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The spin-dependent forces appear to be verT important on analTsis of a number of 

qualitat ive f eatures of tte nuclear structure,The spin de~~ndent forces, for example, 

define the coupling momentum rules in odd-odd nuclei and the spin-splitting of the 

two-quasiparticle states in even-mass nuolei1 • These foroes affect significantlT the odd

-even shift in a rotational band with K:O 1 •2• The spin-dependent forces are responsible 

for the magnetic polarization effects in odd-even nuclei 3 , 

It is natural also to attempt to clartfy the spin interaction effects in the collecti

ve moti~n of nuclei. 

The present paper is devoted to the studT of the spin quadrupole interaction effect 

on the properties of collective a+ and 2+ states. The pairing plus quadrupole as well as 

spin-quadrupole interactions model is developed using the approximate second quantization 

method 4 • It is shown that the introduction of the spin-quadrupole interactions does not 

lead to a simple renormalization of the constants in the microscopic the orT of collective 

excitations developed in recent Tears see, e,g, 5- 11), 

The spin-quadrupole interactions affect significantlT the properties of monopole 

excitations in even-even nuclei, TheT affect noticeablT the ener87 and E2-trans ition pro

babilitT, It seems that the spin-quadrupole interactions maT be responsible for the 

appearance of a new branch of collective excitations below ( or near) the ener87 gap , 

For a certain strength of the spin-quadrupole interactions the appearance of new 

2+ states below the two-quasi-particle excitation ener87 is also possible, 

The paper presents the numerical calculations of energies, transition probabilities 

and wave functions of o+ states for nuclei in the region 150•A•l74,which were performed 

with an electronic computer, The numerical calculations for 2+ states will be 

published as well. 

II, Theory 

The effect of the long-range spin- dependent forces on collective motion in single

-closed shell nuclei has been first investigated bT Kisslinger 12 • He studied the 2+ vibra

tional states , using pairing plus quadrupole or spin-quadrupole forces, It turned out that 

the spin-quadrupole coupling parameter estimated from the empirical energies of 2+-sta tes 

must be chosen about five to ten times larr,er than the ordinary quadrupole one . From the 

comparison of the calculated transition probabilities B(E2) as well as the energy levels 

in the odd-mass nuclei with experimental data it was concluded that the quadrupole force 

is the maj0r component leading to the 2+ collective vibrations . This is connected mainly 

with the importance of quadrupole interactions within a shell, while the spin-quadrupole 

effects MaT result from interaction between particles filling different j-levels onlT, 
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But the large energr shifts in the odd-mass nuclei can result from an addition of spin

quadrupole force whichhas little effect on vibrational energies and ·the B(E2) values. 

T~e effects of quadrupole and spin-quadrupole interactions mixing appear to be small 

in these nucl ei and have not been considered by Kisslinger. The single-particle levels 

are two-fold degenerated in deformed nuclei and the interaction between particles in 

different levels is expected to be more significant than in spherical nuclei. 

1. The Interaction Hamiltonian 

The spin-multipole interaction operator is extracted from the multipole expansion 

of the usual spin potential V(IF.: - r,. 1) 6,_ if~ , where 0: are the Pauli spin 

matrices and f. are the radius-vectors of particles. For simplicity we have assumed the 

radial part to be s eparable as in the case of the quadrupole force) and we get the spin-

-multipole force in the form: 

-~( l)L r. " r: ~ L p" ( K,cr) 0 (>< , G) 
t K \ 2... rn l m I tm.. 

(1) 

where 

P.em (K,6) 
L ( K i ~ -r 1 l m > IJ K 'l- ( e, 'f) G,. 

<t, '< 
(2) 

.Y"q, ( e, !f) are the sperical harmonics, 
6e (~) 

t 
is the spin-multipole coupling 

constant. The collective s tates, formed by interaction (1) will have the angular 

momentum component along the nuclear symmetry axis and parity KTt = 71l (-!)" 
In par t icular for o+ and 2 + states we take into account the contribution of the term 

with k=l =2 . Taking into a ccount the interaction (1), we write the Hamiltonian in the form: 

H = H.., p + H r" ' r 
(~) 

+ {: H cofe I (J) 

where 
H = L (E.., - >-) a:f a~r ( F = ±) 

' (4) 
~ - r "'· r 

) + t-H _ -= L (- G CLH a._ a~·- CL·+ 
pa tr . ~ . ;1 ' (5) 

( l ) • (l) 

(l) =- }(''!- TT T - ;e .. TT T 
H cofe 2 t ')., 2 t t 

T = L t .· , a:, a .. f'. (6) 

"~- "'···. r.f f' · r 

T = L t, .. . a:f a •. r' 
-t • . •·. F.f' I' · f' 
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E, are the single-particle energies; .. 
pairing interaction constant; Gt~p and 

~ is the chemical potential; G is the 

Ci~p are creation and annihilation operators. 

are single-particle ma trix elements of the quadrupole and 

spin-dependent interaction, respectively. The USU&l multipole and spin dependent interact-
re ; rtJ 

ions are involved with corresponding coupling parameters d-£2- and Jf-t in the collecti• 

ve part of the Hamiltonian (J) . In all expressi ons the summation over the neutron and pro

ton one-particle states is assumed.For the sake of simplicity, we assume farther that Jeie) 

{ ffe~ eJ) is the same for (n, n), (p,p) and (n, p) interactions. 

The single particle matrix elements C/_,p ; ''f'' and t •r : ''P' bas different propert

ies under the index permutation and time reversal: 

C[ , •. = (H)rt(y.t'm + Y.tm)\~'+> = fl.+ :>'+ 

a , = 1 ~+\rt(Ye"'m + Ytm)l~'- > = q .. =- Cf, •. + •. ,_ =- q, •. , V -3~ '- d +; -... -

t ~ ' +j--t. _= t d,~ 

All the diagonal spin-multipole matrix elements are equal to zero. 

Let us subject the operators GL~f to the Bogolubov canonical transformation; 
-t a ,f' = ll~ J. , _P + p 11, J. .,P 

i 

(7 ) 

(8) 

where ely and d.. ~F are the quasiparticle creation and annihilation operators, r es pec-

tively, and U. , and 1J, 

lit we get the expressions: 

are the transformation parameters . For the operators 11~ and 

+ h; U ••. l q, ,,. ( (,. + A .,. ) 

q," . (A:,.+ 7\.,.)1 + 
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T = L_. { M,,. ( t,,. B,,. + t ... "B., .) + 
t ~.1' 

+ Fz L •• · [ t,,. (<,· - A,.·)+ -f. •. (A: •. - A,,.)] 
(10) 

V..o· = u. u •. - 1!. 1!.· U , . = L.L, v •. + u,. 11. 
(11) 

M.,. ~ U., U,• + 17, v,. ; L .. ,· = u.~· - u •. ~ 

The operators 8,.· , 8 61• , A, . and A.,. are introduced in re!. 11: 

B.,,· = L ct.:f d- .,.(' 
f' 

+ B,,. = ~ p ci..._. _, d...,., 
(12) 

AM' " fz y Pd... •r d...,·-r ; A.,. = ~ y d.....,r cJ-..,,f' 

The quantities T'! and Tt contain various !actors connected with the canonical 

transformation parameters (B) . This i s due to the different panties o! the multipole and 

spin-multipole interaction under time reversal. 

Let us introduce the phonon operat ors by the !oDDwing transformation: 

A: .... + A ~-')· 

- + -
A,,+ A,,· 

L ~ : •. ( Q> 0,) ; (,. - A,,.=- ~ ~~· (l'i(- 0.) 

y ~~,· ( Q,+ + Q.) - + -
A.,. - A,,. L, w-'. (0+- Q.) 

. d-i I \ 

' 

(lJ) 

I . - , · 1..' - • 

In the general case J•>' , 8••' , '\.IT,,. , 'tJ;;~ · are the matrix elements o! rectan-

gular transformation matrices. We determine the inverse transformation in the form: 

+ 1 r < ( + ) - , ( - • - )] Q + Q = ;r L_. L '11(.,. A.,.+ A,,. + tv_. ,. A.,.+ A., · 
t I ~.~' (14) 

o:- o. ~ , r ' ( • ) - · , -• - )] 2 ~· L ~·· · A.,. - A"· +~···~ A .,. - A ,~· 

From (lJ) and (14) and from the linear independence of the operators Q, it is easy to 

obtain a condition on the transformation parameters: 
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t '~ ~~ 

~. 1' 

Considering A _..• , A 11 E 

ion is disoussed in detail, 

Q, 
We assume the vacuum expec1 

tely zero . 

To simplify the notatJ 

B,, . and B,,• as well as 

etc . only when necessary. 

The Hamilt onian (J) if 

operators(for a certain muJ 

(ll " 8 H "' lj " • ,, -
1 

- .1. de reJ 6 R ~ 
2 y ' • 

+ f ~:()~ R,T 

~- d{ (l ) L, R :2_ t 
, · t ' 



') J 
(10) 

(11) 

•d in ref. 11 : 

(12) 

connected with the canonical 

panties of the multipole and 

ransformation: 

(f!(- 0.) 
(lJ) 

matrix elements of reotan

lBformat1on in the form: 

(14) 

operators Q; it is eas;r to 

z. \ 1JJ~;·· ~~~· + iJ~ •. 8~· .. ) = 2. 8;.:' 
-6, ~· 

(15) 

From the index permutat ion S7JDIIIe tr;r fo r t he oper ators A .o' a nd A, •. we ge t also the 

conditions: 

( 16) 

Now the operat ors T'l- and Tt a re of the form: 

'Ta = L . V, •. (.tt.,. B ••. + ~ • .- B .. ·) + z:_. R.'l ( Q, ... _,_ 0. ) 
v ~.-1 t (17) 

Tt = L. M".· (-t ... B ••. -.. t,. B ... ·)+ L R: t t;( - Q,) 
~. 6 t (18) 

R( = )z ?;. v",. \ct ••. ~~ •. + ~ ••. 8: •. 
(19) 

R~ ~ A- ~ L" •. ( -t ••. u; .. + *··· W:~·) 
..-\, 1' 

(20) 

Considering A,,. , A •• and Q; to be approximatel;r Bose operat ors ( this approximat

i on is discus sed in deta il, e.g. in r ef. 11 ) we determine the phonon vao uum ~ b;r 

(21) 

We a ssume the vacuum expectation values of the operators 8,1 • and 13 .. 1 • to be approxima

tel;r zero. 

To simplif ;r the nota tions we further distinguish between the operat ors A.,. and A.,. , 
8,, • and B.,. as well as between the matrix elements, ~ ••, and ct •• , -t., • and { •• • 

e tc. onl;r when necessar;r. 

The Hamiltonia n ( J ) is expr essed approxima t el;r in terms of the B, ,. and Q; 

ope rators (for a certa in multipole state ) : 

H<tl., D c. B ... + ~ L., L... u..v-. (u:, - v,:' ) ~: .•. B •• (Q,++ Q,) 
~ ~ 2. t ~ ~ 

- -f ~&11 ( 1 6 R.'~- L. v.,· ~ .. · L s ••. ( o.+ ... o.) + c c ] + 
I -11 ' 

+ f ~:t)L, R~ E., M,,. t ,, [ B,.· (61.' - 0. ) + c. c J 
' -1'\' 

~ <te_~'J L, R~ R(. (Q,++Q,)(G( ,_ 0,·) + 

, ,. + -1: £:eJ ft. R: R7. ( Q,+ - Q,) (Q,~, - Q,.) 

(22) 



Here t, ffE;~j~ -c-"- -- are the quasiparticle energies, and C ~ (: z;=. U.. V. • The para-

meters U, and 11, are assumed to be determined previously by solving the pairing 

correlation probl em. The pairing interaction constants GN and Gz are determined from 

the calculat ions of the pairing ffiergies. 

The Hamilt onian (22) contains terms which correspond to quas ipar ticle and phonon exci

tations as well as terms of the quasiparticle-phonon interaction. The latter are taken into 

account only in the spectra of odd-mass nuclei. 

2. Collect ive States of Even-Even Nuclei 

We consider one-ph onon excitations of the type: 

(2J) 

Q~ lf = f ?. l (a:~· -r 0~'··) A:,. - (3~·· - w," •. ) A,~·~ '±I 
, ' • r' By means of a varia tional procedure we determine the parameters ~.,. and "'•;' and ~he 

one phonon energies ~i ( the latter are f ormally introduced as the Lagrangian mutlitpliers): 

6 { (Lf Q, H (~J Q,t Lfl) - ~· (?2 1A1:, 3:,· - z)} = o (2~) 

Using the variational procedure we can derive from (2~) the following set of equations 

t,,~· ~~, . - w, 'W~,.- G(lL~-V:"")d"; ~ (U~-1! .. '-)3~"-
u.J '~-

- '2Ji' ~'J. R, U'o,· C[..,. == 0 
(25) 

C.,~· w :~· - w, 3 i,· - G 8,,. f. w~'t. 

(f-) t 
- rLfi: 6-£-t. R~ L,,. t,,. == 0 

where E.,l, = E 1 + E ,.• 
The diagonal terms are included to eliminate the spurious o+ state 6 

After combersome calculations, which are omitted here , the equation for W; (index 

i stands for different solutions)oan be written in the formx 
X) ~~ (~ 

We omit the s uperscript of .let a nd dC-t. 
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F'(w,) = Fo (w,) 

Fo(w;) = 2 L E"'~ ..... c.; 

lp(w,) = 4 C2L ~ 
<> 

~(w,) L_, ~~ 
",. c. 

'7(w,) =L., 
,,. c. E, 

(j(w,) = L~ , , . 
4-

E. 

S(r..J,) = 2- L -
" ,. 

X(w,) = Z L 
" ~ ' 

, ~(W.) , "((' 

proton single-particle states 

run over all two-quasi-particl• 

Eq.(26) i s written for the o+ 1 
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teractions, respectively. In.tl 
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contain no diagonal terms, thei 

affects them. 
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• The para-

•olving the pairing 

are determined from 

1particle and phonon exo1-

The latter are taken into 

(2J) 

~;,. and w,~· and the 

the Lagrangian mutlitpliers) : 

(24) 

Lowing set of equations 

(25) 

,+ state 6 • 

equat ion for W, (index 

with the definitions: 

4-C 1
- w/·+ 4 (E~ - >.)(E,. - .A) 

E,. c,· ( 4 c," - w!· )( 4 E,':' - w['- ) 
2. 2 

E61' L~~~ t~1' 
E<1~' - c..vt.~ 

We: ud1r q,d-1 ' L~~· t~~, 
E-1~' - Wt.7.., 

(26) 

and o(t.V,:) summation over the neutron or over the 

proton single-particle states is assumed. The sums in F0 (w;) , S (w.) and X (w ,) 

run over all two-quasi-particle states with the projections, which couple to a given KJC 
Eq.(26) is written for the a+ and 2+ collective states x. Putting ~~ or ~f~ equal to 

zero we obtain ' the equations for the case of pure quadrupole or pure spin-quadrupole in

teractions, respectively. In. the general case in eq. (26) there is a term X (w,) corres

ponding to the 'luadrupol e and spin-quadrupole interaction mixing. Note that • S (w,)and X(w.) 
contain no diagonal terms, therefore the exclusion of the spurious state by no means 

affects them. 

x) The spurious 0 ... state is eliminated and tne solution with W=O ls excluded from eq. (26). 

The tcnu <f(w)/ '[(w) is due to elimination of a spu1·ious O"' state . 

9 



Let us analyse in more detail the structure of eq, (26). We write it in the fora: 

1{1R.'/. = p ( w ; , at't ) , 

p(w: ,~ .. ) ~ F (w ,) + ~t X 2 (o.J, ) j[i - ~t, S (w , )] (26) 

As 1t was shown previously 11 the function f(w :) has the first order pole s , when 

[(w) ~ 0 and for W = c, ,• ( the former for o+ states only), The functions S (w.) and XCUJ,) 
have poles of the first order only for W = E ,; , The total function P(w., de_.) has poles at 

f (w) - 0 and at points where i - £1: $ (w ) = 0 ( we call them spin poles), The position of 

the spin poles depends on the choice of ~~ Therefore for a certa in choice of 6t+ 

the first spin pole may lie at a lower energy than the first pole of (; (•» ) 0 , This makes 

it possible to obtain two collective o+ states ~elow the energy gap. 

For the 2+ states the function P(u.J:, 0{-t) has no poles of the type i)(...:! ) = 0 

The solution of eq. (26) depends on the position of spin poles only ( intitead of the former 

<.J = f 01•poles of F0 (w ) ), Now each spin-pol• appears at the energy c.J 4 c .. •,if *-t *0 

It means, that for a certain dft the second collective 2+ state may appear below the 

boundary of two-quasiparticle excitations. 

For ~, larger than 1/S(~=O) the lowest spin pole becomes imaginary as is seen 

from the equation 
i. - ,JetS (w ) = 0 

The experimental observation of the second collective o+ and 2+ states below ( or near) 

the two-quasiparticle excitation boundary give a good support to the existence and 

significance of the spin-quadrupole interactions. In principle, it is possible to 

determine the spin-quadrupole coupling constant ~t by the use of empirical mergies of 

t hese level s . 

Using (15 ) and the variational equations (25) we can derive the following 

• o r ' express ions for ~ 1 1 • and w ") 1 • 

, - .r: ~---~- -~ { E d~~· - y2 Z (uJ,,¥.._) - ~·· " u ... rz ••. 
EH. - wt2 

+ 

+ f)( w , , Jf~) 
w L 11 ' L., 
c.!· - w ,z. 

(I , 2 C f. (w,) J o •• 
{'(w:) ('+ c} ·- w/-) 

.. J -- ~1 w, u. ,. ~"· LV., .,. = ~ '2 / l. (w, ,i'f, ) 1--;;:- - ,-: -t- O(w;,£ .. ) 
c"· - L>.J, 

10 

E-:\1' L 1 1' ·t ")·}' 
- td~-:--=---:;;: 

(27) 
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For Mt > 0 one can show tl 
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spin-quadrupole interactioJ 

function of this state, Tbt 

significantly at the expen• 

tudes one can obtain the rt 
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'U5~1 ' (ctt~ -= ( 
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It is seen that the oontrit 

dom~na.e for the state near 

Pairing interactions increa 

role of the particle-hole c 
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._) l 
w,''-) J 

(27) 

.K_, XCu::>.J 
( 2. 8) 

( 2 9) 

~(w ;,Je ,) is expressed 1n terms of the deriTatives of r::
0

(w.), S(w,) and X(LD,) 

'ilw;,¥t) = 1_.. { v;~w.) -t- 2 Q(w;,de-t) 

+ o\w, .~) ;~(uJ;) J 
CJ X(w,) + 

'CluJ (Jo) 

For the 2+ states all the diagonal matrix elements vanish and the above formulas are much 

simplified. 

The diagonal two-quasiparticle amplitudes ~ :~ and w:~ in one phonon wave 

function of a o+ state are affected only via c(w;, dft) ' namely: 

3·d~~o) -w.~(X~H) =[ l_(uJ;, .l(+ = o) ]1(2.. 
311 ( K t - 0) 'tJS ,, ( ~ ~ 0 ) Z ( '-"; , d<t f o) 

For d!t > 0 one can show that for the first o+ state :Z.(w, d<t + o) > Z (<..J, aft = 0) 

(Jl) 

C because the :l(w, .~e.t) is proportional to the uP(w,/J(t) / 'Ow ). This means that the 

spin-quadrupole interactions reduce the contribution of diagonal amplitudes to the waTe 

funotion of this state. The amplitudes of quasipartioles in different levels may increase 

significantly at the expense of the diagonal configurations. For the nondiagonal ampli

tudes one can obtain the ratio 

It is seen that the oontribution of nondiagonal two-quasiparticle configurations may 

domrwr•ll for the state near spin pole energy, when \ 0 (<-J, a{t) I >7 i 

(J2) 

Pairing interac tions increased ( through the Cdi' L ••' and U .,• factors) the 

role of the particle-hole configurations far off the Fermi surfa ce. 

11 



Thus che spin-quadrupole interactions can chang~ noticea blT the s pectroscopic factor 

values, whi ch are propertional to the factor f ( 1«' + W,o') ;, • This change ts to ba 

observed bT means of transfer reactions. 

The spin-quadrupole interactions can affect the structure of the 2+ s tate wave 

function, especially in the case when one ( or several) two-quasiparticle configuration 

i s dominant, if !tt 0 

3. Decay Properties of o+ and 2+ States 

Let us consider the probabilities for E )I transitions from o+ and 2+ states. 

8(E2, o·-

x I eefl P(• 

Here 1n ~rot (w) and Xl'rot 

The EO-transition reduced 

P~ =_f_" I e; 
;_ 2 Ro 

The electrical multipole transition operator + e, 

dOl (A~) ~ l~~ f (AJ') 

'r '''f' ·r·•'r' a:1 a.'t ' (J3) 

utilizing the canonical, transformatjon and separating the collective par~ maT be written in 

the form . 

) 
.,-· :z. J: fU;--J >' , r Uf') ool.Uf- - L_. :z. v. •1' "''' + L__, v,,. J , 8 .. + 
'\~· :::) 1' ~ j -1-:J 

+ .~ L, "G u.,. ~;, . f ~;,! ( Q,+ + (), ) 
v2 .: ~~~ 

(34) 

(~I") 
where J , ,' the matriX elements of the E ~ transition between the one-particle sta-are 

tes. The sums in (34) run over all the proton states. Utilizing the se cond quantization 

approximati on one can derive the expression the for the E ).. transition matrix element as 

follo~ 

M ( E >-1 ~ !!..f. r u . Cl •· , f (Af'J 
t Vz ~-:. "1-1 d 11 11' 

(J5) 

where ep is the proton charge. 

In cutting off the summation it is necessarT to introduce the effective charge 

and taka the contribution of neutron state s into account 13• We introduce the effective 

charge in the fo l lowi ng manner 
, 

e (' 
12f + P •H P" = e •H (J6) 

Consi der E2-transiti ons of the tTpe o+-- 2+ ( excitation of 2+ state or decaT of 

o+ state t o the r otational 2+ state) . Using (35) and (36) we get the reduced proba

bility in single-particle units x): 

x) B(E2) = 0,3 A"1'e 2 fm 4 

s .p. 

12 

where R0 is the nuclear 

in 14 
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.ective par~ may be written in 

dl + 

( J 4) 

between the one-particle sta

tg the s econd quantization 

tra nsition matrix element as 

(J5 ) 

• t he effective charge 

'e introduce the effective 

(J6) 

' of 2+ state or decay of 

get the reduced proba-

(J7) 

Here in ~rot (w) and Xl'rot (w) the summation is over the proton single particle states. 

The EO-transition reduced matrix element may be written in the form: 

+ 

(Ja ) 

where !< 0 

in 14 

CEO) 
is the nuclear radius. The single particle matrix elements f ~, · are derived 

The spin-quadrupole interactions affect significantly B(E2) quantity near the spin 

poles of p(w,<ll't). Then O(w,K._,) sharply increases and l ('-",<Kt)~ o?UJ,<K,) ()r.) ~~uJ) 

The B(E2) quantity can be roughly estimated as 

Since the contributions of the two-quasiparticle states to X<w) are non-coherent a 

sharp decrease of B(E2) value may be expected. From the phfsical point of view this 

corresponds to the switching off of the quadrupole interactions, i.e. to a collective 

state formed only by the spin-quadrupole interactions. 

For the beta-tranation probabilities to the o+ and 2+ collective states the same 

formulae as in ref.11 , are obtained in which two-quasiparticle amplitudes Yf~o ' are to be 

replaced by l/2 ( ~ -~' ' + W ~ ,·) 

The reduction of diagonal amplitudes due to the spin-quadrupole interactions may affect 

the favoured beta-transition rate to the lowest o+ state . One can expect the transition 

rate to this state to be hindered as compared to the ground state, if the contribution of 

non-diagonal amplitudes become significant. 

III . Calculations and Discussion of the Results 

For some time past great attention was devoted to the properties of collective o+ 

states in deformed nuclei. Numerical calculations have shown that the microscopic theory 

with pairing plus quadrupole interactions gives a satisfactory description of lowest 2+ 

vibrational states. But the properties of o+ vibrational states, predicted by the theory 

lJ 



are 1n the poor agreement with experimental data . It is not, for example, able to desribe 

well the energies of o+ states in rare- earth region , using the single coupling parameter 

for all nuclei. 

New low lying o+ states have been reoently discovered in a number of deformed 

nuclei. In samarium isotopes the new o+ s tates were studied by means of (p ,t) and (t , p 

reactions 17 and in Yb168 and Uf174 nuclei- by means of (p , 2n) and (d,d ) reactions 6 

Information about the o+ states in Er164 and Hf178 was obtained from beta decay studies18•19 

Second excited o+ states also occur in the transuranium region (u 234 , u238 ) 20 • 

These new states do not appear to be beta-vibrations. On the other hand the microsco

pic theory with pair!ng plus quadrupole interactions predicts the appearance of the second 

o+ states a t energies of the order of 2 MeV. It seems the pairing vibrations are not 

responsible for the appearance of these states too 21 • 

Another approach was proposed by Belyaev 22 • He deriv~s two branches of o+ excitations 

from the pairing interaction gauge invariance requirement. The EO-transition probabilites 

for these states are to be quite different. But no any numerical calculations were perfor

med and it is difficult to say if the theory can feet the experimental data. 

The a im of our calculations is to clarify the efficiency of the spin-quadrupole 

interactions as compared to the quadrupole interactions . It i s necessary to investigate 

how the spin- quadrupole interactions affect the propert ie s of low energy o+ states . Vie will 

try to a nswer the que stion if the spin-quadrupole interactions could be responsible 

for the appearance of the second o+ states below the two-quasiparticle energy . 

The numerical calculations have been carried out f or nuclei in the region 150~A~l74, 

assuming the deformation parameter to be appr oximately constant 23 • An improved version of 

the Nilsson scheme 24 was used in calculating the collective Rtates , as in ref . 25 , 26 • The 

pairing interact ion parameters were determined from the pairing energy calcul ations 27• In 

all the calculations the blocking effect , the anharmonicity and ather corrections were not 

tnserled because we have no method to take them into account consistently . 

'."lc cons ider at first particula r cases of the eq . (26) : 

t/ *'l- F(w,) J (t = 0 

(40) 

tf !{ t S (w ,) £_'/- = 0 

'£he empirical energies of the fir s t o+ states are used to determine the ·rariation of 

coupling parameters ~'t.- and .H'-~_ from nucleus to nucleus. The results are given in fig.l. 

It appeared that ~'l vary much more from nucleus to nucleus than X' 1_ • Furthermore the 
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Sf~ values are of the same order of magnitude as , i.e. the spin-quad rupol e 

interaot ions appear to be much more efficient in deformed nuclei than in spherical nuclei. 

Neglecting the mixing term X(uv) in eq . (26) , we obtain two br anche s of col lective o+ 

excitations bel ow the two-quasiparticle cnergyx). They seem to po ssess quit e diffe r ent 

decay properties. For example, they may be dis tinguished judgine from B(E? ) va lue s . 

Aotually we have no theoretical justification, assuming the quadrupole and spin-quadrupole 

i nteract i ons to be exclusive . Numerical calculations have shown that the mixing term plays 

an important role and i s to be taken into account. We put some requirement on the choice 

of the spin- quadr upole coupling parameter 

a) The first pole of P ( w, Jl .,_ ) appears at higher energy than the lowes t empi r i cal 

o+ level. 

b) In some cases the solutions of eqs . (40) are very sensitive t o the choice of 

coupling parameters. The introduction of the s pin-quadrupole int e r a ctions h~<ve to r educe 

the sensitivity of the solution of eq . (26') to the choice of ¥'-'t- • In t hi s point we 

have in mind, that the quadrupole interactions dominate in the f ormat i on of collec t i ve 

a+ states . 

c) We have to explain the lowering of the second o+ stat es in a number of nucl ei. 

d) The introduction of the spin-quadrupole interactions is to be con ,;l s t en t with 

the empirical B(E2) values for o+ states . 

The calculated energies of some o+ states and empirica l data a re lis ted in t a ble 1. 

The calcul ations were carried out for pure quadrupde force as well a s us ing the different 

de-t. values . The l a st column gives the energy of the first pole of FCw). Numerical 

calculations have shown that i t is impossible achieve satisfactory agreement with 

empirical data by the use of the sinele quadrupole or spin-quadrupoe- force. The se cond 

o+ states , predicted by the pairing plus quadrupole model, li e at or about 2 MeV. 'l'he 

pairing plus spin- quadrupole model predicts the second 0+ states a t higher e nergy. xx) 

Taking the quadrupole as well as spin-quadrupole interactions into account we obta in a 

better and more consistent de s cription of the o+ states by the us e of two cou pl ing para 

meters for all the nuclei . The detailed agreement may be achieved with the fixed quadrupol e 

coupling constant and varying slightly the spin-quadrupole coupling 

J2i!rameter . It seems the more reliable .!Ct value is to be obtained if a l a reer number of 
x)The mixing term may be dropped if one neglects the off-diagonal contributions in ~(w) 

As it was shown 11 this affects noticeably the energies of beta-vibtational s t a t es . 

xx)In this case pairing vibrations and spin-quadrupole interactions produce two different 

modes of collective excitations. They are the solutions of eqs.: 

0(4!.) ~ o <(1£, = S(u.J.) 
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the single particle levels and transition matrix elements is involved into calculation. 

The lowering of the a+ states is the principal qualitative result of the spin-quadrupo

le intera ctions . In particular, the tendeno7 of the a+ state ener~ in the isotope families 

to increase with increasing mass number can change. But the position of the a+ states in 

some nuclei is extremely sensitive to the ohoice of the J{t 

v1t7 to the choice of the ~ value is decreased. 

value, whereas the sensitJ-

The spin-quadrupole interactions affect the deca7 properties of the a+ states. The 

calculated E2-transit1anprobab111ties are listed in table 2. The calculations we carried 

out, us ing the different Jt~ and K~ values, as well a s for the empirical energies of 

the a+ states ( the empirical energies are used to fix the J{~ value for each nucleus). 

It was found that the spin-quadrupole interactions affect weakl7 the B(E2 ) values for 

nuclei in the beginning of the deformation region. All tae calculated B(E2) values are con

sistent with the empirical data. However, in the middle of the region the spin-quadrupole 

interactions lead to the formation of comparativel7 long-lived ( and low lying) a+ states 

i n a number of nucle i . 

Tbe pai ring plus quadrupole model predicts very small B(E2) values for the second 

a+_ s tat es . The spin-quadrupole interactions affect strongly these values. For a number 

of nuclei the D(~2) values for the first and for the second a+ states are of the same 

oyder of magnitude. Unfortunately, there are very scarce empirical data concerning 

the D(E2) values for the second a+ states. 

The B(E2) values are sensitive to the choioe of the j(t value. To sh ow this the E2-

transition pr obabilities for a+ states in ytterbium isotopes are computed by use of the 

different }(t va lues ( the calculations are carried out for the empirical ener gie s of 

the o+ states and for the different effective charge values). The results are given in 

tabl e J . I t is se en that the spin-quad.rupole effect ca n not be compensated by renormaliz ing 

the ~fective charge parameter. 

The spin-quadrupole interactioas affect significantly the two-qua siparticle amplitudes 

in the ~state wave function. To illustrate this the calculated two-quasiparticle amplitu

des 1/2 ( ~.,· t 1Af, •. ) for the first and the s econd a+ s tates in Er164 nucleus are tabulated 

in table 4. The introduction of the s pin-quadrupole interactions lead s to the decrease of 

the diagonal two quasiparticle amplitudes. The latter are dominant in the pairing plus 

quadrupole model calculations 25 • The spin-quadrupole interactions lead to the substantial 

increase of the off-diagonal amplitudes , that may affect noticeably the spectroscopic 

f a ctor value for transfer reactions . Moreover this may hinder favoured beta decay rates to 

aT states for a number of nuclei. 
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'.ro illustrate the relation- ship between the values of r-:-(w) , S(•.o) , X(c.J) 

and P(<il,.Kt) these funcUons for Er164 nucleus are plotted on fig.2. T!:te va lue of )((<•?) 

i s usually 5-10 per cent of t="(w) or S (w) The plot of P(<ll, K,) i s given for 
-4/3 ~ 

<lt4. - 8, 8 A h-wo • The solutions of eq. (26; may be obtand by crossing t his plot 

with a level. That corresponds to the choi ce of a certain JC2-- value . 

The appea rance of the low-lying spin-pole depends strongly on the choi ce of d'{ t 

value, because S(u.1) is, i n general, a considerably s lowly varying function than r ( uJ) 

'lie are very limited 1n choosing the dez a nd Je ~ values . We obtain the imagine 

solution for Er a nd l:Jb i s otopes increas ing t he .tt'~. value . On the other hand, the 

spin pole shi fts to the two-quasipart i cle energy with decreasing the JEt value and the 

main features became almost insensitive to the introduction of the spi n- quadrupole 

interactions . We obt ain the imagine solution for lid a nd Sm isotopes increasing the Jet 

value . The B(E2) values f or the se nuclei i ncrease stro ngly too , On the contrary , the 

decrease of the J{~ value leads to the poor agreement with empirical energi es for Er 

and Yb isotopes ,while the empirical energie s in Nd a nd Srn i so tope s are fitted a llttle 

bett er . 

The calcul~tions performed showed that the introduction of the spin- quadru pole 

i nteractions leads to qualit a tive changes i n the picture of the collective excitations in 

deformed nuclei , The spin qlli~drupole interactions may be responsible for t he lowering 

of the second o• stat e s below the two- quasiparticle energy . 1'hey affec t s trongly the 

B(E2) values 1n a number of nuclei . The introduction of the spin- quadr upole interactions 

gives a better and a more consistent description of the a+ states than hitherto pos s ible • 

The spin-quadrupole interacti on effects may be revealed in transfer reactions 

a nd beta- decay st udie s . Further theoretical investigations along this line are neces sary . 

Unfor tunately , a t present there is not enough experimental data to adju s t the mo s t 

reliabl e M'.t value . '.rhe main features obtained depend on the choice of thi s parameter . 

'rhe numerical calculations have sho\fn the importance of the mixing term Xi••>) 

especially on analysis the structure of th e phonon wave function . The mixing te rm weaken s 

the coherence of a ll the processes associated with collective state . The addit ional study 

is nece smry to adjust the ac curacy of our approxima t i ons . 

At present it is diffic ult to offer the physical ocperiment which could reveal pure 

effects concerning the spin-quadr upole interactions . l.!easureme nt of the life-times of o+ 

and and 2 + states, beta-decay study and transfer reactions will be of impo rtance. 
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I,ow-energy o+ states 

parameters ae'f, and ,}€-1: 

Nuclei experim. £'!.- = 

~t . 

Nd I50 
0,69 ( 

- I' 

Sm I 52 0 ,685 o, 

I,IO I ' 

Sm I54 
I,I04 I' 

I,2I8 I, 

Gd I54 
0,68 o, 

- I, 

Gd I56 
I,04 I' 

- I, 

Gd I58 
I, 

I, 

Gd I60 I' 

I' 

Dy I58 
0,99I I' 

- ~ 
L J 

-
Dy I60 

I,26J I, 

- 2 , 

Dy I62 I' 

I ' 

Dy I64 I ' 

I ' 



Unified Model, in Alfa-, 

penhagen, I965. 

I955) • 

• Yungklaussen. Preprint D-2157 

• 28, II, 16I7 (I964). 

V.O.Sergeev. 1zv. Akad. Nauk 

58 ( 196I ) . 

) . 
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Selk. £, No 2 (I962). 

ev. II~, II02 (I960). 

n Ytterbium Isotopes by 

6. ( to be publ. ) 

i n- Parity Assignments, ed. •1 

by Publis hing Depart ment 
vember 17 , 1966 , 

Low-energy o+ 

parameters ae} and 

Nuclei experim. 

Nd 150 
o,69 

-

Sm 152 0,685 

1,!0 

Sm 154 
1,104 

1,2I8 

Gd 154 
o ,68 

-
Gd I56 

I, 04 

-

Gd 158 

Gd 160 

Dy 158 
0,991 

-
Dy I60 

1, 26) 

-

Dy I62 

Dy 164 

Table I. 

states calculated by use of the different value s f or coupling 

Jet ( in units of A 4/ J 1i.wo ) • Experimental data are t aken 

from ref. I I5-I8, 28- J5/ 

Energy ( MeV ) 
F1r.:5·t 
r oot: 

.le'j, ~ 5,J 5,J 5,J 5 ,J 0 Of e'f, . 

~t 2 0 a,J 8 ,8 9,0 9,0 
['(w)= O 

0 0 0 0 1,IO 1,91 

1,9) 1,65 1,)6 1,16 

0,70 0,68 0, 67 0,6 5 1 , 21 1,95 

1,98 1,79 1, 45 1, 27 

1,02 1,oo 0,96 0 , 90 1,1) 1,94 

1,98 1,78 1,44 1, 28 

0,94 o,9J 0,91 0, 90 1 0 )6 1,97 

1,98 1,87 1,59 1,4) 

I,20 I,I7 1,IJ I ,09 I,J4 I, 97 

1,98 1,88 1, 65 I ,44 

I,57 1 0 5) 1,39 1, 21 1,)0 1 , 96 

1,98 I ,9J 1,68 1,64 

1,77 1,68 I, 28 1 ,OJ 1, 06 1, 84 

I ,94 I,82 1,78 I,77 

I,29 1, 27 1 0 2) r,18 I,J9 2,06 

2 ,08 I,92 I,6J 1,50 

I,65 I,6I 1,4 5 1, 28 I,J4 I, 98 

2, 00 I,97 I , 75 I ,71 

I,78 I,7J 1,)4 I, 09 I,I 2 I, 84 

1, 99 I , SJ I, SO I,79 

1, 55 1 ,4 5 0 , 97 0 , 64 0 , 68 I, 56 

I , 90 1, 55 I, 55 1 , 55 

?' 



Table 1 (continued). 

I,245 I,75 I,7I I,34 I,IO I,I2 I,83 
Er 164 I,698 I ,84 1,84 1,77 I,77 Calculated and experim 

I , 765 2 ,00 2,00 I,84 1,85 the first and second o+ st 

Er I66 
1,46 1,54 1,46 0,98 0 ,65 0 ,65 I,55 I. .ret X 0 

- I,SI I,54 I,54 1,49 2. .ret X 0 

t:r I68 
I,56 I,56 I,23 I,02 I,05 I ,58 3. .1€-t • e,e 

I,78 I,62 I,57 I,57 4. .te-t • e,e 

Er I70 I,46 I,45 I,3e I, 2I I,23 I,54 The correeponding ene 
I,79 I,74 I,48 I,47 

I,I56 I,53 I,52 I,I6 0,92 0 ,94 I,55 
Yb I68 I,I96 I,74 I,57 I,53 I ,48 

I,543 I,85 I,76 I,75 1,75 

I,065 I , 56 I,55 1,36 I,I9 I,20 1,57 
'(b I70 - I' 7I I,67 I,56 I,56 

- I 83 I 75 I 73 I 12 
I,045 1,44 I,44 1,42 1,34 I ,38 I,53 

Yb 172 - I,73 I,74 I,75 1,46 

- 2 06 I 83 I 80 I 75 
I ,32 1,43 I,43 I,43 1,34 I,39 I,45 

Yb 174 - 1,13 I,73 I,49 I,44 
- I,94 I ,eo I,74 I,74 

o,oi 

22 



,IO I,I2 I,BJ 
,77 
, 85 

,6 5 0 ,65 1,55 

,49 

,02 1 , 05 1 1 58 

,57 

,21 1 , 2J 1,54 
,47 

,92 0 ,94 1,55 
,48 

'75 

,19 1,20 1,57 
,56 

.n 
,J4 1,JB I,5J 
,46 
75 

,J4 I,J9 1,45 
,44 

. ,74 

Table 2 

Calculated and experimental 115 •16/ B( E2 ) values ( in single particle units ) f or 

the fir st and second o+ states. 

I. .tet • 0 ~ • 5,J A-4/J h.w. 

2. oK'.-~c • 0 .te't- • .te't- (v.Jo+ experim . 

J • .1€-t. • B,B A:-4/~w.; ~ • .1-e'l. ( W 0 + experim. 

4. Jf'-t • B,B A-4/Jt;w. ; '*l.• 5,J A-4/J t, w • . 

The corresponding energies of o+ states are listed in t able I. 

B ( E2, o+- 2+ ) , eLJf . O,J 8 (E 2) 
Nuclei exp et . 

I 2 J 4 

Nd ! 50 - 5,J 4,7 - 5 :!: I,J 

o ,or - - o,oa -
4,J 4,4 4,0 4 , 1 2,5:!: 0 ,6 

Sm 152 

0,08 2,J !,85 0 , 05 -
2, 85 2,4 1,8 2,5 1 , 2:!: O,J 

Sm 154 
o,oJ - - 0,2 -
2,6 J,9 J,6 2,5 4,8:!: 1,2 

Gd 154 
~· IO-J - - 0 , 04 -

Gd 156 1,8 2,4 2,1 1 1 7 2,8:!: 1,2 

- IO-J - - 0,10 -
1,1 - - 0,6 -

Gd 158 

- IO-J - - 0,5 

o,J - - O,J -
Gd 160 

0,1 - - 0 ,2 -
I,4 2,J 2,0 1,J > O,J 

Dy !58 

- IO-J - - 0,1 -
o,a 1 18 J,J 0,5 -

Dy 160 

o,o1 - - O,J -

2) 



'fable 2 ( continued). 

0 ,14 - - 0,1 -
Dy 162 

0,09 - - 0,1 -
0,01 - - 0,04 -

Dy 164 
0,02 - - c,o1 -
0 , 24 2,J 0 , 6 ll , I2 ,. 0,05 

Er 164 

' " IO-J 0,5 0,4 0,2 -
Er 166 

c,oJ 0,5 0,4 0,04 -
0,1 - - o,oJ -

Er 168 
0 ,02 - - 0,05 -
o,p - - 0,02 -
o , 1 - - c,1 -

Er 170 

o , oJ - - 0,04 -
0,04 J ,O 0 ,04 0 ,04 -

Yb 168 

O, J 2 ,7 ~ ro-J o,oJ 

o,oJ J,O 1,9 o,o6 -
I Yb 170 

O,J - - 0,02 -
I 

0,2 1,7 1,5 0,2 -
I Yb 172 

0,2 - - o,r - I 
I 

0,05 0,8 0 ,6 0,06 ~ 0,5 ' 
Yb 174 

0 , 2 - - o ,04 -

24 
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Calculated B( E2, o+ - 2+: 

o+ states in Ytterbium is< 

different .let and e <'ff 

Nucleus _l 
and energy 

4e-t A 4/J 
of o+ 

it Wo 
state 

o.o 

':!b 168 8,J 

1,156 MeV 8.8 

9.0 

o.o 

Yb 110 
8.J 

1,065 MeV 8.8 

9.0 

o.o 

l:Jb 172 
8.J 

1,045 lleV 8.&! 

9.0 

o.o 

Yb 174 
8.J 

1,J2 lleV 8.8 

9.0 
----



0,1 -

0,1 -
0,04 -
c,or -- · 
0,12 > 0,05 

0,2 -
0,04 -
o,oJ -
0,05 -
0 , 02 ---C,I -
0 ,04 -
0 , 04 -

O, OJ 

0 , 06 -
0 , 02 -
0 ,2 -

o, r -
0,06 "'0 , 5 

0 ,04 -

Table J. 

Calculated B( E2, o•~ 2+)values (in single particle units) !or the first 

o+ states in Ytterbium isotopes. The calculations are made b7 use of the 

different d€~ and e~ff values and experimental energies of o•states/I5,I6 ,J4/ 

Nucleus .l 
and energ7 

6e-t A4/J 
e€ff 

of o• B(E2)s.p.u 

state i:two 0.2 O.J 0.4 experim. 

o.o 2.J4 J,OJ J,8I 

'::Jb 168 8.J !.77 2.29 2.88 
>J.6 •.IO-J 

1 1 156 MeV 8.8 O.OJ 0.04 0.06 ( - I.O ) 

9.0 !.02 I.J1 I.6J 

o.o 2.JO 2.98 ).76 

Yb 110 
8.J 2.02 2.62 J.JI 

1,06' MeV 8.8 !.47 1.92 2.42 

9.0 0.66 0.86 1.08 

o.o I.Jl I. 7J 2.20 

':ib 172 
8.J 1.25 1.65 2. II 

1,045 MeV 8.il 1.16 I.5J 1.96 

9.0 I. OJ I.J5 I.7J 

o.o 0.58 0.75 0.95 

174 8.J 0.56 0.7J 0.9J 
Yb "' 0.5 

1,J2 lleV 8.8 0.48 0.61 0.77 

9.0 0.12 0.16 0.20 
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Table 4. 

Two-quasiparticle amplitude~ ~ ( g + w ) in o+ state phonon wave function in nuoleus 
c. 5 l ' .ss ~ 

Er 164 • The calculations are made uning experimental energies of o+ states / IS/ 

Configuration 
w._• o,I67 t..uJ. ( 1,25 MeV ) w"- a 0,227-tw. ( 1,7 MeV ) 

.tf.-t. ~ 0 a,aA-413-t;w. 0 8 8 A-4/J 
' t1Wo 

neutron two-quasiparticle s tates 

505+ 505+ -.988 -.429 -.4)) -.417 IO 

651+ 651+ .145 .06) • II9 .II5 I 

52!+ 521+ -.)58 -.!56 -.099 -.095 

+--+ 

I 
642+ 642+ .499 .217 . 840 .808 8 

52)- 52)- -.641 -.279 -.7!2 -. 685 
lld 

6))+ 6))+ -.290 -.126 - .!)2 -.127 

521- 52!- -.278 -.121 -.liB -.II4 6 
I 

512+ 512+ -.))7 -.II4 -.IJ6 -.IJ1 ~ 
..._ 

541- 510+ .045 .461 .019 -.164 Sm 
532- 521+ .044 .!64 

I 
.021 -.049 4 

521+ 512- . 028 .320 . Oil -.IIO 

52) - ?12+ . 041 .)55 .019 -.142 

532+ 52)- . 027 .14) .010 -.0)9 

!50 
proton two-quasiparticle states 

4II- 4II- -.075 -. 0) ) -.327 -.)14 Fig.!. The 

404- 404- -.4)0 -.187 -. 324 -.)12 para 

532+ 532+ . 255 • III .152 .146 of t 
52)+ 52)+ .425 .185 .486 .468 

52)+ 514- . 019 • 149 . 007 -.040 

4II+ 402- -.025 -.272 -.OIO .094 

420+ 4II- -.0)0 -.27) -.012 .09) 

54!+ 532- .069 . 279 .026 -. 067 

514+ 514+ -. 214 -.09) -.195 -.187 

- -

26 
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1on wave function 1n nucleus i s1es of o+ s tate s 1181 , 

I 
) t 227 t; W 0 1 1 7 MeV ) I 

I 
) 8 8 A-4/J I 

t "tiWo 

l. 
-.4JJ -.4!7 IO 

• II9 .II5 

-.099 -. 095 

.840 ,808 8 

-.712 -.685 

-. IJ2 -. 127 

-.liB -.II4 6 

-.!)6 - . !)! 

.019 -.!64 

.021 -.049 4 

. Oil -.IIO 

.019 -.!42 

. 010 -,0)9 

-.)27 -.)14 

- .)24 -.)12 

.152 . 146 

• 486 .468 

. 007 -. 040 

-.oro . 094 

-.012 .09) 

.026 -. 067 

-.195 -. 187 

~ • +-- ·---+ +-- -+ - -t -+- , 

~ 
+ 

Ib 

Dy Er 
Nd ( 

/ Gd -----• • ~A+4/J 1't.wo Sm 

+ de-t:A-+4/J kwo 

!50 !60 I70 A 

Fig.I. The quadrupole and spin-quadrupole coupling 

parameters, estimated from empirical energie s 

of the first o+ state • 
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Hg . 2 . Typical plots of funct i ons F<w), S (w) an d X(w) • The plot of 
- 'f/3 

P(w,.ti?tlis g iven for .let c. 8,SA Jl Wo . 
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