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PoTTep 11. E4-3742 

0 peaKUHSIX C nepeJla'!e~ JlBY X HYKTIOHOB 

B pa6oTe JlaeTCll <jlopMyna JlTISI Bbi'IHCTie HHSI cneKTpocKOTIH'IeCKoro cpaKTopa 

npH B036y>KJleHHH ypOBHSI KOHe'IHOrO S!Jlp8 B peaKHSIX CO CTIO>KHb lMH S!Jlp8MH, 

Y'IHTbJBaiOTCSI ace npoMe>KyTO'IHbie coCTORHHSI, o6paaoaaHHbie H3 nepeJlaHHbiX 

HYKTIOHOB. Pac cMaTpHBaeTCSI H cpaBHHBaeTCSI cneKTpocKOTIH'!ecKaSI HH¢opMaUHll 

H3 peaKUHH ( Li 6 
, a) H ( F 18 

, 0 Ie) H8 nerKHX S!Jlp8X, 

fipenpKHT 06be.QKHeHHOrO KHCTK'cyTa .H.QepHbiX KCCJie,QOBaHKJt 

)J,y6Ha, 1968. 

Rotter I, E4-3742 

On Reactions with Transfer of Two Particles 

In this paper, a formula is given for the speGtroscopic factor 

determining the excitation of any level of the final nuclei in reac

tions between complex nuclei. All intermedia te states which are form

ed by the transferred nucleons and which are compatible with the 

quantum numbers of the nuclei a re taken into account. The reactions 

(Lie, a) and (F 
18

, 0 
16

) on light nuclei are considered in more 

details. 

Preprint. Joint Institute for Nuclear Research. 
Dubna, 1968 1 



R=actions with transfer of some nucleons are very suitable for 

tile investigation of the nuclear structure. In the last time, reac tions 
6 . 6 

of the type ( Li , a )1( Lt • d) were much investigated at energ ies of 

the lithium ions near the Coulomb barrier. At these energies, it is 

straightforward to make the assumption that the direct process con-

sists of the transfer of an a -particle or a deuteron as a whole . 

Therefore, the cross section for the direct process is proportiona l 

to the reduced width for emissio n of an a - particle a nd a deuteron, 

r•: :-,;pectively./1/ . 

At hig h e r energ ies of the incide nt p a rticles one c a n no longer make 

the assumption that the transferred nucleons form a particle by filling 

up the lowest shells. For example, the nucleons coming from the 

1s- shellx) of the initial nucleus a re to be expected to g o more e a sily 

int•J the ls- shell of the final nucleus than into any other shell. As it 

will be shown in the following, such a result follows or.ly if one ta

kes into account all possible states which the trans ferred nucleons 

can form. 

x} /-Je r e , f o llowi ng B r ody a nd M oshins ky/ 2 / the e n e r gy level s 

of the h a r monic o scilk>tor w ill be n umber e d as f o Jlows : Os , Op, I s , 

Od , lp, Of .. . 
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1. Formalisms 

The spectroscopic factor, usually defined for the separation of k 

nucleons from the nucleus A which form a particle by filling up the 

lowest shells, is given by the following overlap integral/ 3/ 

A 

k 
fcp* cp cp 

A A -k k 
d,. 

NLM 

( ~) 

Here, ¢A. ¢ A-k are the wave functions of the initial and final nuc

le !..IS and cp k is the wave function of the particle formed by the k 

separated nucleons. For exam?le, ¢ k is the a - particle wave func-
4 · II 

tinn (Osl [4] S in the case of two neutrons and two protons separated 

from the nucleus A. 'I' NLM describes the relative motion of the nuclei 

( A- 1< ) and · I< 

Under the assumption that the theorem of Elliott and Skyrme/ 4t 

X 

is true for the nuclei A and A-k ,one can transform this overlap 

integral by a Ta.lmi transformation into a simpler form/ 
3

/ : 

A N-t-h 
)(~)~ 

k A- k 
<x I I X • X k > Ko 

A A -k 
( 2) 

Here, X is the shell model wave function of the nucleus, R ts the 

coo;:-dinate of the mass centre, and p are the inner coordinates. 

The energy of the harmonic oscillator is, as in the paper of Brody 

and Moshinsky/ 2 / , E = 2 N + L +...:!.. in units of t. w The first integ-
NL 2 

ral <X II X , X > is the overlap integral of the shell model 
A A -k k 

wave function of the nucleus A with the shell model wave functions 

of the nucleus (A- k) and of the k separated nucleons. This overlap 

integral (fractional parentage coefficient) takes into account the 

structure of the nuclei in the initial and final states. The second 

integral 

J( 
0 

fx""cf> 'I' dr 
k k NLM (3) 



is the overlap integral" o f the wave function of the k sep a r a ted nuc

l eons with the wave function of the p article formed by these k nuc

leons by filling up the lowest shells . 

In r eactions with com p lex nuclei, the transferred nucleons do 

not come from the Os- shell of the initial nucleus, as a rule . There

fore, they do n o t fo rm w ith necessity a particle by filling up the l ow

E!~.;t shells, for e x a mple the Os - s hell in the case of k .S 4 Thi s 

mea ns tha t not only the overlap integ r a l ( 3) , but a ll the overlap in

tegrals 

K 
I fx*<¢ 'II dr 

k k NLM I ( 4 ) 

compatible with the qua ntum numbers of the initial a nd fina l nuc lei 

d e termine the cross section of the r eaction. 

Therefore, the spectroscopic factor d e termining the excita tion 

of a ny leve l of the fina l nucleus D + k 

lex nuclei of the type 
in a re actio n between comp-

A 

B 

is given by the following expression: 

~ A B +k ~ 
( 2 J + 1 )(2J + 1) s = ( ) ~ ( ) ~ c 

I 4 k k k 

X 2 C c 
M 

J 2M2 • 8 k J1 k 

Lk M k c 
fm, L M 

T T 
I lz 

t 
T T 

2 2z 
,T T 

k k z 
T T , T T 

3 3z k kz 

-> -> 
x J ¢ * ( p l ¢ ( p l ¢ n ( p-+ l '¥ ( ~ - ; l d ( ; 

I 1 2 2 nt m k N L M 2 k 2 
R ) d p dp 

k 2 k 
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..... ..... ..... ..... ..... ..... 
X I ¢ ( p ) ¢ * ( p ) ¢ * ( p ... ) IJI * , , ,< R - R ) d ( R - R ) d p d p 

4 4 8 8 nf m k N L M 8 k 8 k 8 k 
(5) 

x R X R' 

Here are Clebsch- Gordan coefficients; 

J = J 
2 

+ Slt , J '= J
8 

+ sIt are the channel spins; Llt. L 'It are the 

orbital momenta of the k nucleons in the nuclei A, and 8 + k , res

pectively. The indices 1,2,3,4, correspond to the nuclei A , A- k, 8, 

8 + k • The sum ~ goes over all possible states of the k nucleons 
It 

which are compatible with the quantum numbers of the nuclei. The 

sum ~ goes over 

J.L ,J.L',Mk 1 M~,J.Lk·J.L~.~ 2 .M 8 ,m,m',M,M',M 1 ,M 4 • 

The values R, R' contain all uncertainties coming from the radius 

dependence/ 3/ • In the following, it will be assumed that the R • R' 

are independent of the quantum numbers NL , and N' L ', respecti-

vely. 

By analogy with ( 2), the spectroscopic factor can be written 

in the form 

T T 

~ 
I lz 

X c 
Llt L ~S ,ItT k 

T T ,T T 
2 2z k 

JJ 

L 
A N+T 

X~ (----) 

nfNLN 'L'A - k 

where 

T T 

c 4 4z 

T T ,T T 
< x II x x > <x I I x x > 

2 It 4 8 It 
ltz 3 8z It kz 

(6) 

8 + k 
(----) 

8 

N +!::_ 
2 

K ( n f , N L ,L k ) K '( n f , Nt.',L~), 
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<x llx .x >= 
a b k ( 7) 

i s the f .p.c. The integral 

Lk Mk ~ ~ ~ ~ _., ( ) 
K.(n f,NL,Lkl= I C Jx*<r lcp 0 (pk) 'P (R ldR dp 8 

m,M fm,LM k I nt.m NLM k k k 

does not depend on the quantum numbers m , M , M k • For transfer 

of two nucleons, the K, K' are given by transformation brackets 

( Moshinsky coefficients): 

( 9 ) 

K ' ( n f • N' L ', L k ) = < n e ,N 'L ':L~ I n 3e a. n. e • I L 'k > 

If both transferred nucleons originate from the Os- shell ( A S. 4 l 

then 

K. (n f,NL,Lk )= 1 

K ' ( nf. N 'L ',L ~ ) = < 00. N 'L ~: L ~I n 8 e 3. n • e • : L 'k > = K. ~ 

In this case, the relative probability for excitation of the levels of 

t'.'1e final nucleus ( 8 + lr.) is given by the usual spectroscopic factor 

f :Jr particles in their lowest statesx). 

x } This r esult i s in contras t t o the theory of G l edenning , who 

assumes ni' 0 for two-particle transf e r with particl es orig inating 

f.:·o:n the Os- s h e ll. 
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2. Spectroscopic Information from Transfer Reactions 

bet-ween Complex Nuclei 

In Table 
L 

1 , the sums ~ K K ' ( without the correction fa c tors 
N't-~ A N+-

(---) :1 
A-le. 

(~ 
B 

2 
) are given for some configurations. As 

i s seen from the table. I. K K' i s maximal. if the initial and the 

final states of the tra nsferred nucleons a re the same ( n e = n e ; 
_ 8 8 I I 

n e = n e ) • The more strongly the states in the initial a nd • • 2 2 

final nucleus differ from one another, the s m a ller is the sum I.KK ', 

For comparison, the overlap integ rals K K ' 
0 0 

are also g iven 

in Table 1. These overlap integ r a ls show another dependence on the 

states in the initia l a nd final nucleus . The higher the shells in the 

initial and final nucleus from which the transferred nucleons are 

coming and into which they a re going, the smaller the K 
0
K '

0 
• This 

i s independent of whether these shells are equa l or not because 

K 
0 

K: projects o ut of I. K K' the case in which the tra nsferre d 

nucleons form an intermediate particle in its lowes t state (both nuc

leo ns in the Os- shell, n= 0, f = 0) . 

The reduced widths for emission of particles in their lowes t 

states (for emission of deuterons, tritons, a -pa rticles and so on) 

from an excited level of a nucleus ( Bt-k) are given by ( 2). They 

a re proportional to 

K ' = K ( 00 , N ' L ', L ' l • 
0 k 

( 10) 

In reactions between complex nuclei, however, the probability for 

excitation of any level of the nucleus ( B+ k) is given by ( 6) . It 

i s proportion=t l to 
L L' 

N+- N+-
z =I, (--A--) 

2 
(~~-) 2 

K(nf,NL,L )K'(nf,N'L',L'). 
nfN 'L' A - " n k k 

( n) 

NL 

'Iherefore, in reactions between complex nucle i, one does not direct

ly measure the reduced w idths for emission o f particles in their 

l owest s ta te s . The components w ith different 

8 

L' 
k 

a nd w ith different 

_. 

n e . n e are t< 
3 3 4 4 

or. the properties o 

In particular, 

configurations to th 

L) be multiplied by 

according to Table 

the contribution of 

gives, in principle, 

admixtures of highe 

leus ( B + k l by com] 

In Table 2, the 

z = 
I, ( A N+_!: 

- -- l 2 

nfNL A- k 
N 'L' 

a r e given for the 1 
6 12 
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both cases, the tr< 
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ansfer Reactions 

the correction factors 

:>me configurations. As 

if the initial a nd the 

the same ( n f = n f . 
8 8 I I' 

:ttes in the initial a nd 

aller is the s um :E K.K. '. 

0
K ~ a re a lso g iven 

h er dependence on the 

gher the shells in the 

1sferred nucleons are 

1aller the K 
0
K '

0 
• This 

equal or not because 

ich the transferred 

owest state (both nuc-

rticles in their lowest 

- particles a nd so on) 

~ g iven by ( 2). They 

( lO) 

,r, the probability for 

) i s given by ( 6). It 

f,N t.',L'l. (H) 
k 

one does not direct

of particles in their 

and w ith different 

n f , n f a re to be multiplied by a weight factor, which depends 
3 8 4 4 

or. the properties of the nuclei A and A - k. 

In particular, the contributions from the admixtures of higher 

config urations to the wave function of the nucleus ( 13 + k) are a l so 

t :J be multiplied by a weight factor. For reactions with heavy ions, 

according to Table l, this factor is n o t smaller than tha t by which 

the contribution of the main configuration must be multiplied. This 

gives, in principle, the possibility to investigate experimentally the 

admixtures of higher configurations to the wave function of the nuc

leus ( B + k) by comparing several reactions with heavy ions. 

3. Examples 

In Table 2 , the values 

L , L 
A N+2 B + k N +2 

z :'E ( --- ) ( ----) K ( n f. NL,L k) K' ( n f , N 'L ', L 'k ) ( 1_2) 
nfNL A - k B 

N. 'L , 
& 18 ( 0 

are given for the reac tions Li , a ) und ( F , 0 l on the nuclei 
6 12 8 14 

Li and C with formation of the fina l nuclei Be and N • In 

both cases, the transferred · nucleons are in a s ta te with zero or-

bital momentum in the initial nucleus. The wave functions a re 
/ 6, 7/ 

' :(Opl
2 18

5 Li g.s. 

F 18 : 0,82 (Odl 2 18 5 +0,55 (lsl 2 1a 5 + ... 
g . s. 

As it i s seen from the table, the values z are almost the same for 

the two incident nuclei Li 
6 

and t' 
18 

• Therefore, if there are dlf

ferences, for example, in the angular distributions of the a -particles 

from the ( Li.
6 

a reaction and of the 0 
16

- nuclei from the ( F 
1 ~ 0 

16
) 

reaction on the same target nucleus w ith form:l.tion of the final nuc

leus in the same s tate, they are due to the dynamics (different Q 

values and Co·_domb parameters), rather tl1an to the structure. 
6 6 8 

In the reaction Li ( Li . a l lle at low energies ( 4 .5 MeV) 

of the incident particles a maximum in the cross section correspond-

9 



ing to the forma tion of Be
8 

a t an excitation energy of about 20 MeV 

was observed/ B/ . This corresponds either to the existence of a 

Je··Jel w ith a very g r eat reduced deuteron width lying in the neigh-
s 6 

bo,Arhood o f the threshold for the deca y Be -+ Li + d at 22.3 MeV, 

or it follows from the fact that m a ny levels are lying close to one 

another in this ener gy region which together lead to the observed 

mctximum in the cross section, as it follows from shell model calculation5 1~ 

Such a maximum in the cross section of the rea ctions Li 
6

(I.:i 
6

, a )Be 
8 

6 18 16 8 
and Li ( F , 0 ) Be i s to b e expected a l so at higher ener-

g ies o f the incident particles corresponding to c a lculations made on 

h1e b asi s o f the shell model. 

In Tabl e 3 the spectroscop i c fact o r s 

0= I ;<. Ri'f' s 
2 A B+k 

0 =<k)(k l I < x I I x . x > <x 
L' I 2 k 4 

k 

12 
[Jr C ( Li 

6 14 
, a ) N and CI2(FI8 ,OI6 )NI4 

g.s. 

2 

llx ·X >x z I 
3 k 

14 
with formation of N 

in its g r ound a nd second excited state ( 3.9 M eV ) are given. The 

wave functions for the two l evel s a re/ 6/ 

'1-' =0,950[442] 
18 13 II 

D -0,247 [442) S- 0,259 [433) P 
g.s . 

13 18 II 
lJi = 0,954 [ 442] 

8.9MeV 
S + 0,243 ( 442 ) D +0,173[433] p 

in the model w ith inte rmedia te coupling. For C 
12 

the w ave function/ 6/ 

II . 18 
ljl = 0,896 [ 44] s + 0,413 [ 431] p + .•. 

was u sed. As i s seen from the tab le, the components with L: = 0 
c:tnd with L: = 2 a re to be multiplied by a different weight factor 

i!l the r eactio n w ith forma tion of the g round state a nd in the r eac

tion with fot·m a tion of the second excited one, although both levels 

h a ve J 
17 = 1 + , T = 1 • ln the case of the second excited level, the 

tra nsition i s a lmost wholly determined by the L ~ = o component, 

wh ile in the case of the g r ound state the L k = 2 component i s the 

10 

more important one. 0 

t v.ro transitions lead t 

o f the angular dis tribL 

tl'ley were observed b 

with proton transfer. £ 

pendence of the ener. 

one another. 

1. . I. Rotter. Fortschritte 

2 . T.A . Brody, M . Mas/ 
Mexico 1. 960. 

.3. V. G . Neudatchin, Yu . 
.J.z 1.57 (1 965) . 

4 . J .P . Ellio tt, T .H.R. SJ 

5 . N . K . G l endenning. P. 

f5 . A . N . Ebyarkina . I zve. 
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rgy of about 20 MeV 

1e existence of a 

lying in the neigh-

Li + d at 22.3 MeV, 

~ lying close to one 

?ad to the observed 

,u model calculationsl~ 

ctions Li 
6
(Ci 

6
, a )Be 

8 

;o at higher ener

::alculations made on 

2 
lx.x>xzl 

3 k 

14 
with formation of N 

eV ) are given. The 

II 
173 [433) p 

the wave function/ 6/ 

1ponents with L '= o 
k 

'erent weight factor 

te a nd in the reac

lllhough both levels 

i e xcited level, the 

= 0 component, 

component i s the 

more important one. One expects that the different L 'k values of the 

t v.ro transitions lead to different effects on the diffraction structure 

of the angular distributions, may be to effects of such a type as 

they were observed by Bock et al~ 9 /in the reaction B
11 

( 0
16

, N
15

l C 
12 

with proton transfer. Besides, the excitation of the two levels in de

pendence of the energy of the incident nuclei will be different from 

one another. 
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'I'able 1 Overlap integrals l: ](](' a nd K
0

K ~ fo r transfer 
ofNLN 'L' 

o f two nucleons w ith T.-o .s .-1 

L • (Os )2 135 
(Opf 

13
5 (Js)

211
S 

(Od )
2 11

S 

~ l: ](]( ' ]( ]( ' l: ](](' ·IC ]( ' l: ]( ]( ' ]( ](' l:JC]( ' .......... -(u
3

f 3 ,u 4 f 4 l L• 0 0 0 0 0 0 ---

(Os) 2 lJS 1,000 1,000 I 0,707 0,707 0,456 0,456 0,408 0,408 

(Op)2 1Js 0,707 0,707 1,000 0,500 0,204 0,.322 0,815 0,288 

1-' 
( Op)2 lJD 0,707 0,707 0,500 ~00 0,850 0,.322 0,05J 0,288 

N 

( Is)2 Ds 0,456 0,456 0,204 0,.322 1,000 0,208 o,ooo 0,186 

(Od) 2 lJS 0,408 0,408 0,815 0,288 o,ooo 0,186 1,000 0,167 

(Od) 2 lJD 0,289 0,289 0,516 0,204 0,110 0,132 0,522 o,n8 

( Od )2 lJG 0,612 o, 612 0,4JJ 0,4.32 0,652 0,279 o,o8J 0,250 

I --------

.. .... a. ... ... 24P... -----

~ 0 1'0 ~ n 1:"1 I > 
~ .,.z z I {) 

0.. tJI '(j ..... .... I 
~ 

I I I 1\.) .. - ro- 0 
0\ g 

"' .. . .. 
I 

~ CP > . 0.. Cll 

" CP 1;7' J I + . w ~ ~ < Ill ~ ..... I 
... [\) 

p. p. r:' 
.. 

,---_.., ,...._..._____ I 
{f) a a ~ (') -c .... ,.... z t:Jl .. _Cll >< ~ ..... ~ 

• "'n- ("!- c+ ~ OJ t 
r r r r I - ..., ~ ~ '0 ,.. , ... ' .. ' .., 0 ... ' Ill !11 l'i) 

n n II II I - n s· 
"" 

0 ..., 0 "'o .-- ' ~ ~ r .... 
'0 .p. 1\.>00 1\.) 0 1\.) 0 ... ' Cll 

(jQ 

0 (i ' ..., 

~ - I 0> 
II' Q) ~ I Ui 
~ " --- -



0 
0 
0 .. 
0 

a> 
0 
(\j 

0 

0\ 
1:"
(\j .. 
0 

0 0 0 (\j 

0 0 rl "' 0 0 rl \0 .. .. .. 
rl 0 0 0 

(\j a> ... (\j 
(\j a> 0 <'"I 
<'"I (\j (\j ... 
~ ... ... ... 

0 0 0 0 

... "' \0 <'"I 
0 rl rl <'"I 
(\j a> "' ... ... ... .. ... 
0 0 0 0 

0\ 
a> 
(\j .. 
0 

(\j (\j (\j (\j 

.. 
0 

r---. ,.-.... r". r"'\ 
[/) '1j '1j '1j 
H 0 0 0 
'-"' .........., '-" '-../ 

j 

I 
I 
I 
I 

Table 2 Overlap integrals z for ( Li 
6 
,a l and ( F 

18
,0 

16 
) • 

A N+.!:_ N, L ' 
z ~ l;(--l 2 (__!!.:t.!:_) +T KK' 

A ... A+ k ., L' 
k 

A- It Fl 
6 

(Li , a) 

-------------- --+---------
L16 ~ 0 

2 

lp shell: 

2~-as admixture o 
o• -o• admixture { : 

1,500 

1,000 

1,J75 

0,875 

0,520 
I ,204 
0,781 

o,88J 

Table 3 Spectroscopic factor s 9 for 
12 18 16 14 

C g.e. ( F , 0 g.s.) N 

---------------------+----
14 

N g.s. 

14 
N 

S. 9 MeV 

{ 

{ 

L' = 0 
k 

L '= 2 
k 

0,171 

-O,J44 

-0,840 

-0,07J 

13 

12 
C (Li , a 

g .s. ) "' 
I 4 

18 16 
(F .o l 

1,111 

o,808 

1,024 

0,721 

0,749 
1 ,098 
0,551 

0,708 

a nd 

18 16 
(F ,0 

0,128 

-0,284 

-0,625 

-0,060 


