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I. Introduct on 

In nuclear theory great success has been achieved in explaining the struc­

ture of low-lying nuclear excited states. The success is however impaired to a 

certain degree by the use of the phenomenological residual interaction operators. 

This hinders the comparison of the nuclear structure calculations with the resulLq 

of more fundamental approaches to the finite nucleus problem, and makes it very 

difficult to connect the nuclear structure data with the properties of the real nuc­

leon-nucleon Interaction. The problem of restoring the interparticle forces by the 

known data on the properties of many-particle systems of extreme difficulty, and 

one may hardly hope to give its complete solution. In this paper a simple method 

Is proposed to relate the data on nuclear matter properties to the residual inte­

raction which should be used in the nuclear s tructure calculations. The a c curacy 

of the method sug_~ested can not exceed that . of the method used to solve the ma­

ny-body problem for a g iven residual interaction. Nevertheless it provides useful 

information both on t.'c!e phenomenological residual interaction operators and on the 

properties of the nuclear single-particle potential. 

The residual interaction a s• used in nuclear spectroscopy calculations is not 

a clear-c ut concept. The ambig uity is introduced by the fact, that in practice 

for diag onalizatlon of the Hamiltonian matrix one has to reduce its rank. The part 

of the Hamiltonian which is diagonalized in any particular calculation depends (i) 

on a choice of the single-particle functions (or the shell model potential) and (il) 

on the type of correlations which can be accounted for by the method used to 

solve the many-body problem. In fact, the empirically determined shell model po­

tential is used and the dlagonallzation Is achieved within the (generalized) Hartree­

Fock method. Such methods may in principle be cast In the form of a single-qua­

siparticle self-consistent problem, and they take into account only the so called 

"field producing" part of the nucleon-nucleon interaction. The important fact is, 

however, that even the self-consistent equations obtained in this way can be solved 

only approximately, and It is at this very point that the residual interaction ap-
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pears. This interaction defines the difference between the self-consistent poten­

tial and that of the shell model, and does not lead to any configuration mixing if 

the two potentials coincide, 

On the other hand, In the nuclear matter calculations similar methods are 

used, vvi.th the same ty?e of the self-cons istency conditions. Thus the obvious 

place to look for the points of contact between the nuclear s tructure theory and 

that of nuclear matter, are the self-consistency conditions for the nuclear poten­

tial. Such contacts can realy be established, and were used in fact by some au­

thors, e.g. to connect the strength of the quadrupole-quadrupole interaction with 

the deformability of the shell model potential/
1

/. The purpose of this paper is to 

analyse the p roperties of the residual interaction with the use of the information 

availat.le on the nuclear potential and, in particular, on its density dependence. 

In section 2 of this paper the self-consistency corrlitions are used to in­

troduce the residual interaction. The· explicit use is made of the chosen shell mo­

del potential. This eliminates the most important part of the above mentioned am -

biguous nature of the residual interaction. 

In section 3 the explicit form of the residual interaction is obtained for some 

realistic models giving the density dependence of the single-particle potential in 

finite nuclei. The pairing correlations, which a re supposed to give only a slight 

correction to the results presented in this section are not taken into account 

here. 

In section 4 the generalized Hartree-F'ock method is used to obtain the re­

sidual interaction in the partic le-particle channel, It is shown that in the absence 

of pairing correlations this part of the residual interaction reproduces the effective 

interaction between nucleons in the nuclear matter. 

2, The Residual Interaction Derived from the Self-Consistency Conditions 

The main features of the methods used in nuclear spectroscopy calculations 

can be cast into the form of one-body Schroedinger equation. In this equation the 

one-body Hamiltonian is self-consistent in the sense that it depends on the solu­

tions of the equation itself. The nature of this dependence can be established for 

each of the specific model approaches to the finite nucleus problem, and ,'Jill be 

discussed later on, In the density matrix formalism the equation reads/
2

-
4

/: 

Here K 

H(K)K- KH(K) " [H(K) , K] = 
.aK 
•a;- (2.1) 

is the density matrix, and H ( K) is the one-body Hamiltonian. In the 
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usual Hartree-F'ock formulation, which can be used when the pairing correlations 

are not important, IC is just the Dirac's d e nsity matrix: 

(2,2) 

where iv> is a s ingl e-particl e stat e, and the summation is over the complete set 

of I v> . '!'he matrix Pw' is Hermi t ian and s a ti s fies the condition: 

p o •P ' 
(2,3) 

i.e. p is a projection oper ator. 

In the genera llzed Hartree-F'ock method, in which the pairing correlations 

can be taken into accoun t, the IC matrix assumes the form 

IC c (-:. l:p•) 

(2.4) 

with p given by e q. (2. 2) and 

)( - ~ 
w 

(2.5) 

<x , • - x , > 
w v v 

Instead of eq. (2.3) one has i n thls case : 

(2.6) 

It is inter esting t o note, that s till further g e n eralizati o n o f the Hartree- F'ock t heory 

achieved in r ef./
5

/ can a lso b e written in th e formx/ of e q.( 2, 1). F'ina.Uy eq.(2. 1) is 

a s o mewhat awkward but nevert h eless exa ct fo rm o f the Schr oedinger equation 

fo r N interacting partic les if 

being the N particle wave function). 

'I'ilus eq . (2,1) i s g eneral enoug h to be u s ed in a tte mpt t o investigate the 

main featu r es o f the residual inte r actio n in different nuclear models. In fa ct the 

t wo exa 11plcs o f the d e n s ity matrix IC g iven b y eqs . ( 2,1) ( 2. 4) a re suffic i e nt to 

conned tl re nuclear matte r calcula tions w ith those of nuc l ear s pec troscop y . 

'< S Pc sect ion 2 o f r e f./
5

/and particul9:r!y e q .(2. 30). It is somewhat misleading 
t o refer· to t11e Hamiltonia n in eq.(2, 30) (re f.f51) as a n o n e - body o p e r a to r, s ince its 
matrix: ind11rles on the same footing bot h quas iparti c l e and collective rlegrees o f 
fr eedom. 11n ever the use o f s u ch name i n t h is pap e r w ill not ~ive rise t o any 
misuncterslrJndin' because only the models wi th the K defi ned as i n eqs.(2. 2)(2. 4) 
are c:-onsirl.en ~d i 1ere. 
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As it w a s menti o ned in th e introdu c tio n, even w hen the self-con s istency c on-

d itions fo r th e one- b ody H amilto n ian H a r e known, e q, (2,1) can be s olv ed 

o nly approximately . The a im a nd t h e nature o f th::> a pproximations a d o pted d istin­

q u ishes betw e e n the nuc lea r ma tter th e ory a nd th::> n u clear s pectroscopy . The 

fi r s t s tarts f r om the r ealis ti c nuc l eon-nuc l e on p o tentia l but focuses a tte ntio n on the 

q ross fea tu r e s o f nuc lei whi c h e ssentia lly involve o nly the density dep endence o f 

H The nuc l ear s p ectr o sco p y the o ries try to satis fy the self-consis tency b y a n 

e mpi ri c a l choice of t h e model H a milto nia n to e x p la i n the l a r g e numb er o f the s pec ­

t r oscopi c rl a ta. 

The s o l u ti on of eq. (2. 1) is for mulated here i n terms o f perturbation equa­

ti o ns in t h e diffe r ence H • H ( K l - !I 
0

. The o p e r a to r s in s u ch equatio n s a re dete r mi-

ned w it h the a id o f t h e e mpiric a l prescr iptions fo r th e shell model H a miltonian 
0 

II 

a nd the data on the d ensity dependenc e of H ( K l provided b y the n u clear ma t-

ter calculations , T h is o r ocedure is s i mila r to the re ferenc e spectrum me th od o f 

Bet h e, B r a nd o w and P etsc heJ
6f, T he s o luti o n o f eq,( 2,1) in t h e pres e n ce o f a n 

ext e r nal perturbing field 

r e a son i t is a ssu med that 

v is required fo r many p hysic al problems. For th is 

II contains a n ext e rnal fi e ld te rm e 
0 

V where 

the e f fect ive char g e is in principle d etermi ned with in the nuclear matte r a p-

proac h . The i ntroducti'on o f th e term e 
0 

V 

i nde p endent sol u tio n /
3

, "'/ J o f eq, (2. 1) . 

a l l ows to c onfine o n eself to time-

L e t us defi ne by K 0 t 1,e sol u tio n of the e q uation : 

[H
0

, K
0

] = o (2 ,7) 

with Hamiltonian H
0 

tak en fr om t he s p ectrosc o p ic s tud i e s , a nd referr ed to a s a 

shell model H a milto nia n x/. 

Prom e q . ( 2. 7) it follows that the t w o matr ice s H
0 

and K 
0 

can be diago-

nali z ed simul taneously, It is convenient t o ha ve a s pecial name fo r the r e pre senta­

tion w here t h ese matrices a r e diagonal, In the fo llo w ing this r e presentatio n i s cal-

led v repre s e n tatio n. In the time indepe ndent case eq, (2,1) has the for m: 

[HIK),K]~o (2,8) 

xl Note, that 11° ope r a to r in eq. (2. 7) can be a n y s p e ctrosco pic model 
o p e r a t o r w ith o r w ithout pairing effe cts i ncluded i n it, 
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Retaining only the terms linear iT' 8 K - K - K 
0 

one has: 

[H
0 

,8K]--[8H,K
0

] 
(2.9) 

The formal solution of eq. (2.9) may be given in terms of the Green-function two-

body matrix g 12 The latter satisfies the equation 

[ H ~ , g u ] • I 12 (2.10) 

where !12 is the tw o-body operator, such that 

tr2 112 X 2 a X 1 (2.11) 

is valid for every one-body operator The explicit form of the operators I 12 

a nd gt2 are g iven below for two different models. 

If the diag onal matrix elements 8 H w ~ 0 

lution of eq.(2. 9) assumes the form 

in the v representation the so-

(2.12) 

The diagonal p a rt of 8H can be included into H
0 

• This is of particular im-

portance for problems in which a time-dependent external field defines the eigen­

frequencies of the system/
3

• 
7 /. 

If H is a known functional of the density matrix the quantity 8H can 

be express ed i n terms of BK : 

(2.13) 

The substitution of eq. (2.13) into eq. (2.12) gives 

(2.14) 

\Vh e r e 

8 il 0 ~ H(K
0
)- 11 ° (2.15) 

T o o bta in eq, (2 . 1•1) the n r·op e r ty o f traces 



tra ( b, c 1 tr b ( c , a 1 lr c (a , b ) 

has been used. The res idual inte ractio n o p erator is g iven by 

Fl2 
( 8H 1 
~)K=KO 

(2.16) 

(2. 17) 

It \\ill be s hown la ter on that if the matrix K is ~iven b y eq.(2. 2) or eq.(2. 4) 

and 8 11 ° = e " V then eq.(2. 14) can be reduced t o the equations of ref/?/ desc-

ri bin~ the p o la ri zation of a nucleus by an external fi e ld (see in particular eq. 

( '2 . 28) and eqs. (4. 2 5)- (4. 30) ). As a rule the ri~ l-:t hand s ide o f eq. ( :,. 17) is a n on­

local and dens ity -de.-,endent operator. With K being defined by eqs. ( 2. 2) and 

( 2.'1) it is a t wo- body oner a to r in the sense tha t its matrix elements a re speci­

fied by the set of quantum numbers of a two quas iparticle stat ... Further, if 

8 11 ° = 0 the solution o f eq.(2.14) is 8 K = 0 . This mea n s tha t there is no con-

fi ".u r a li o n rnix i n " in this case. The equality · 8 11° a 0 implies that H 
0 

is a self­

consi s tent Hamiltonian. Thus F 12 i s rea ll y a r esid ual inte r action operator. It 

sl tould be noted tha t the re s idua l interacti o n oper ator of eq. (2.17) is meaning full 

even in this case. It d e s c ribe s . the pola ri zation o f a nucleus by an a rbitrary ex­

terral fi e ld and plays an i mportant role in cal cula tio n o f both the trans ition pro­

bnhilities a nd collective excitati o n ener g ies/?/. 

To make the above fo r malism c l ear it is a pplied to the 1-!a rtree-Fock me­

t! •od w itl1out pairin~. The densi ty matrix K= p is now g iven by eq. (2.2) and the 

self-con,; istency cond itio n reads 

II = T + U , 

,_,< ,ere T is the kinetic energy o f a nucleon and 

U I 

A.S. 

A.S. 

" • v, 2 Po 

In the la tter V 12 i s the antisymmetric part o f the inter-nuc leon force 

A .S. 
<v1 v2 [V 12 lv;v; >•<v1 v2 [V 12 [v; v; >- <v 1 v2 [V 12 [,v; v; > 

(2. 18) 

(2. 19) 

(2. 20) 

and lr 2 means summation over indices v
2 

, v; . The shell model o p erator H
0 

is no,,· ..-~ iven b y 

11 ° = T + LJ
0 

(2. 2 1) 

•·it il e ' tpiricalh · chosen (l ocal) potentia l LJ
0

. 
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In the representation where the shell model operator a0 is diagonal, the 

solution of eq. (2. 7) is given by 

ly . . . 

Po - I ... n, .. . with n, • 
0 

v ~ N 

v > N 
(2.22) 

where I .. . •v starrls for a diagonal matrix with diagonal matrix elements 

•v The small variations of p admitted by the supplementary corrlition (2.3) 

satisfy the equation 

(2.23) 

from which it follow,; 

(2.24) 

In eq. (2.24) the term in square brackets vanishes if v.v ' ~ N or w' > N arrl 

otherwise is equal to unity, This means that only particle-hole matrix elements of 

Sp remain in the first approximation where eq. (2.14) is valid. 

The operators in eqs. (2.10)(2. 11) have the matrix elements 

l ' "• v; - /) /) ' v; (2.25) vl vl; v 1 v~ 11 1 

g "I v; ;v~ v; • /) /)' <•vl ~ l ' (2.26) v 1 V~ v 1 v; l -l " " I 
VI ~~~ 

F'rom eqs. (2.22), (2.26) it follO\vs that the commutator [ g 
12 

, P
2 is g iven by 

(2. 27) 

Substituting eq, (2.27) into (2.14) one bring s the latter to the fo rm given in ref/ 7 / 

(2.28) 

where in view of eq. (2. 24) only the particle-hole matrix e lements s hould be t·etained, 

The self-consistency condi tion (2.19) implies that the matrix of the res idua l 

inter·ac tlon is <:! iven by 
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8U
1 

A.S. 

<c 1 " 2 1Fiv'1 v;>=<v1 v 2 \~lv;v;>=<v1 v0 \V lviv;> (2.29) 

Thus in this 1=ase the r esidual interaction reproduces essentially the real inter . 

nucleon force. This i s a direct consequence of the fact, that in eq • . (2.19) the real 

nucleon-nucleon force is used. Application of the real nucleon-nucleon fo r ce in 

the self-consistency condition of the generalized Hartree-Fock method leads to 

the sa·ne t·e sult, 1\~ thout restrictin~ it to the particle-hole excitations (see section 

4). The point is, however, that tho self-<:onsistency condition should properly ac-

count for the .rd-core part of the nuc lear interaction. This is usually achieved 

bv s ubstitutill" in eo. (2. 19) the real inter-nucleon interaction by a density-depen­

dent oper c>\c •r. T • te techniques o f calculating such an o perator (reaction matr ix) 

have been developed by Bruc>ckner and Gamme/
8

/, Moszkowski and Scod
9

/ and 

Bethe, Brando w n.nd Petschek;r,f. Instead of eqs. (2.19), (2.20) one then has 

L t ~ tr 2 G 12 ( p ) p 2 

.,~th a density-dependent reaction matrix<v 1 v 2 \G(pllviv2> 

t C>raction is now c,iven by 

0 sr. ,s 0 
f =G 12 (p l+tr 8 (-0--lp=noPa 

12 up
0 

r 

(2.30) 

The r esidual in-

(2.31) 

where the deno; itv matrix p 0 is deter mined by eqs. (2.7) (2.22) and consequently 

depends on a particular choice of the shell model potential U 
0 

It is useful to examine the structure of the ooerator F' in the coord inat e 

repre o; ent.-.tion fo r the case vhen the reacti on matrix G is a pproxi •nated by a 

delta-type loca l operator. In the above notation such an oper a t o r can be written 

in the fo r m 

<;1-;2 [G[;'1;; > ""'oc;t _;;>0< ?2 - r:;),S( ; t _;2 )r,{p) (2.32) 

.. 
w ith the particle dern ity iit tl1e point r 

(;<71 " p (;;) (2.33) 

In this case the sin·~le-na.rticle potent ial is a lso local 

1n 



->, 
-r I 

(2.34) 

F'or the residual interaction of eq. (2.17) one has 

(2.35) 

where 

(2.35) 

The density distribution is given by 

(2.37) 

where </Jv 
0 

Il -The starrls for the eigenfunction of the shell model Hamiltonian 

deperrlence of p 0 on a particular choice of H 
0 

brings out the model-depen-

dent nature of the residual interaction. 

Note that eq. (2.36) can be written in the form 

(2.36') 

where 0 pot (p) is the potential ener gy density in the nuclear matter. Eq.(2.36) 

allows one to calculate the parameters of the residual interaction without any re-

ference to the reaction matrix, provided that 0 (p) 
pot. 

is kno\vn. 

The secorrl terms in eq. (2.31)(2.36) appreciably affect the residual interac­

tion. It will be shown in section 4, that these terms a ppea r only in the particle­

hole part of the residual interaction. The particle-particle arrl hole-hole parts of it 

in nuclei without pairing simply reproduce the G operator of eq. (2.30) or (2.32). 

This in fact, proves the consistency of methods in finite nucleus theory in which 

the G matrix calculated for nuclear matter of a given density is used. 

T~e anoearance of the secorrl term in the expression for the particle-hole 

interaction has a si nple ohysical interpretation. When a particle is taken out of 

the system (i.e. when a hole is created) the change in p is negligible (it is o f 

the order p/ A) The particle-hole interaction is the interaction of the particle which 
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does not belon~ to t h e system and thus can be localized in space, with the par­

ticles of the system. In the case of short-rang e forces two p~rt!cles interact pro­

vided that both of them are in a. volume which contains only one particle on the 

averag e. The local density thus increases twic e a nd the interaction should be 

cons idered with G(2p) rather than with G(p) . The expansion of C(2pl in 

powers of p g ives eq. (2.37) . 

3. The Residual Delta-Interaction 

The discussion of this section is stimula ted by the suc cess of the nuc lear 

s truc ture calculations in which the delta-type density-dependent residual interac­

tions a re used/
7

•
10

•
1 1/. The range of the res idual interaction introduced in sec­

tion 2 is closely connected with the non-locality of the self-consistent potential U. 

If the potential u is approximated by a func tion which depends only on the 

local value of the density p , then the residual interaction F of section 2 

becomes a local d e lta-interaction with the density deperdence g iven by 

~ ~ au<pl ~ ~ 
F(r

1 
,r

2
) • (-- ) o S(r 1 -r 2

) ap P•P 
(3.1) 

It is important to note that the rang e of the interaction considered in this 

pape r has little to do with the commonly used division of the interaction into a 

l ong -rane(e ard a short-rang e parts. The residual interaction (3.1) is in fact a. 

pseudopotential ard only the direct matrix elements of it are to be taken into ac­

count. The delta.~function in eq. (3.1) may be expanded in the Leg a.ndre polynomial 

series ard thus contains low multiooles which, as is w ell l<nown, give rise to the 

correlations at large ang ular distances (see also reference/
1 0

/) . 

The nonlocality of the pot ential u is partly caused by the finite range of 

the nucleon-nucleon interaction ard is mainly displayed in the exchange part of 

the potential. The other reason f o r the nonlo cality is a procedure by means of 

which the repulsive cor e is trea ted. The nonlocality o f the potential may be taken 

into a ccount approximately b y ad rf ing to the local potential a term which depends 

o n the space rlerivatives of the density p The s urface e ffects (the dens ity 

di s tributi on a t the surface, the surface e nergy and so on) are dependent on a 

choice o f such potentials • T h e calculations perfo rmed w ithin the Thomas-f'errni 

a pproxi nation w ith notentials of this typj 
12

• 
13

/ g ive a g ood discription of such 

quuntities as the fall- o ff distance in the rlensity distribution and the surface ene r g y, 

12 
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provided that the H amilto nian g ives c orrect e s timates ~or the binding energy per 

partic l e a nd the s a turl'\tl o n density . Thus o ne may think, tha t the local p o tentia l 

(but w ith a g radie n t term) i s a g ood a pproxima tio n for the nuclear self-c o n s istent 

pote ntial. The method d evelo p ed in secti o n 2 a llow s to find the residual delta-in­

teraction which c o r res p onds t o this approximation. 

Any self-consistent p o tential must obey the fo llowing obvious conditio n s . ·Jt 

should q,ive simultaneously a c orrect value o f th <:> saturation density and the bind­

ing energ y per partic l e . It is useful to examine the consequences o f this condition 

disreg arding for a moment the g radient ter m of the potential, The latter i s s e nsitive 

mainly to the shape of the dens ity distribution at the nuclc>ar surfa c e and w ill be 

discussed later on. 

The power expansion of the potential u g ivin<; the ri <! ht sat• trat!on pro-

perties must contain, in addition to the term linear i n p a t least one mo r e term, 

e.g . the term p 0 with a s ufficiently larg e c oeffic i e nt an::i wi th an o ppo site s ig n. 

If 

U =- ay + ~by 2 
, (3 . 2) 

where y -p / p
0 

p
0 

be i n g the nuclear d e nsity in the rentre o f [l ,e nurle us) , e q, 

(3.1) g ives the r e s idual interaction 

(3.3) 

Eq. (3.3) is just the interpo latio n fo rmula of r e f/
7

/ ' '~til r z a 
e x a nd f In - f ex ,.,. b ' 

In the Thomas-Fermi a pproximation for the kineti c <>ner gy th0 coe ffi c ients in eq. 

(3,2) can be determined from the c onditions impos ed b y the c a lur a li o n p r o perties. 

In table 1 the values of and r.. are g i ven whi c h c o r re s p o nd to the b inding 

energy p e r parti c l e ·E 0 = 15 MeV 
. . h2 3!T. ~3 ~ 
kme~c ener g y T F ~ 'TM<-2-l p = 

ters/ / averag ed over the spin and 

comparison. 

and the saturat i o n d ensity ~i ven b y the F'e rmi 

35 M e V. T he empiric al values o f these para me­

isospin quantum numbe r s a re als o g iven fo r . 

T he potential (3. 2) i s very close to that of lhe semi-empiri c al mod e l of 

Wilets/
4

/ wh ich have succed ed in explaining the s u rface n • tc leu r ou rame te r s . 'I'he 

main difference betw een the pres ent calculations n ne! those of \ '\fil e ts is that th e 

kinetic ener"y is inc luded in e q . (3. 2) in the Wilets' mo<i e l and is trea ted s epa ra­

tely here. As a result of t h is the comp ress i b il ity c oeffi cient o f the nuclea r matter 

increases b y a bout 50 MeV co·npared to the e s ti mates b y Wi lets w hich a re · a lread y 

larg e (302 MeV f o r the potentia l c l osest to e q . (1,2)). T h e !a r ne val ue o f th i s c oef­

ficient is compatibl e w ith the s tron" r epuls ion b etw een the nuc leons ins ide t l 1e nuc-

13 



JeLls which is displayed by the model arrl the empirical results of ref./
7

/. Such a 

repulsion means that much energy is needed to draw together the nucleons loca­

lized inside the notential well. 

It should be noted that even the rough estimates exhibit the main feature of 

the empirical density-dependent interaction: the large change in its strength at 

the nuclear surface. It will be shown later on, that this property of the interaction 

is not affected by the inclusion of the surface term into the potential. 

The spin arrl isospin deperrlence of the residual interaction can be deter­

mined if that of the nuclear potential is known. To determine this deperrlence the 

results of the nuclear .matter calculations of ref/
15

/ which give good saturation 

properties are used. The values given in table 1 are obtained by fitting the densi­

ty dependence o f the potential energy of ret/
15

/ with expression (3.2). The coef-

ficients and for the interaction in the spin-triplet arrl spin-singlet s -

states are determined by the corresporrling coefficients in the expression for &pot' 

In ref/ 
1 5

/ the latter quantity is calculatect separately for the two possible S -

channels. 

In the following discussion the two problems are studied: the density depen­

dence of the residual interaction and the role of the surface terms in the potenti­

al. The data on the density dependence of the nuclear potential are given in 

ref/
13

/ where the reaction matrix approach by Brueckner is applied to the finite 

nucleus problem. The additional approximations of ref/
13

/ consist in adopting the 

Thomas-F'ermi expression for the kinetic energy arrl retaining only the first deri­

vatives of p . In ref/
13

/ the f•1nctional dependence on p of the Hamiltonian is 

fourrl arrl the parameters a1·e fixed by the analysis of the data on the nuclei along 

the stability line. According to ref/
13

/ the density of the potential energy is given 

by 

& 
pot 

2 
- -81 p 

2 •/a a/a 
+ -3 -· To "2 P 

2 
+•a<Vp) (3.4) 

for equal proton and neutron densities. In eq. (3.4) a 1 , a 2 , a 8 are in general 

density-deper.ctent para·meters related to the reaction matrix, 

s tands for the gradient. 

To a 5,73 and '\1 

The coordinate dependence of p is obtained in the Thomas-Fe rmi a!>-

proximation by the variAtional procedure. Varying the density distribution so that 

to 'Tlinimize the total energ y, one obtains the differential equation for p w ith 

the binding energy per particle as a Lagranc4e multiplier. However, the> solutions 

of this differential equation do not decrease exponentially at large distances. The 

latter property of the solutions is characteristic of quantum mechanics arrl the lack 

14 



o f it i s d ue to t ile break down o f the Thomas-F'e r m i a pproxi mati o n a t l o ·\ densi­

tiPs . 

"'h . / l3/ b f . . . T ' e solut iOn s of ref. o e y the o U oWJ ng boundary condll to ns. he d ensi-

ty p and i ts deriva tive va nis h a t a d i stance fro m the centre o f the nucle-

u s and rema i n s e q ual to z e r o a t l a r ger d i s tances . T h e q• ta ntity a ppea rs to 

b e o nly s o me what la r n,er than th e nuc l eus r a dius , and the solutions obtained i n 

such a way ~ ive r~ood esti ma te s for the fall- off dis tance a nd the binding energy. 

It is eas ih· seen, however, tha t t h e above sol u tions c an not be used in 

th e pres e n t ca lcu..l a tion. The bounda ry c onrlilion o f r e f.J1 3 / d e ter mines a p r iori the 

d ens i tv d epemenc e o f th e n u c lea r p o tent ial: it i s equal to z e r o o utside the nuc-

l e u s, d e c r eas e s bv the bind in~ ener <~y per partic le t: • 8 M eV a t the p o i n t R 

and di ffers fro ~, t' •is v a lue by U1e Thomas-Fermi ki netic e ner gy ins ide t h e nucle­

us. Thus one ha s 

2/3 
I I = - ~: b - T F y 

The res idua l i n tera cti o n i s then g iven by 

l .' - 1,'3 " • 
r = - y · l'i(r

1
- r

2 

(3 . 5) 

(3. 6) 

(the units a re the same a s in table 1). 'The r e sidual interac t i o n o f eq. (>. G) di-

ver g es a t t h e nuc lear sur face where y = 0 . In e q ( 3 . <1 ) the C o u l o;nb t>ne r q,y i s 

n o t taken i n to acco unt. I nclus io n o f the Coulomb e nergy i n ll •e flnmi ltonia n l e a ds 

to a c e rtain cha n ge i n t h e value s o f the coeffi c ients i n e q s . ( l . >) , (>.0) but does 

n o t r emove the d iv erg ency e xh ibi ted by e q. (3. 6) . 

In o rde r t o c alc ulate the r esidua..I interacti o n a t tl•e surface one has to 

avo id the use o f th e Thomas-Fermi method, o r i mp rove the b o u nd ary conditions . It 

is not the s ubject of this pape r to solve t h is probl e m. In w h a t fo llows the c o nt­

ribution o f the v olume part a nd surfa ce ( i.e. g r ad ient) part o f t h e res idual interac­

tion is e s timated s e par a tely . T o this e nd t h e la tte r i s wri t te n in the fo r m 

~ 

r- <- d- 0 <pll . fi (; 
dp2 p o t 1 - r2 (3.7) 

with t~oo t (p) d efined eq. (3 . 4) . According t o /
1 3 / the density dependence o f th e 

parameters a I i n eq. (3. 4) i s due to the r epuls i ve c o r e contribut ion 

t o t he reactio n matr i x a nd i s essentia l o nly fo r the q u a nti ty • 
1 

rica! para m <>te1·s o f re f. /
13

/ a rd in p a rticula r 

a 1 ~ 402 ( I - 0 .24 / / a ) ~l e I fm 3 

15 

U s i n g th e e rnpi-

(3.8) 



one has 

2/8 ~ 
F vol - (-5 , 6 + 5 .9y )8 ( r 1 

.. 
-r 2 

In order to take into account the surface term in 0 pot 

(3. 9) 

one can take the 

corresponding variational derivative of it. T his g ives a velocity-dependent d elta­

interaction, the effects of which depend on the density distribution a t t h e nuclear 

surface and thus are difficult to be determined, To e sti'I'IB.te thi s ter m o ne c a n 

g uess a p roper shape of the density distributio n. Assuming it t o be g iven by the 

Saxon-Wr,od s formula o ne has 

F 
s urf . 

3 a a Po [ 1 - 6y + 6/ ]I> ( , .. , 

b
0 

·TF 

~ 

- r2 ) ' (3.10) 

where is the fall-off parameter of the Saxon--Woods distribution. The latter is 

surely a g ood approximation at large dis tances from the centre of the n u cleus, 

but may lead to considerable errors inside it, · The value of • s of ref./
13

/ can 

not be used here since it is obtained in the framework of the Thomas-Fermi me -

thod whUe the object o f the present discussion is to examine the surface term 

avoiding . the use of this approximation. The value of this coefficient can be de­

termined from the requirement that the residual delta-interaction should give a good 

approximation to the nucleon--nucleon interaction outside the nucleus. U the latter 
&V ~ 

is assumed to be r~iven by 1., a -48(~ - r 2 ) 

3• 8 Po 
one obtains --;;r- • -- ~ 1.6 . 

b TF 
Then the residual interaction is 

2/8 2 .. 
F'a)-4+5.9y +9 6 (y - y] )8 ( r 1 -r

2 (3.11) 

It may be noted that the above value o f the coefficient •a is close to that of 

ref./
13

/. With b • 0.55 fm the above proc edure gives •a • 34 MeV fm
5 

which 

is close to the lowest li nit for a 8 of ref./
13

/ ( a 8 • 36 meV fm
5
). On the other 

hand, the value of this parameter is proportional to the difference between the 

mass of a free nucleon and its effective mass in the nucleus, which is too large 

in the Brueckner approach used in ref./
13

/. 

The surface term in eq. (3.11) has a deep minimum at y • X . Because of 

it the strength of the residual interaction changes at the surface much more rapid­

l y tha n it follow s from the interpolation formula of rer/7
/ o r from eq. (3.3) . The in­

teractio n g iven by eq. ( 3 .11) i s s trong l y a ttra ctive a t the s urface w h Pre the <i <'n-

sity i s la r g e ( y ~ X) This i s the '11D.in quanti ta tive result wl 1ich th e inc lus i o n of 

1(, 



the surfac e terms leads to, 'I'he strong attra ctio n betw een the n ucl eons whic h is 

displayed by the surface term In the residual intera ction may be important for the 

nuc l ear s tructur e calculations. 'I'he latter remark is j u stified b y the res ults o f 

r e fs ./
10

• 
11

/ whe r e the s urface delta-interac tion is con s idered. 

'I'h e abo ve c onsidera tions conc ern only the p a rti c l e-hol e part o f the res i­

dual inte r action. It was pointed out in s ection 2 that the res id u a l intera ctio n in 

th e partic le-particle and hole-h ole chan nels coi n c ide with the r eactio n mat r i x in 

e q . (2.19) (this will be p r oved in section 4). It i mpl i e s a c erta in c h a n g e i n the 

above technique for the c alc ula tion o f the partic le - particle (ho le-h o l e) p a rt o f the 

residua l d e l ta-intera ction c o nsidered in this s ecti on. 'I'o c a l c ula te th is p a rt o f the 

interacti o n o n e can use eq, (3.1) b u t in this equatio n th e reacti on matr ix a nd the 

parameters d epe nding on it should be c ons ider ed as con s ta n ts .vhen the deriva­

tive i s tak en. 'I'he d e nsity d ependence of the s e parameters sl1ould b e introdu c ed 

o nly i n th e final expressio n for F In the c alcu la t i o n s o f K u•11a r e t a/
13

/ th e 

dens itv deoendence o f the rea ction matrix is r epr esented by tile <:! ens i t y d e p e n-

denc e o f th e pa rameters • 1 , • 2 , • a in e q , (3 , 11 ), Dy anal\·s inr; th e d a ta on 

the bindi n c; e n P.r •; i e s a nd the fall-off dis tanc e s in tile dens ity d is tr ibuti o n the y found 

that only • 1 , depends strongly o n the den s ity p wh i l e t ile (' -<l e p e ndence 

of the o ther two parameters can b e neglected, Fro m e q. (3.9) fo r • 1 it fo llows 

that the parti cle-parti c le (hole-hole) part o f the r es idual del ta in te r a ct i o n i s g iven 

b y 

p art- P&rt 
~ 

-r 2 (3 .12) 

'I'he c oeffi c i e n t fo r the delta-fu nction in e q, (3.12) is very c lose to z e ro ins ide the 

n u c l e u s wher e y - I 'I'he interactio n (3,1 2) differs from th e partic le-h o le o n e b y 

1.6 insid e th e nuc leus and coinc ides with it o utside the nuc leus . F'o r the e mptrl­

cally determined parameters of the residual interaction o f rer./
7

/ such a c hang e 

means th at in c ontras t to the Interaction in the partic le-hole c h a nnel, the interac­

tion in the oarticle-particle chann el remains a ttractive every where. 

4. Residual Interaction in the !'article-Part ie ! " Channel 

As it was s h o w n in Section 2 it is i mp 0ss i b le t o n e t a n ,· info r •n3.ti o n o n t l1e 

oartic le-partic l e part o f the r e s idual interaction if t ile den~ i ty •natr ix K 

b y , e q . (2. 2) 'lnd o n ly th e li near te r ms i n SK are r e tai ne-d . Th is i :; hec·ause 

1 7 



the only nonvanishing matrix elements ot 8 K are in this case of the particle-

hole type. Such a property of the density matrix (2.2) is closely connected with 

the fact that the number of particles in the system does not change when the 

density matrix varies. 'l'his remark alone suggests that to obtain the particle-par­

ticle part of the residual interaction it is necessary to pass from eq. (2.2) t;, eq. 

(2.4) defining the structure of the density matrix in the generalized Hartree-Fock 

theory. Though the g eneralization of this type appears to be especially important 

when the pairing of the supercorrluctive type is strong, the authors confine them­

selves to the case when no pairing is included in H 0 i.e. when the matrix 

is taken from eq. (2.4) but the block 

arrl Bx of the matrix BK = K -K 0 

Xo in it is equal to zero. The blocks Bp 

in eq. (2.14) are at the same time treated 

on the same basis, and this constitutes the generalization in the procedure of 

this s ection compared to that of section 2. 

The equation for K now reads 

(H(K),K]a 0 (4.1) 

with K given by eq. (2.4) arrl 

H(K) {,: ~:.) (4.2) 

The operators h arrl p. deperrl on K according to equations 

b
1

aT
1 

+ tr
2 

G 12 p 2 +(e
0 

V 1 )d -(4.3) 

P. 1 = tr 2 G 12 X 2 + ( e • V I ) orr 

where T 1 is the kinetic energy of an i -th particle, from which the chemical 

potential is subtracted. The operator G is the reaction matrix. For the same 

reason as in section 2 an external field is included in the self-consistent paten-

tial too. The term ( e q V ) d represents a field conserving the number of par-

ticles and the term ( e • V ) orr describes the changes in energy induced by an 

P "'dra pair of particles (or holes). 

The o perator G deperrls in g eneral on the density distribution and on the 

c o rrelations between the nucleons in the state determined by the density matrix K 

From the dis cussion of s ection 3 it follows that the rlensity dependence of G is 

18 



essential and strongly affects different properties of nuclei. On the o the r hand, 

one cannot e x pect that the pairing c orrelations in the nuclear matter produce ncr 

ticeable effects on G Indeed, only a small fraction of the nucleons in the 

single-partic le states v near the t o p of the Fermi sea c ontribute to the corre­

lations o f this type. From these remar ks one may assume that the- o perator 

G • G(p) depends only o n the ma trix p which determines uniquely the den-

sity of the nuclear matter. This ass umption is supported by the calcula tions one 

has referred to in section 3 in which the reaction matrix depending only on the 

local density is used (see, in part!culaJ
13

/). 

To write eq. (2.14) explicitly wi th K g iven b y e q. (2.4) it i s convenier.t to 

change the representation f o r a rbitrary matrices which occur in the equatio n s for 

K and H [K I . A matrix A of the rank twice as big as tha t o f matrices in the 

Hartree-Fock theory, desc ribed in section 2 , can be w ritten in the form 

s (I) (I) 

l A a 
•-o (4.4) 

(I) (2) (8) (0) 
where A - (A , A , A l, A are malo-ices of the rank equal to that in the 

Hartree-Fock theory, and th e "quasi-snin" matrices a<ll are: 

(0) 
a 

(0) 
a 

( ~ ~) 

( 0 -~ ) 

(1) 
a 

(3) 
a 

(4. 5) 

T he new representation fo r the matrices i s d e termined by the foll .-,win g fo r­

mulae. The matrix of the shell model Hamiltonian H 0 which i s supposed to be 

invariant under the time invers ion and the density matrix K0 o f eq. (2.7) a re 

g iven by 

I 
(8 ) 

(1 • l v 'v 

(4.6) 

= •-v v 

In the latter equation I ... stands for a diagonal matrix, and I =1 ... I , ... I XX v 

T he indices v,;:; rl e s ig nate the two conjugated in time e igenstates of 11 0 . As 

it is shown in eq. (4. 6) these indices label a djacent columns a nd rows of matrices 

in the g eneralized Hartree-Fock method. 
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'!'he matrix product of two matrices A and B in the new notation is gi-

ven by 

A B - (A CO) B (O) + A.;) u (O) + [ (A (O) ; + ; B (O ) ) + (;X ~) l u . 

'l'he trace of a matrix A is equal to 

(0) 
trA • 2 ~. A 

w w 

(0) 
2SpA 

(4 .7) 

(4,8) 

where Sp stands for a sum over the single-particle quantum numbers, while tr 

d e signates additionally the summation over the extra indices inherent in the g ene­

ralized Hartree-Fock theory. 

Frorn eqs. (4.6) (4.7) it follows, in particular, that 

(O) (0) -+ -+ 
tr A B • 2Sp( A B +A • B) (4.9) 

An a r bitrary two-body operator A 12 in this notation has the form 

8 (I, J) (I) (J) 

At2 • ~ At2 u (l)u (2). 
I,J•O 

(4.10) 

Matrix elements o f it are s pecified by two sets of single-particle quantum num-

bers vl v ~ • v2 v2" i. j; 

stands for the ma trix 

and by two additional indices 
(II) 

A , ' 11 1 11 1 ,v2 112 

'l'he traces in eqs. (2.11)(2.14) are given by 

tr 1 A u 8 2 • 
8 8 (tj) (I) ( t ) 

~ ( :£ Sp 2 A 12 B 2 ) u ( 1 ) . 
1•0 J•O 

i.e. in eq. (4.1.0) Ac:~> 

(4.11) 

From eqs. (4.10) and (4.11) it follows in particular that the "del ta- fun ction 

operator " I 12 in eq. (2.11) has th e form 

I 12 • ~ S., v 
t 2 

8 (I ) (t) . s., . .,· l: u O>u (2) 
I 2 t-o 

20 
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The above formulae are sufilcient to write the expression for the commu­
tatorx/ [g 12 • K 0 l in eq, (2.14): 

(4,13) 

with 

(0) (3) n v -ny' 
A '• A '• -----....... ... .... 

t" -l v' 

( 1) (~) l-n 11 -nv' 
(4,14) 

A,..,.. A 
w .... +ly' 

To write eq, (2.14) in matrix elements it is necessary to analyse the struc-
ture of the matrix· 8 K 

written in the form 
In the "quasi-spin" notation. The variation BK 

is now 

(4.15) 

where subscripts 
and of! stan:i for the diagonal an:i off-diagonal In quaslspin 

lrrlices components of BK The latter are given by 

~ ~ (-) (0) • (+) (3) 
uKd•up 0 +up o 

(-) (I) . • (+) (~) 
BK 011 • Bx o +>ox u (4.16) 

In eq. (4.16) the matrices 

nents of those in eq, (2.4): 

<tl 
Bp Ctl 

Bx are the time-even and time-odd compo-

x For the matrix one has 

3 (I j) (I) ( j) 
gu a s ...... s ... - ... - rl,j..Ogvlv;o (l)u (2) 

with the only nonvanishing components 

(08) (8.0) 

g VII' ""' g , ----
W lv - lv' 

(21) 
-gw ' 
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<±> 
fip vv 

; ,%) 

- ~<fipvv' ± fipil'v l - ± fipv'v 

(,%) (±) (±) 
fix , -~<fix_,+ fix _,>=+fix __ , --fix , 

W VV W IIV VV 

(4,17) 

Because of the supplementary condition (2.6) the variations fip an:i fix 
(,%) (,%) 

(or fip and fix ) are not generally independent. However in the particular 

case considered here ( X 
0 

= 0) the restrictions imposed by the condition 

(2.6) are very simple. 'These can be found from the equation analogous to eq, 

(2,23) 

fiK- (K 0 -IlfiKK 0 + K 0 fiK(K 0 -1). 

'The latter implies that 

2 
(fiKd)w'=(nv-nv ' ) (fiKd)w' 

(fiK orr >w ' (n +n ,-J) 2 (fiKofflw ' v v 

(4.18) 

(4.19) 

'The first of the two equations (4.19) shows in agreement with eq. (2.24) that the 

variations of fip are restricted to the particle-hole excitations of the system. 

From the second of eqs. (4.19) it follows that the nonvanishing matrix elements of 

IlK off (or fix l are confined to the excitations of particle-particle and hole-

hole types. 

'To write the final expressions for the residual interaction it remains to de-

termine the variation of the self-consistent Hamiltonian fiH ( K l . 'This is given 

by 

with the diagonal (fiH d l 

with eq. (4.16): 

fiH fiH d + fiH011 

and off-diagonal (fiHoff) 

(-) (0) (+) (8) 
fiHd =fib u +fih u 

22 
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<-> (I) <+> <•> 
8 H oil • 8 p. U + i 8 p. u 

(4.21) 

lf the reaction matrix is invariant under . the time Inversion and antisyrnmetric in 

Indices v1 v; ( v0 v; ) , then for the quantities 8h <:t> , 8p. <±> one has 

(4.22) 

<±> <.:t> <±> 
<Sp. h • (8p. 0 )

1 
+SpoG1 0 8p. 0 1 

<±> ( 
where 8h 0 and 8p./-' are ti'1le-even (+) and time-odd (-) components of the 

quantities 

(4.23) 

and, finally, 

(4.24) 

Using the commutator [ g • K 0 l given by eqs. (4.13)(4.14) and the above 

expressions for 8 H (see eqs. (4.20)-{4.24)) eq. (2.14) splits into four uncoupled 

sets of equations for the matrix elements of 8p <:t> and 8x<:t>. These equa­

tions read 

<:t> 
<8x > 

(4, 25) 

'I'he first of eqs. (4.25) coincides with eq. (2.28). When 

(4.26) 
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• 

it represents the changes in the nuclear state (or the polarization of the nucleus) 

which take place if a particle from an orbital v 1 is transferred to unother orb!-

tal v2 • It ijl seen that these change s are represented by a two-body residual 

interaction operator F 1~ ±> of eq. (4.24). In the same way the p o l a rization of a 

nucleus produced by an extra pair o f particles (or b y two holes) occupying two 

states v 1 v 2 above the Fermi suriace (or below it) is giV>'>n by the second o f 

eqs. (4.25) with 

1 -n -n 11 ~ 

v 8JL , - <8x l , • 8 8 , 
t ll + t v' vv o 1111 w 1 v v~ (4.27) 

Again the polarization is accounted for by a two-body operator. In this case the 

residual interaction is just the reaction matrix G 12 . The two different expressions 

for the partwle-particle a rrl particle-hole components of the residual i nteraction 

operator can be c ombin ed in a formula 

where 

arrl 

d 

F't~ = 

+ 

F 12 = 
8HI 

8 K 2 

(d) (oil) 

Fu + rl• 

(0) <Ol 8G u ) / l + 
u (l)u (2) I G + Spa (-::-Fr p-po a 

12 8p 2 

0 (8) (8) 8 G " ) o p 8 
Cl (l)u (2) !G 12 + Sp s (Bpffi P•P 

(I) (I) (0) (2) 
F

12
- !> (u (l)u (2) +<> (l)u (2))G 12 

(4.28) 

(4.29) 

(4.30) 

The effective delta-interaction can be obtained in this case In the same way 

as in section 2. It corresponds again to the approximation for the self-consistent 

potential in which the latter Is determined by the local va.lue of the particle den­

sity. The discussion following eq. (4.26) clarifies the physical meaning of the appro 

xi'llation used In transition from the self-consistent eqs. (2.1), (2.8), (4.1) to the 

perturbation expansion, based on the shell model Hamiltonian H 0 of eq. (2.7). 

The perturbation theory is va.lid if 8Kw ' << 1 for all v arrl v The necessary 

conditions for that read (8p 0 lw' « 1 •. Now, the latter unequalities mean that 

the probability to reach any of excited states of H 0 acting on the shell model 

g r ourrl state K o by the operator 8H 0 = e a V + H(p 0 l- H0 is smalL 
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Table 1 

Particle-hole part of the residual delta interaction 

1 2 J 4 

--
fav 

ex -J -5 -2. 2 -2.8 

fav 
in 

+1 +0.9 +0.8 +O.J 

rPP -J -1 -1.6 ex 

rPP 
in +1.2 ·+0.2 -0.2 

fpn 
ex -J -J.J -4.1 

fpn 
in +0.6 +1.5 +0.7 

gPP 
ex +1 +1.2 +1.5 

gPP 
in +1 0 +0.1 

gpn 0 ex -0.4 -O.J 

pn 
gin 0 +0.4 +O.J 

T h e pare.meters of the res idual Interaction in the form 

F 12-{I ex+ (I In - I ox ) Y +[ 8 ox + ( 8 In - 8 ex ) Y]; I ;; 2 IS (;"I -; 2 ) 

are given. The empirical values of ref./? / are g iven in the column (1). The cal­

culated values a re obtained by fitting the data on the nuclear potential with 

eq. (3,2) . ln the latter the parameters are fixed: (1 ) by the conditions Eo a WmeV, 

T F -35 meV (·column 2), (11) b y the results of ref./
15

/where two different expres-

sions for the nucleon-nucleon lnterastion fo r c e were used. Column 3 corres-

ponds to the Reid's (hard core) and column (4) to the Bressel-Kermo.n's Revised 

(soft-core) nucleon-nu cleon interaction. The quantities I and g are g iven in 
T 

units of } _F_ - 130 MeV. The quantity y -p<7'l / p
0 

being the den­
P. 

slty at the point ?1 - i 2 related to Its mag nitude at the centre o f the nucleus. 
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