
A-le 

K(n f ,NL,L k)K(n f,N'L',L'k ). 

Here, the indices 1,2,3,4, correspond to the nuclei A ,A-k,B,B+k. 

The factors R R ' contain all uncertainties coming from the radius 

dependence of the structure factor. F'or the main discussion here, 

they will be n ~glected ( R - R ' = I) . The ( T I T lz I T J T J z' T k T kz) 

are Clebsch-C ~ordan coefficients. The oscillator quantum numbers 

of the group c ,f the k transferred nucleons are the following: n .£ 
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the inner quantum numbers, N ,L,the quarytum number> of the centre

of-mass with respect to the nucleus A- k , and N ', L ; the quantum 

numbers of the centre-of-mass with respect to the nt cleus 

and L (. are the orbital momenta of the group of tl1e transferred 

nucleons with respect to the nucleus A - k , and B, r ~s pectively. 
lf'L' 

The main factors which the structure factor A~ L consists 

of are the overlap integrals <X 
1 

I X 
2 

X k > K ( n f , NL, " k ) on the 

one hand and the overlap integrals <x 4 lx X >K(n f,N L',L'k) on the 
3 k 

other hand. The integral <X I X X > is the over! 'l.p integral of 
I 2 k 

the shell-model wave function of the nucleus A vith the shell-

model wave function of the nucleus A - k and that c ,f the k sepa

rated nucleons (fractional parentage coefficient). It tai ~es into account 

the structure of the nuclei in the initial and final sta es. The integ-

ral K(nf ,NL, Lk) is the overlap integral of the wave function 

of the k separated nucleons with the wave functior of the group 

of the k nucleons in the intermediate state. It takes nto account 

the formation of a nucleon group with the inner quar tum numbers 

n , f and the relative quantum numbers· N, L fron the k separa-

ted nucleons. The integral K(nf ,N 'L ',L~) is ana.lc gous to 

K ( n f , N L , L k ) and the integral < X 4 I X 3 X k > to < X 
1 

I X 
2 

)( k > • 

The factors most important for the excitation of a level are 

the two fractional parentage coefficients <X 1 I X 2 X k >and <x 4 I X 3 X .( · 

The properties of these coefficients are well known. 

The overlap integrals K ( n f , NL , L k and I. (n f , N 'L ', L 'k) 

contain the dependence on the quantum numbers N, L and N' ,L '. 

The two integrals are not independent of each other, That means, 

N+L/2 N +L f2 
A B+k 

( A _ k ) ( --8- ) K (n f , NL , L k ) K ( n f , N 'L' L ~ ) (2) 

is not separable into a part which depends only :m the nuclei 

A and A-k and a part which depends only on tr e nuclei B 
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and B + It • This follows from the assumption that the group of trans-

ferred n.~cleons has definite quantum numbers S k, T k and f k 

(spin, isospin ard symmetry) as well as n and I which are not 

changing in the transfer processx/, By this, (2) connects the two 

vertices of the ·eaction. 

To get thE cross section of the reaction, one has to multi

ply the structur•• factors by the corresponding dynamical factors 

and to sum ave· all intermediate states, The dynamical factors are 

the same as for reactions with transfer of only one nucleon keep-

ing in mind thE fact that the quantum numbers N , L 

and N ', L' chara ::terizing the motion of the centre-of-ma:ss of the 

transferred nucl ~on group with respect to the nuclei -A and 8;. k cor-

respond to the q•entum munbers n1fand n'.f' characterizing the mo-

tion of the traru .ferred nucleon in the nuclei A 

2. 2, K ( n ·r , N L , L k l for transfer of two nucleons 

The overhp integral K ( n f , NL , Lk l for transfer of two nucle-

ons is given ~ · a Moshinsky coefficient. If the two nucleons are 

identical (n 
1 

f 
1 

• n
2

f 
2 
l, then it follows · 

(2) 

K
8

(ni,NL,Lk l•<nf.NL:Lkll,lln 1f ,n 2 f 2 : Lk>. (3) 

Here, the defir ition of SmirnoJ
2

/ for the generalized Moshinsky 

coefficients Yl/aE used. If the two nucleons are distinguishable 

( n f ,1. n f l , then 
I I 2 2 

x/This as ;;umption is the simplest one, The change of the 
quantum numbe 'S should be taken into account only in a higher 
order approxim ttion. In such a case, however, one cannot neglect 
processes in "'hich the nucleons are transferred after each other, 
' i.e, processes in which the nucleons are not transferred 
as a group in "- one-step process. 
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sy 

:L > 
k 

+ (-1) <n e ,NL :Lkl1,1 In af 2 • n I I I : L k > I 

(2) 

= y 2 K s ( n f , NL, L k ) 8 Lk , L f? +sy 

(i ~ 0. ,2 ••• ) • 

(4) 

Here sy = 0 if ti)e orbital wave function o f the two nucleons 

is symmetrical and sy = 1 if the orbital wav ~ function of the 

two nucleons is antisymmetrical.. 

2.3. K ( nf , NL , L k l for transfer of three nuc!E ·ons 

'I'he overlap integral K ( n f , NL, L k l for the trc: nsfer of three 

nucleons can be calculated in the following manne "• If the three 

particles are identical then 

a 2 
~ < e 1,2,s I e 1,2 

"ao o ' ' 'a> 

< n of 0. N 0 L 0 : e a 
0 

I 1 ,1 I n I e I • n ~ f 2 : f ~ > 

lx 'I' 

7 
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'I' "' I <P . • < r-+ >I <P 
nO L O 12 

(R )cp !t ll oo 
N0 L 0 12 n 3f 3 a l • L k 

oq oo 
= l: <. f d N L : f I 2, 1 I N L • 11 f : f > 

oo o • o o a a • (6) 

00 

u ( f 0 I L f OL k; f f 

II <P t < r ><P t < i --: > 1. -. < i > 1 
n 

1 0 
12 n

00 00 
12 a , NL a Lk 

Here, one has to sum over all free values. < f a 1 t 2 , t 0 t > r.:a.a 1,2 • • a 
is the orbital par of the fractional parentage coefficient of the three 

transferred partie: es (tables of fractional parentage coefficients in/3~. 
One gets from (!;) and (6) 

wt1cre 

(Q 3 
K a ( 11 f , NL, L k ) = I< t 1, 2,1 lf 2 

:f 0 ,f > 
1,2 a a 

<11ofo,NoLo f: 11,I!11 1 f 1,11 2 l 2 : f:> 
00 00 

< 11 00 f 00 , NL : f • 12, 1 I N 0 L 0 , 11 1 f 1 : f • > 

0 00. 00 
U ( L 0 t 0f 3L k ; fa f a I U ( f 00 L f 0 L k; t • f ) J 

211 0 + f
0
+2n

00
+ f 00~ 211+ t 

If the three nucleons are not identical but n P z n t .1. n f 
!""1 ~2 a 

(7) 

(8) 

t.;1en for the ~ase that the orbital wave function is sym-

metrical it folloW>; 
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- (3) 
K < Sl ( n f , N L , L k ) - y.!... ( K • ( n f , NL , L k l + 

3 

where K 3 
... 

n I ' f I • 

(3) 
follows from K by exchange of 

2.4. K ( n f , NL , L k ) for transfer of four nucleons 

(9) 

In an analogous manner, one gets the followi 'lg value for K 

in the case of four transferred particles which are identical 

K ~4> ( n f , NL, L k) • 

!. < f 4 
1,2,3,4 1

·3·.· .2 ., 
L k L 1,2 L a ' L 3,4: L a > 

(10) 

< n 
00 

f 
00 

NL : L 

( (2 e. + 1)(2 f'. +1)(2 e .. +1)(2Laa +I) I 

{

eo L
0 

} 
f' L' f' a U ( oo L 

0 0 a 

L L k 

L ,L f). 
k aa 
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Here 

2 D 00 + f OO + 2 D O + f O + 2n ~ + f 'ff" 2n + f e 

The factor 

is the orbital p :~.rt of the fractional parentage coefficient for the 

four transferrec particles (tables in/4 /). 

If the fou · nucleons are not idenical but, for example, 

D 1f rn 2 f 
2

_,1 Da f a• D ( f ~ then it fOllOWS 

(() 1 (() 
IC (n f ,NL, Lit ).y 6 !IC 

0 
(n f ,NL,Lit )+ 

1,2 ...,. '·' • + IC ' ( D L • NL • L It ) + 

2-3 
IC ( n f , NL , L It ) ) 

(11) 

(12) 

in the cas·~ that the orbital wave function of the four nucleons 

is symmetrical. IC. 
1,2 .. '·' follows from IC <•> by exchange 

s 

of D I f I ' D 2 f 2 and D 8f8 D ( f ( wheretlS IC 
2 .... 8 

follows 

from IC<O 
e ~' exchange of D2 f 2 and n 8 f 8• 

2.5. Factorization of the amplitude 

In papej 
5
/, factorization of the amplitude 

N'L' 
A NL into two 

factors is assumed one of which depends only on the proper-

ties of the vertex A -+ (A- k) +k and the other depends only on the 

properties of t: 1e vertex B + k -+ (B + k). 

duct of the ov, ~rlap integrals is 

10 
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y 
0 

I K(nf ,NL,Lk} I K(n'f',N'L',L'
1

) 
n fNL n 'f 'N 'L ' (13) 

( 
N~ 

up to multiplication by' the dynamical factors B NL where summa-

tion goes over n , f and n', f' independent of ea ::h other • That 

means, the group of particles is assumed to changE their inner 

quantum numbers n , 

transfer process. 

to all possible values n '.f' in the 

In section 3, the results of the theory assumil•g factorization 

of the a"Ylplitude into two parts each of which de per ds only on one 

vertex will be discussed and compared with the r< ·suits of the 

theory without factorization of the amplitude. 

2.6. Definition of the spectt·oscopic fuctor for . 1 

group of nucleons 

The spectt·oscopic facto•· for a group of nucle ::ms such as 

deuterons, He 
3 

or tritons, antl 

following manne)6/ 

s 
, . . , y, 

- ( A} 
k 

A N+L/3 

(--l 
A-k 

a -particles is de 'ined in the 

<xAixA-k 

K 
0

( n = 0 E = 0 , 1\ L , L k ). 

(14) 

The spectroscopic factot· is deG.,cd for ct p·oup of "'cleo1·.s ob

served in the expedment. This p,roup is in the lo'•'C' t ~.tnie, n = e = 0. 
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but 

In general, I: 0 differs from IC • For example, one gets 

~ 

r
0 

= l: 1: 0 ( 00, NL, L k) ~ 0 
NL 

l: IC (n f,NL ,L k)IC(n f ,N'L',Lk l=1 
nf.NL.I' 'L' 

x/ 
for the case of two particles with the orbital wave function ( 0p ) 2( ll )> 

in both the initial IIUcleus A and the final nucleus B + lr. • An ana-

logous result folio~ IS, for example, for the case of three particles 

with the orbital wa re function ( 0 p l 3 [21] P in both nuclei: 

0 
= l: K~ 00, NL, L 

NL 

) = 0 
k 

Z 0 = I IC ( n l , NL, L k) IC ( n 
,f,Nl,N'L' 

,N'L',L').2.. 
k 3 

In some cases, tho IC 

for two-nucleon trans [er then 

reduce to IC 0 • If n 1 f 1 = n .j 2 z Os 

1C (n l , N L, L k ) = 1 , 

IC(~t.N'L',C' l~K (OO,N'L',L') 
k 0 k 

arrl 

x/I Ieee, follu"' ing GcOLly and Moshins~7/, the energy 
levels of the ha.,·:nnnic o·;cil!i.l.tor ."trc n•·""b·.·• •:cd <''-S follows: Os, Op. 

1~ , 0·1 , 1p, Of , ,., , 
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z 0 I , JS ( n f , NL, L k ) K ( n f ,N 'L', L 'k 
nf ,NL,N L 

I K (OO,N' L'·., L' 
N'L' 0 k 

) = T 
0 

Analogous results follow for transfer of three and foL r particlesj, 

That means, if the transferred nucleons come from th· ~ Os -shell 

of the initial nucleus A then the structure factors de :ermining ~e 

excitation of the levels of the final nucleus are proportional to tpe 

correspondirg usual spectroscopic factors, 

Such a result does not follow from a theory in which factO-

rization of the amplitude into two parts is assumed each 

of which depends only on one vertex. One has 

Yo l. IC(nf.NL,Lk) I K(n'f' ,N'l',L'k) 
nf.NL n 'f', N'L' 

I K (n' f' ,N'L'• L'k ) 
n'f' ,N 'L' 

in the case of two-particle transfer with n
1 
f 

1 
= n 

3 
f 

3 
• Os, Y 

0 
is 

not proportional to T 0 • For example, it is x/ 

0 
K(n'f' ,N'L',L'k l={ 

for L'k = 0,2 

for · L' = 1 
I 

x/ln the theory~ of Glendenning /B/ and also in t 1e theory 
El-Batanoni et.al. /8/, f = f' is assumed, For the case of two-

particle transfer into the Op -shell of the final nuclettS, it follows 

>0 for L' k = 0 

I K(n'O,N'L',L'k 0.707 for L' =2 
n'.N 'L' 

k 

0 f!?r L' = I 
k 
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for transfer of h ro particles into the Op -shell (n '
1 

= n '
2 

=0, f~ = f' 
2 

:l), 

whereas 

0,707 

l: K 0 (Ol • N 'L ' • L 'k ) = I 
N'L' 

0 

for 

for 

L' =0,2. 
k 

L' = 1. 
k 

In reality, :me has to multiply the components depending on 

N' and L' by the dynamical factor and a correction factor like 

( B I ( B +k l) N '+ L 'l 2 
0 This will change the result y 0 mO for L ~ = 0,2 

into a value 1onvanishing but depending strongly on B and the 

dynamical featur, ~s. 

3, Discussion 

Here, two points will be discussed: firstly, the quantum num

bers NL and N 'L 'which are important for the multiplication with 

the dynamical factors 
N'L' 

B NL and, secondly, the cases in which 

the usual spectroscopic factors for nucleon groups are proportional 

to the structure factors AN 'L' determining the cross section of re
NL 

actions with trar IS fer of a nucleon group. To this end, the structure 

factors 
N'L' 

A NL vil.l be summed up over the oscillator quantum num-

bers n e ,NL d.nd N 'L' without multiplication with the dynamical 
N'L' 

factors B NL • 

The overl=tp integrals K (n f ,NL, L k ) K (n f , N'L', L' k) contain 

all the dependet1ce on the quantum numbers NL and N'L' 

characterizing tJ 1e motion of the centre-of-mass of the group of the 

transferred particles in the intermediate state with respect to the 

nucleus A and with respect to the nucleus B+k· These quantum 

numbers corres )Ond to the quantum numbers n f and n 'f' charac-

rerizing the mot :on of the transferred nucleon in the nucleus A and 

in the nucleus B + 1 in the case of one-nucleon transfer, The theory 

of the dynamical part B N 'L ' 
NL 

case of one-nuc :leon transfer, 

is, therefore, the same as in the 
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To get the excitation probability for the leV\ ~Is of the final 

nucleus in reactions with transfer of several nuc !eons one has, na

turally, to multiply the structure factors by ( the :iynamical factors 

{see alsJ
8

/). 

s ~ N'L' 
"- A NL 

where summation goes over all intermediate $tatE s of the nude-
N 'L' 

on group. Here, it will be shown that A NL is proportional to 

(15) 

the usual spectroscopic factor only for a small class of reactions. 

3.1. Reactions with transfer of two particles 

First of all, one has to do some remarks e bout the theory 

assuming factorization of the amplitude A N 'L' in :o two parts each 
NL 

of which depends only on one vertex. One expects that the over-
N'L; 

lap integrals and the amplitude A NL are large in the case in 

which the group of the transferred· particles has the same quantum 

numbers in the initial nucleus A as in final nu· :leus B + k (n f =n '1 f '1 • 1 l - ( 

n 
2
f 

2 
=n '

2 
f' 

2 
). But the theory assuming factorization of the amplitude 

into two parts A ~~L '= a NL a N 'L, does not give such a result. 

In table 1, the values 

Z 0 = I K(nf,NL,Lk)K(n f ,N'L',l'k), 

nf,NL,N'L' (16) 

z 
N+L/2 B k Ni-L '/2 

I (_A_) (_+_) K(n ',NL,L JK(n f ,N'L',L'k 
nf,NL,N'L' A-k B 

(17) 
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characterizing the ti teary without factorization of the amplitude A N 'L' 
NL 

and the values 

yo = I 
n f,N:, 

K(n t ,NL,L k)K(n'f' ,N'L',L'k), (18) 

y 
N+L/2 B+k N+L '/2 

(_A_) (--) K(n f,NL,L )K(n' f',N'L',L')(19) 
A-k B k k 

·I 
n f• NL 

n 'f',N'L' 

characterizing the tl1et~"Y with factorization of the amplitude 

are given for two p ll"ticles transferred from the Op-shell of the 

initial nucleus { A m 9) into the Op -shell of the final nucleus ( A ~7), 

As one expects, Z 1 and Z are maxima.! if the two separated 

nucleons have the ;;arne quantum numbers in the initial nuclew:. 

as in the final nucl• ,us, Z 0 and Z are vanishing if the Young 

scheme of the two :>articles is changed in the transfer process, The 

Y0 and y sho N another behaviour, Y 0 vanishes not only in 

the cases in vvhich the Young scheme of the transferrect particles 

is changed in thE· transfer process, but also in the cases where 

[ f k l = [ f k,] =[ 2 l and L k = L 'k • This result is not expec-

ted, The y are n;xl-vanishing in all cases, but they strongly 

depend on A and B in the cases for which the corresponding 

Y 0 are vanishing 

The Z 0 and z show some regularity: if the quantum 

numbers of the two nucleons in the initial nucleus A and in the 

final nucleus B+2 c re the same, ti1cn z and z 0 are ma.xima.I. 

If the syuuneuy of the wave function must be changed in tlte trans-

fer process ([ r k I I< [ r 'k ti1en Z = Z 
0 

= 0 • Thece is some 

dependence on L k and L ~ In general, Z n.nd Z 0•~re 

maximal if L 
k 

anj L' 
k 

d.re trlrl.xima.I. Such -:1 d.,penc\ence on l.k 
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and L 'k is known also for the values 

T
0

- I K(OO,N'L',L' l 
N'L' k 

and the spectroscopic factors. 

The transfer of two ls -nucleons of the initial n ..1cleus into 

the Od -shell of the final nucleus is of some interest. For L aL' ~ o 

it follows 

zo -0.000, 

z - 0,013. 

T • 0.298 
0 

In this ca~e, Z shows a strong dependence on A and B. 

k k 

From this discussion, it follows that the N ', L' a tel N ,L are not 

independent of each 1 other. The connection of N,L :ind N',L' caused 

by the condition n f = n' f' leads in the most cases .o a limitation 

of the possible values of 

fication of the sum ( 15). 

·N , L or N ', L' and the rei ore to a simpli-

The usual spectroscopic factors are proportional to 

N '+L '/2 
T. };(~) K(OO,N 'L ',L ). (20) 

N'L' B k 

In reactions with transfer of two particles coming fror 1 the Os -shell 

of the initial nucleus A , the structure factors deterrr ining the exci-

tation of the levels of the final nucleus B + 2 are f roportional 

to z = T (up to multiplication by the dynamical fac1 ors 
N'L' 

Boo ) • 

Because of n =f• z 0, one has in the most cases < mly one term 

in (20). That means, one can get the usual spectroscopic factors 
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from a study of these reactions. Moreover, because of their simpli

city they are suitable also for a study of the contributions of the 

different compon ?nts mixed into the wave function • 

Reactions induced by lithium ions will also lead to an excita-

tion spectrum of the final nucleus which is similar to the sped-

rum of the corn sponding usual spectroscopic factors. The wave 

function of 
6 

Li is [42]
13 s. Therefore, the two transferred 

I 

nucleons have t •e same configuration as a deuteron. In table 2, 

the values Z ind T are given for the reaction 7 
Li ( 

6 
Li , a) 

9 
Be • 

Deviations of th•' wave function of 
6 

Li from the shell-model •.. 
wave function [ · ,2 ] 

13 s in favour of the cluster-model wave function 

a + d which e: :ist in reality will make the "Li nucleus only 

more suitable fo · a study of the spectroscopic factors for deu-

terons. 

The excitation spectrum of the final nuclel,.lS which one gets 

in reactions s ucl1 as ( 
11 

B , 
9 

Be ) or 
9 

Be, 
7 

Li l will, as 

a rule, differ from the corresponding spectrum of spectroscopic factors. 

The fractional parentage coefficients 
11

B .. 
9 

Be+[ll] P and 9 
Be .. 

7 Li t[ II]P 

are not small. Ir table 

the reaction 
12 

C ( 
9 

Be 

12 C ( II B , 9 Be ) 14 N • 

3 the values z and T are given for 
7 

Li l 
14 

N and in table 4 for the reaction 

For' the cases [il] P.. [ 11] P, the Z are 

not small. There 'ore, the two nucleons can be transferred also 

in a state the o ·bital wave function of which is antisymmetric. To 

get the cross s ?ction, one has to sum over the intermediate states 

of the pair of th ~ transferred nucleons with the symmetry[ 2 ] as well 

as over the inte •mediate states with the symmetry [ II] . 

In table 5, the values Z and T are given for the case that 

the transferred r.ucleons were in the initial nucleus in a shell different 

from that ofJ;he fincl nucleus. The results are similar to those of (Opl 
2 

.. (Opl
2 

(tables 3,4). 

From this, it follows that even the excitation spectra of the 

final nucleus wh ch one gets in ( 11 
B , 

9 
Be ) and ( ' 9 

Be , 
7 

Li) reac

tions on the san,e target nucleus must not be similar to each other 

18 



arxi will differ, in general, from the excitation sr ectrum of the 

final nucleus which one gets in the ( 
8 

He • P l reacti• m on the same 

target nucleus. For a more detailed discussion of th• •se interference 

effects see paper/9/. 

3.2. Reactions with transfer of three particles 

As in the case of two-particle transfer, the th• •ory without 

factorization of the amplitude N'L' 
A NL will be comr; :~.red with the 

N'L' 
theory factori7,ating the amplitude A NL into two pc rts a NL and a , , 

N L 

each of which depends only on one vertex. 

In table 6, the values and z character zing the theory z 
0 

without factorization of the amplitude and the values Y 
0 

arxi y 

characterizing the theory with factorization of the an1plitude are gi

ven for three-particle transfer ( Op l 8 -+ ( Op l 
3 

• As i '1 the case of two-

particle transfer, the z 0 arxi z are maximal if tl1e quantum num-

bers of the transferred particles are the same in th· ~ initial nucleus 

as in the final nucleus, whereas Y J and 

a regularity. 

y do n< >t show such 

The Z 
0 

and Z are vanishing for the case in which the 

Young scheme of the two transferred nucleons is changed in 

the transfer process and 

particle transfer, Z 
0 

and 

As in the case of two-

z show some depE ·ndence on L k 

and L k : they are maximal if L k and L 'k a ~e maximal. 

From the results of table 6, one can draw th·~ conclusion that 

the condition n f = n 'f' is a reasonable one. This corxiition 

leads in the most cases to a simplification of the s Am ( 15), i.e. to 

a limitation of the number of terms with different N L or N ', L '. 

This simplification is of some importance for the an 'llysis of a conc

rete reaction. 

The usual spectroscopic factors for 
3 

He o ~ tritons having 

the wave function [ 3] 
22 

S are proportional to T teq. 20). 

For reactions with transfer of tl'1ree particles coming from the 

Os -shell of the initial nucleus A, the structure f<tctors 

19 

A N'L' 

NL 



determining the probability for excitation of the levels of the final 

nucleus B +3 are proportional to Z -T tup to the dynamical fac-
N'L' 

tors B NL ) • That means, the excitation spectrum of the final 

nucleus in reactioru: as (a , p ) will be proportional to the spect

rum of the corres po •ding spectroscopic factors if the reaction mecha

nism is the one-ste!> process with transfer of three particles. 

The wave fun ::lion of r Li is in a good approximatib~0/t 4if2 P 

and the wave functi• m/11
/ of 19 F is ( Od 2 

, 1 s )
3 22 s. Therefore, 

the three nucleons :ransferred in ( 7 Li ,a l reactions and in (19 F, 18
o) 

reactions x/ have. thE configuration [ 3 ] as He or t • The values 

Z and T for 1 he reaction 12 C ( 7 Li , a) 1$N are given in table 7, 

in table 8, and for the reaction 
18 0 ( 7 Li ,a) 19 F in table 9. Comparison of the results for ( 7 

Li, a ) 

and for 
19

F, 
16

0) on the same target nucleus shows that, in ge-

neral, the values of N 'L ' differ in the two reactions. Nevertheless, 

the excitation specbum of the final nucleus taken in the ( 7 Li, a) 

reaction must not be different from the excitation spectrum of the 

final nucleus taken n the ( 19r, 18o) reaction on the same target 

nucleus because the excitation spectrum is determined in the main 

by the fractional pa1·entage coefficients which are independent on 

N 'L '. Moreover, the excitation spectrum of the final nucleus taken 

in a 
7 Li, a) ·eaction or in a ( 

19
F, 

18
0) reaction will be, as 

a rule, similar to th•· spectrum of t!•e corresponding usL!Bl spectro

scopic factors. 

If one conside1 ·s, for example, the reaction ( 10 
B , 7 Li) then 

the three nucleons <:an be transferred not only in an intermediate 

state the orbital wa-., e function of which is symmetric ( [ f k l • [ f 'k l .[3]) 

but also in an internediate state with the symmetry [ f k ] =[ f 'k] = [ 21 ]. 

x/The wave fu:1ction of 16 0 . 
•·• 1s known only in an appro-

ximation not taking i 'lto account ( Op ) -n (Is, 0 d ) n admixtures 
(n =3, 4 ) which are . mportant for the calculation of the structure 
factors of ( 19 F , I! 0) reactions. But the main results discussed 
here will not be inf111enced by taking into account such acimixtures 
to the wave function of 16 0 ... 
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The fractional parentage coefficients 
10 

B ... 
7 

Li + [ 21 are not smal-

ler than the farctional parentage coefficients 10 
B ... 

7 
Li + [ 3] The 

values Z and T for the reaction 7 
Li ( 

10 
B , 7 Li) 0 B are gi-

ven in table 10. Analogous results fallow if the three transferred 

nucleons are in the initial nucleus in a shell different fl·om that of the 

final nucleus (for example( Op l 3 
... (Od , Is l If ) From thes• ~ results, it 

follows that the excitation spectrum of the final nucleus observed 

in reactions like ( 10 
B , 

1 Li l will, as a rule, be differ ?nt from the 

excitation spectrum of the same final nucleus observe :i in (a , n) 

or (a , p l reactions or in other reactions with three-pc .rticle transfer 

as 7 Li,a), ( 
14

N, 
11

B ) , ( 
15 

N, 
12

c) ,( 
19

F , 
18 

O). It mus1 be remarked 

here, that this result follows from the assumption tha1 in all consi

dered cases the reaction machanism is the direct trar IS fer of three 

particles from the initial nucleus to the final nucleus. 

3.3. Reactions with transfer of four particles 

In table 11, the values 

factorization of the amplitude 

z and z 
0 

<;>f the th ?ory without 

AN'L' 
NL and the value'. y and Y

0 

of the theory with factorization of the amplitude A N 'L ' into two 
NL 

parts a 
NL 

and a N 'L, are given for four-particle trunsfer 

... Up l 4 .The Z 0 and Z are maximal, as a rule, if th• ~ quantum 

numbers of the transferred nucleons in the initial nuc eus are the 

same as the quantum numbers of the transferred nucl ~ons in the 

final nucleus. The Yo and y do not show such :1. ueguiiari±y. 

This result is analogous to the results which one obt :~.ins in the 

case of two- and three-particle tcansfer. 

That means, the condition n f =n'.f' seems to be justiiiable 

also in the case of four-pat1icle transfer. It !?ads in the most 

cases to a limil:'ltion of the number of terms de pendin ~ on N', L ' 

in the sum ( 15) what is irnpol'ta.nt for the ana.lysis of . 1 concrete 

t'&"J.ction. 



The s pectro' ;co pic factors for a -particles having the wave 

function [ 4 ] 
11 

S 
N"L' 

are proportional to T. The structure factors A NL 

determining the ex citation of the levels of the final nucleus B + 4 

in reactions with 1 ransfer of four particles are proportional to 

K(nf,NL,Lk)K(nf ,I'L',L~l=K 0 (00,N'L',L'k l only in that case in 

which the particle!; come from the Os -shell of the initial nucleus A • 

The wave function of 6 
Li is [42] 13 s and that of 'L 

is [43] 22P in the framework of the shell mode/
10

/, The fracti-

onal parentage co ~fficients are, in general, small for a group of 

nucleons which cc ·nsists from nucleons of different shells, Moreover, 

the nuclei 
6 

Li 
g. lo 

and 
1 

Li g.s. show some deviations from the 

shell-model descri :>lion in favour of a clustel'-model description. 

as a + d 

6 

and 1 + t • Therefore 
1 
the four particles transferred 

in ( Li, d reac lions or in ( 
1 

Li. t l reactions come from the 

Os -shell of the ithium nuclei in the main. Such a result is con

firmed also by experiments/
12

( That means ,the excitation spectrum 

of the final nucleus which one gets in ( 6 
Li, d ) and 

1 
Li, t) 

reactions must cot·respond to the spectrum of the usual spectrosco-

pic factors for ~ -particles, 

The wave function of l!O Ne is 
g.a. 

'I' = 0.667 [ 4] d 
4 11s + 0..342 [ 4] d 8

s 
11

S + 

+ ••• 

The wave functior of 
16 

0 contains some admixtures of ( Op r 4
0s,Odl 

4 

g.s. 

components to the closed Op -core, These admixtures are impol'-

tant for the calcull.tion of the fractional parentage coefficients roNe _, 
g.a. 

16 
0 g.s. + 4 nucl• ~ons , but they 

one can say only some words about 

four nucleons trar sf erred in ( 
20 

Ne • 

are not yet known. Therefore, 

( 20Ne • 16 0 ) reactions, The 
16 

o l reactions have the confi-

guration [ 4] as an a -particle, in the main. In all probability, there 

are no interference effects which lead to an excitation spectrum 

22 



of the final nucleus observed in ( 
20 

Ne , 
16 

0 l react ions which is 

not similar to the spectrum of the spectroscopic factors for a -pal'

ticles. 

As to reactions of the type ( 10 B , 6 Li ) there is no reason for 

it that the excitation spectrum of the final nucleus must be similar 

to the spectrum of the spectroscopic factors for 

fractional parentage coefficients 
10 

B ... 
6 

Li + a g.e. c.a. 

• -particles. The 

are smaJJ./14/. 

They are much smaller than the fractional parentag«' coefficients 
10 6 

B -+ Li* +a • The Z 
0 

for (Op)
4 

... (0 p l 4 are given in table 12. •... 
They are nonvanishing also if the four transfe -red nucleons 

have a symmetry other than [ 4 ] in the intermediate st 'lte. Therefore, 

the four particles can be transferred not only in an intermediate 

state with the wave function of an a -particle but also in states 

with some other wave function. The excitation spectrum of the final 

nucleus taken in ( 10 B , 6 Li l reactions can be sinilar to the spect-

rum of the spectroscopic factors for a -particles only by chance. 

Analogous results follow for the reaction ( 16 
II , 

11 B l arxi other 

reactions of such a type. 

As to the ( 
16 

0 ~ 2 C l reaction, one can ~ ay only some 
a.e. g.s. 

words. The fractional parentage coefficients for the main configura

tion (Op l 
12 

... (Op) 6 + (Op )4 
[ 4] are small/ 

14
/: they lead to a calcu

lated spectroscopic factor for a -particles which is only 5~ of the sum 

·of spectroscopic factors for a -particles with respect tc all exdted 
12 ( 12 B 

states of C calculated for the pure configuratior s < Op l arxi (Op) ). 

Therefore, admixtures of the type (Opl-
4 

(Is, Od )
4 to the wave 

functions of 
18 

0 a.o?-rxi 
12 

C •·•· as well as transfer c f the four par

ticles with a symmetry different from the symmetry c •f an a -particle 

can play here an important role. Especially, they can lead to inter

ferEnCe effects. 

4. Conclusions 

N 'L' 
In this paper, the structure factors A NL determining the 

probability for excitation of the levels of the final n .1cleus in reac-

tions with transfer of k nucleons 
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( k:o 2,3,4) are d scussed in more details, It is shown that there 

is no factorizatio "l of the spectroscopic factor of the reaction 

(21) 
s - I AN 'L , B N 'L , 

NL NL 

into two factors •.ach of \vhich depends only on the pr·operties of 

one pair of nuclE i, either of A and A-k or of B and B +k. 

The number of tE rms with different N '. L' depends not only on the 

nuclei B and B~ k, but also on A and A-L That means, one has 

to calculate ever r reaction individually "hat seems to be a very 

complicated. procedure, In reality, however, the connection of N , L 

and N; L' leads in most cases to <.1 reduction of the number 

of teems in (21), in no one casP., howo~vDc, to an enlargement. Th.."'tt 

means, uJctny r·ea :tions become siutple ond accessible to an analysis 

only by the connection uetween N , L o ;·,n N ', L '. 

The reactioOIS in \vhich the ltarL~t •. , red nucleons come ft·om 

the Os -shell of fr c nucleus A are of some importance, In these 

cases, the conne :::tion between N , L Anrl N ', L' leads to a strong 

reduction of term; with different N ', L '. lVIm·cover, the structure 

facto1·s A N 'L' • letermining the probability of excitation of the final 
NL 

nucleus are prop::>rtional to the usual spectroscopic factors, There-

fore, these reacti ::>ns are very suitable for an analysis of the nucle

ar structure, 

The excitation spectra of the final nucleus observed in diffe

rent reactions ·with transfer of k nucleons on the same target 

nucleus will be different from one another , as a rule, and 

different from the spectrum of the corresponding usual spectroscopic 

factors for k nu :!eons, There are only a few exceptions from this 
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rule, For example, the ( 8 Li, a l reactions will lead to an excita-

tion spectrum of the final nucleus similar to the spectrum of redu

ced deuteron widths, Attention should be attracted to the fact that this re

sult follows from the assumption that the reaction mechanism is the 

direct transfer of a nucleon group from the initial nuc :leus to the final 

nucleus, No effects like excitation of A or B before 

transfer or successive transfer of single nucleons are taken into 

account. 
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!!!able 1 

Comparison of Z and Y for a reaction with two-particl• · transfer 
(A•9,B.7, (Op) 2 -.(Op) 2 

), 

[!] s [2] s 1.000 1.)27 0 0.041 
[2] .. f2J D 0.500 0.827 0 0.041 
[2J D [2] D 1.000 l.J27 0 0.041 
(ll] p [11] p 1.000 1.286 1.000 1.284 
[2] s [11] p 0 0 0 0.229 
[2j D [11] p 0 0 0 0.229 

------------------------
!!!able 2 

Comparison of Z and T for the reaction 7 Li ( 6 Li , a ) 8 Be • 

[f,..J Lk. [f~] ( 2 -1 
------------- --·----

[2] s [2] s 1.464 0.91•4 
[2] D 0.964 0.91>4 
[11] p 0 0 

!!!able J 

Comparison of Z and T for the reaction 12 c ( 9 
Be . 

7 Li) 14 N. 

[f~J Ltl. [fk'J L~ 2 T ------------------------
f2] s 

2) D 

[2] s 
[2] D 

[1J} p 

[2] s 
[2] s 
[2] D 

[2] D 

[11jP 

27 

1.250 
0.745 
0.745 
1.250 

1. 225 

o. 745 
0.745 
o. 745 
o. 745 

0 



Tall.e 4 

Comparison of Z an< I T for the reaction 
12 

C ( 
4 1 

B, 
9 

Be J 14N. 

[f,,J LIZ. [f~] L: 2 T ------------------------
[2] s C2] s 1.21) 0.71J 
[2) D [2] s 0.11) 0.71) 

[2] s [2) D 0.71J o.nJ 
L2] D [2] D 1.21) 0.71J 

[il)P [n] P 1.194 0 

Table 5 

' Comparison of Z anc T for the reaction ( 14 N, 12
c) on 16 o. 

('11,·e,tuk.J Lit. (1z/e,;ltrrklL~ 2 1 -r----·---2-----------
(op) [2] s (ls) [2) S o.J44 0.477 

(Op) 2 [2] D [2] S 1.069 0.477 

(Op) 2 [2] S (Op) 2 [2] S 1.019 0.426 

(Op) 2 [2] D 

c op) 2 [n] P 

( Op) 2 [2) S 

(Op) 2 [2] D 

cop) 2 [nJ P 

[2] D 0.652 O.JOl 

[2] G o.6J9 o.6J9 

(Od) 2 [2) S 0.161 0.426 

[2] n 0.122 o.Jol 

[2] G l.OJ7 0.6J9 

(Op) 2 [ll]P 0.911 0 

[11] F o.9n o 

(f:.,Od) (2) D 0.658 0.564 

[2] D 1.154 0.564 

Lil] D 0.26) 0 
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Table 6 

Comparison of Z and Y . for a reaction with three-parti· ::le transfer 

(A• 15, B• 12, (Op)
8 

... (Op) 8 ). 

[ft].j..s_flb~l ~L_--~---·2: __ _y~ __ y_ __ -
[ Jj p [~1 p 1.000 1. JJ8 0.040 0.022 

[J) P (Jj F 0.646 0.959 0.019 0.001 

( Jj F [J] F 1.000 1. J98 0.015 0.000 

[21]P [21] P 1.ooo 1.250 o.oo6 o.oo9 

( 21]P (21j D -0.745 -0.9)4 -0.07S -0.099 

[21jn [21] D 1.000 1.250 l.OOC 1.250 

(ill] s [lll J s 0 0 0 0 

-------------------------

Table 7 

Comparison of Z and T for the reaction 12 
C ( 7 Li , a) 1 N 

with (Op l 8 ... (Op) a 

. i 
[fk] L~t -~ftt')_i!:__ 2- T 

[J] p [J] p 1.725 0.641 

[J] F l.JJ4 0.697 

----------------· 
Table (a 

Comparison of Z and T for the reaction 

12 C ( 19 F , 10 O) •• N with (Od",Is) ... (Op) ~ 

rf.JJ:L__[fi]J:L_ ___ ~----~-
[J] s [J] P -a.9s6 -o •. n4 

[Jj F -0.6J8 -0.342 
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Table 9 

Comparison of Z c nd T for the reaction ( 7 
Li, a l on 16 0 • 

l'n~·ft) 3 [{~t_] L,. __ ~?:!_'_!t·') 3 [f~)_f~ ___ r. ___ T ___ _ 

(Op) 3 [ 3) P (ls) 3 r..aJ s -0.747 -0.374 

(Oc 2,ls)[3] s -0.521 -1.301 

D -o.353 -1.066 

G -1. 318 -0.509 

(Op)3 [3] p (Cd)3 [3] 5 0.884 o.315 

D 0.794 0.313 

F -0.358 0 

G o. 820 0.350 

I 1.160 0.624 

(Op)3 [3 j p (1 s2, Od)[3] D -1.375 -0.443 

----------------------------
Table 10 

Comparison of Z an<' T for the reaction 
7 

Li ( 
10

B , 
7 

Li l 
10 

B 

__ ItJ.-.1 L.,_ --~tkl L~ ________ l __ _T __ _ 

[ 3] p [3] p 1.635 0.578 
[3] F 1.244 0.628 

[J 1 F [J] p 1.244 0.628 
[J] F 1.750 0.684 

[21] p [ 21] p 1.429 0 
[21] D -1.065 0 

[21) D [2J}P -1.065 0 
[21] D 1.429 0 

[in] 5 [in]5 0 0 
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Table 11 
Comparison of z ,Y and T for the reaction 12cc te 0 • 12c > u 0 • 

[ f~.J Lk. [fnLL to 2 Yo y· -r: T ---------------- ---
[4] s [4.] s 1.000 1.855 0.266 0.420 0.408 o.J95 

[4) D 1.021 1.990 0.40.3 0.6~0 0.408 0 • .395 
(4] G 0.625 1.282 0.082 o.112 0.408 0 • .395 

[4] D [4] s 1.021 1.990 0.40.3 o.6~o 0.408 o.J95 
(4] D 1.441 2.668 0.612 l.OC 5 0.408 o.J95 
[4] G 0.946 1. 856 0.124 O.l';J 0.408 o.J95 

(4] G [4] s 0.625 1.282 0.082 0.112 0.408 0 • .395 
C41 D 0.946 1.856 0.124 o.l~'J 0.408 0 • .395 
[4] G 1.ooo 1.855 0.025 o.o_:1o 0.408 o.J95 

CJJ]P [JJ) p 1.000 1.490 0.057 o.oo8 · 0 0 
[Jl] D -0,026 0.018 -o.07J -o.o:11 0 0 

Cn] F 0.044 0.156 0.175 o.oti8 0 0 

[31]D [31] p -0.026 0.018 -0.07J -o.OJl 0 0 
[Jl] D 0.149 0.21.3 0.094 0.1:L4 0 0 
[31) F 0.081 0.152 -0.226 -o. 2 51 0 0 

r31JF [31;] p 0.044 0.156 0.175 o. 0)8 0 0 
['l] D 0.081 0.152 -0.226 -0.251 0 0 
[Jl) F 1.000 1.5JJ 0.544 0.554 0 0 

u~~s [22]8 1.000 1.600 0 • .399 0.552 0 0 
[22JD -0.676 -1.101 -0.2.34 -0 • .359 0 0 

[2~] D [22)8 -0.676 -1.101 -0.2.34 -0 • .369 0 0 
[22)D 0.515 0.826 0.1.38 0.244 0 0 

[2uJ P [_2J.l)P 1.000 l.JJl 1.000 l.JJl 0 0 

-----------------------------

~ : 


