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1. Introduction 

In two preceding papers {I,II) 1) different discrete expan­
aions ot continuua wave functions in a finite region were revie­
wed. Particular attention was payed to the Mittag-Leffler and 
Weinberg expansions. 

In this paper, where we use co .. on notatinn with I, II, we 
investigate the convergence ot the Weinberg expansions, particu­
larly the real Weinberg expansions, nu.erically. We look at the 
case ot single particle continuo. 'tates and corresponding s­
aatrices, with square well and Woods-saxon potentials. 

A new type ot real Weinberc states, proposed in I, is shown 
to give expansions with particularlr convenient convercence pro­
perties. Sa.e nuaerical aethods tor solving the eigenvalue prob­
leas, corresponding to the different expansions, are discussed 
in the Appendix. 

•uaerical Results 

In the saae way as it·was shown for the bound state Stura­
Liouville case 2 >, it can be shown, that all the eigepvalues aen­
tioned above, which have the diaension of an enercr for lares va­
iues of the radial quantua nuaber, D , Will bebaYe aa n a • 
that aeans, that Kn~ n {Kapur-Peierls or IIBC), An (Stura-Liou-

3 



ville, real and complex Weinberg)....,. ~ • Note, that we have 
here, in agreement with refs. 3 •4 > introduced An= A~s = :L/Yn 
the Lippman-schwinger eigenvalue, whereas the Sturm-Liouville 

eigenvalue of ref. 2 ) was defined as An sA~"=~· 
.. =7r1'2 

In fig. 1, the eigenvalues Jn , = 0 for a square 
well are shown as a function of K • Note, that the minor of posi-

101 

1621~ 

Pig. 1. The k-dependence of the eigenvalues An (LJ. = ~7} of the 

real Weinberg functions for the rectangular well with 

~: -48.72 MeV, ,80 = ~{jiJK,/ft 5.0. The full 

curves denote the positive An;the dotted,the negative 
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Fig. 2. The k-dependence of the eigenvalues A, ( Ll= f) of the 

real Weinberg states of the Woods Saxon potential with 

the parameters of the text. Symbols as in fig. 1. 
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tive eigenvalues is infinite for all K values, the number of nega­
tive eigenvalues is an increasing function of K • 

In fig. 2 the corresponding eigenvalues with a cut-off Woods­
Saxon potential, V•- ~(.t +exp((rz-R>I~);.t /l. ).26 tm, « .. 
=0.6) tm, Vo •5).35 MeV, are shown. Bote, that the oscillation of 
fig. 1 disappears for the more smooth potential, 

Due to the presence of the factors ~n the expansions 
(4.8) ,etc,, must converge at least as fast as ,;i. • Bote, that 
(4.21) does not contain the factor ,\" , whereas (4.20) does. It 
should further be mentioned that in integrals,containing the 
Green operator (4.8) or the 1( -operator (4.21), the oscillations 
of the Sl'n , which become more rapid for larger n -values, will 
also contribute to the convergence, so that, like in ref. 2 >, ~ 
is actually an upper limit for t he convergence of such integrals. 
That the ~n are oscillating aore rapidly for higher n values, 
i s particularly obvious for the real Weinberg states, it is, ho~ 
wever, also true for the ordinary ones as well as for ths Kapur­
Peierls states and the resonance functions of t he preceding sec­
tion, when we consider '1' " Q 

In order to demonstrate the convergence properties, we have 
listed the relative errore of 

and S 
(4.21) 

K =(K/K/K) (4.28) 

• obtained with ~ teras in the expansions (4.20) and 
(L1:&¥) 

Ll K = IK~- K 7 (4.29) 

As =I SNS_ s I (4.)0) 

in table 1. It is seen, that the convergence obtained with expres­
sion (4.20) is much slower than with (4.21) 1 and particularly for 
large values of K, (4.20) is rather slowl~ convergent. ~is seeas 
to bl the reason, why the authors of ref.5 olaia, that the basis 
of real Weinberg states is useless for higher enersiea. It is seen 
t,bat the corresponding relative erro:ra of the $ -values !'oliow 
the saae pathrn as for K 1 but that thay are in general aaaller. 
Since $ 1a here obtained tram a Hermitian K -aaatrix, 1t 1a uni­
t&r71 independent of the nuaber of teras in the exp~aaiona (4.20) 
or (4.21). 
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2 3 4 5 6 7 8 
9.2219-03 1.80-05 4.17-03 9.93-06 2.29-03 1.70-04 4.34-04 
5.3406-03 7.00-06 2.09-03 3-84-06 1.15-03 7.49-05 2.09-04 
3-4969-03 3.87-06 1.20-03 2.12-06 6.60-04 3.81-05 1.13-04 

3.0 -1. 339J-01 2.2J-02 2.91-01 7.08-0J 9.29-02 2.67-02 4.62-02 
8.100J-02 J.10-04 1.95-02 9.83-05 6.19-0J 1.42-0J J.05-0J 
1.9297-02 J.JJ-05 5.19-0J 1.05-05 1.64-0J 3.10-04 7.90-04 
9.00J1-0J 5.62-06 2.11-0J 1. 78-06 6.69-04 1.06-04 3.09-04 
5.2656-0J 7.JJ-08 1. 05-0J 2.)2-08 J.J4-04 4.68-05 2.48-04 
3.4656-0J 1.51-06 5.99-04 4. 78-07 1.90-04 2.J9-05 8.01-05 

• 4.0 -1.0983-01 4.19-02 6.11-01 9.07-0J 1.32-01 J.J6-02 5.50-02 
7.4784-02 9.48-04 6.J4-02 2.05-04 1.37-02 2.26-0J 4.91-0J 
1.8559-02 1.J7-04 1.97-02 2.97-05 4.27-0j 5.4J-04 1.47-03 
8.8094-0J J-97-05 8.66-0J 8.60-06 1.87-0J 1. 96-04 6.22-04 
5.1906-0J 1.85-05 4.58-0J 4.02-06 9.90-04 8.80-05 J-14-04 
J-4281-0J 1.20-05 2.68-0J 2.61-06 5.80-04 4.59-05 1. 76-04 

5.0 -7.2105-02 2.44-02 7-14-01 5.14-0J 1.6J-01 2.JJ-02 4.05-02 
5.1722-02 J.2J-04 J.07-01 6.80-05 6.48-02 2.17-03 6.J2-0J 
1.3484-02 4-59-04 2.49-01 9.65-05 5.26-02 6.96-04 5. 19-03 
6.6656-0J 5.96-04 2.29-01 1. 25-04 4.82-02 J-77-04 4.80-0J 
4.05J1-0J 6.J5-04 2.19-01 1.J3-04 4.62-0ll J.19-04 4.62-0J 

-J.2148-0J 1.98-05 1. 54-02 4.17-06 J.24-0J 1.39-04 4-J5-04 

1 2 6 8 
6.0 -5.7941-02 9.40-0J 5.48-01 1.59-0J 9.J5-02 1.66-02 4-J1-02 

4.5041-02 4.82-0J 2.JJ-01 8.20-04 J.96-04 6.27-0J 1.83-02 
-2.5910-02 J.J7-04 J.J9-02 5.7J-05 5. 76-0J 1.17-03 2. 57-0J 

1.2284-02 5.52-05 1.09-02 9.J8-06 1.85-03 J.07-04 7.98-04 
6.2)44-0J 1.84-05 5.02-0J 3.1J-06 8.54-04 1.19-04 J.48-04 
J.8594-03 9.72-06 2. 76-0J 1.65-06 4.70-04 5.72-05 1. 79-04 

7.0 -5.4801-02 2.01-02 5.59-01 2.65-0J 7.)7-02 1.82-02 3-J5-02 
4. 3722-02 1.)4-04 9.48-02 1. 76-05 1.24-02 2.64-0J 5. 59-0J 

-2.404J-02 6.04-04 6.41-02 7.95-05 8.44-0J 1.46-0J J-44-03 
6.1656..0J ).)1-05 1.10-02 4.J6-06 1.45-0J 1.6~-04 5.44-04 
3.8281-0J 1.46-05 6.19-03 1.9)-06 8.15-04 7.91-05 2.90-04 

8.0 -4-3410-02 1. 74-02 7.03-01 2.22-0J 8.96-02 1. 59-02 2.91-02 
J-5522-02 5.91-04 2.27-01 7.5J-05 2.89-02 1.97-0J 4-59-0J 

-1.8605-02 8.54-04 2.1)-01 1.08-04 2.71-02 1.68-0J ).91-0J 
1.0022-02 2.1)-04 1. 49-01 2.7.1-05 1.90-02 ~.74-04 1.64-0J 
5.2156-0J 7.67-05 1.23-01 9.77-06 1.56-02 2.75-04 9.13-04 
3-2844-0J 2.96-05 1.08-01 3·77-06 1.J8-02 1.54-04 5. 76-04 
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10-L, K=8 tm_, 
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Fig. ). The A -dependence of the relative errors .d $N , cal­

culated according to equation (4.21). Here AI is the 

number of eigenstates in the expansion, the potential 

as in fig. 1. 

In table 1 we also give the integrated numerical e~or or 
the wave !unction 

" flcp = 5 !"~'"- rIch 
D 

and the maximal numerical error 

10 

ll1f == /YN- Y/,Ax. 

where 1f" is obtained by taking into account N terms in the 
expansion (2.14a). 

The convergence o! the K -matrix !or .4 = ¥ was investi­
gated !or di!!erent potentials in rer.5>. The other convergence 
questions, discussed above, seem not to have been investigated 
earlier. Note that, as seen in table 2, the convergence o! the 
expansion in rea1 Weinberg !unctions !or the Woods-saxon case is 
in contrast to what was concluded in rer.5>, very !ast in a large 
energy interval (0 ~ E ~ 1250 JfeV). Here, with only 2 terms in the 
expansion, we have AS< J percent. 

It is interesting to compare the convergence of the real and 
complex Weinberg expansions. It is seen in table 3 that for the 
~-matrix, the expansion in real !unctions is faster than the other 
by a factor of 102 in average. When we compare the expansion in 
terms o! real Weinberg states with the llttag-Leffler expansion, 
see table 4, we also see that the former expansion is considerab­
ly faster converging than the latter. 

All what here is said about the~ -matrix is valid for the 
expansion o! the wave function es well, and we may conclude, that 
the expansion on terms of real Weinberg functions(~=~) is 
in general !ar superior to the other ones. 

In the neighbourhood o! narrow resonances, this type of expan­
sion must be particularly good; the calculations o! Huby and Liu6 > 
actually showed, that in some cases, one te~ is sufficient. 

In the general case, es was mentioned above, we still have the 
possibility o! the free choice of 6 • In fig. 3 we show ,how ~ S , 
for a fixed value of K , depend on 4 , As expected, the conver­
gence o! the expansion becomes very !ast, when .1 approaches the 
eigenphase o0 ; for t. = Og only one term is needed. 

II 



t::i 

• 
w 

1 
2 
3. 
4 
5 
6 

li=1 
2 

3 
4 
5 
6 

Table 2. 

0.1 

0.619 
0.079 
0.023 
0.020 
0.019 
0.017 

/
Sn,.er- S I 

The relative errors, AS= S"er•rr in the calculation 
of the S-matrix by expansion in real Weinberg sta tes 
( N indicates the number of terms) for a Woods-saxon 
potential; e = 0 6 the potential is that of the text' 
corresponding to 1 o. 

1.0 2.0 3.0 4.0 5.0 6.0 

1.065 1.265 1.000 0.541 0.362 0.255 

0.590 0.007 0.004 0.005 0,004 o.oo6 

0.012 0.001 0.001 0.001 0,001 0,001 

0.023 0.006 0.001 0.006 0.005 0.006 

0.031 0.007 0.004 o.oo? 0,004 0.005 

0.004 0.005 0.004 0.003 0.003 0.004 

7.0 

0.186 
0,007 
0.003 
0.008 
0.007 
0.006 

Table 3. Tile relative errors 4 SRW and .A sew in the calculation of the 
S-matrix by expansion in terms of real and coaplex Weinberg states, 
respectively (li is the nuaber of terms) for the rectangular well 
with the parameters as in table 2 • 

8.o 

0.139 
0.009 
0.008 
0.010 
0.009 
0.010 

11:•0. 1 fJI -1 11:=1.0 flll - 1 11:=5.0 fm - 1 ll:a8,0 flll - 1 

ASRW A sew ASRW ASCW ~SR'I 4SCW ,1SRW D,SCW 

4.oo-o5 1.09-04 3.24-Q4 4.79-Q3 5.14-03 2.69-03 2.22-03 1. 72-03 
1.58-06 1.10-04 5.08-05 5.21-03 6.80-05 1.08-03 7.53-05 5.86-04 
1.57-o7 1. 10-Q4 6.08-06 5.22-Q3 9.65-05 1.34-03 1.08-04 5.62-04 
3.82-07 1.10-04 1.48-Q7 5.22-Q3 1.25-04 1.36-Q3 2.71-05 7.13-04 
4.33- 07 1.10-Q4 1.55-06 5.22-03 1.33-05 1.36-03 9.77-06 7.28-04 
4. 51-07 1.10-04 1.96-06 5.22-03 4.17-06 1.36-03 3· 77-06 7.30-04 
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5. Conclusion 

We have here considered different discrete expansions of 
continuum single particle wave functions and Green functions, 
which are solutions of equations with potentials of type, encoun­
tered in nuclear physics. 

Since, by present day optical model programs, the Schra­
dinger equation is solved very precisely and fast, these expan­
sians are of little value in connection with the problem of scat­
tering in a potential as such. The usual continuum problema, met 
in nuclear physics are of a more complicated sort, where residual 
interactions of different types are iaportant both for elastic 
and inelastic scattering and for nuclear reactions. The potential 
scattering wave functions will in such problems only play the role 
of a first approximation in a perturbation expansion, as in DWBA • 

These perturbation methods have a limited region of applica­
bility 1 and if We think Of SUCh processeS as ('l{) p) f ( 'K) n) I 

etc. proceding at such energies, where the nuclear wave functions 
are made up of several components, the alternative methods of 
coupled channels are very tedious. 

In such cases, an expansion of the total wave function, inc­
luding continuous parts (at least in some part of space), in terms 
of a discrete basis, will be very useful. Such expansions are in 
use in a wide range of problems, from the expansion of potentials 
in separable Weinberg terms, used in few body problema, to R -
matr ix or KBC expansions, used for heavier nuclei. 

In thia article, we have coapared the convergence properties 
of some of these expansions, including a new one, our version of 
the real Weinberg states, only for the case of potential acat­
tering. lhen reaidual interactions are taken into account, simi­
lar convergence properties ~at in general exist, a s can be ar­
gued froa the convergence of the Green functions. Only in the 
caae , where a number of eigenvalues lie very near to each other, 
the admixtures of the corraaponding eigenatat ea , caused by resi­
dual interactions are beyond the eatimates of perturbation theo­
ry. However , this can only concern a l imited number of eigen­
s tates, correspondi ng to di fferent channel s (e.g. ,with di fferent 
e -values). 

!be extremel7 fast convergence of our real Weinberg expan­
aion, in the case when 11 approachea the If of the potential 
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scattering, is of course not expected, when residual interactions 
are included, still, as mentioned above, this expansion will 
retain some very nice convergence properties, and in general, both 
numerical and mathematical facts speak in favour of the real Wein­
berg (or in some cases the BBC) expansion as being the fastest 
converging of all. 

The practical applicability of expansions does not depend 
on their convergence properties only. The real Weinberg states 
may provide the best possible expansion basi s, if we want to 
describe, e.g., elastic scattering with given projectile and 
target, at a certain energy. It, on .the other band, we are in­
terested in the general solut i ons of the Schrodinger equation of 
a given nucleus, the energy dependence of the Weinberg, Kapur­
Peierls, and other states of section 4 is a drawback, and an ex­
pansion in terms of a fixed basis, like the pole states has great 
advantages, even if it should turn out , that the number of ter.s 
needed is comparativel y lar ge . 
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Appendix 

In this appendix, we shall shortly discuss some different 
numerical methods, used for obtaining the resonance functions as 
well as the Weinberg functions,etc. 

Here it is convenient to loo4 at the homogeneous Lip~an­
Sc~inger equation 

Co (t) v-r = ), "( (A.1) 

(or rather, the radial part of this) satisfied by all these func­
tions, with different G0 corresponding to the different boun­
dary conditions. 

a) The separable representation of the potential was propo­
sed in ref. 5>. Here we get 
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Ve {I( K ·) = r·,~ (K7) Vf'l)~ (K''l) d? 
) 0 

N . . 
~ Z::::: V,· de (K'l,) It' (K '?,) 

(A.2) 

,., 
Then (A.1) takes the form 

;; / Jne fl)?i;H + ("{· ~) ~ ~e {'lK, '?.·, lJ} ( = D, (A.J) 

where 00 

G· = # v;. "z J J~ (I( ''l,) 'Y:,l' (K') dK I 

t: 0 
tor Coe we have 

.,. 
eo; {'l,·, ""·E) 

QO 

_ .LfciK -TT 
0 

Je (H'l,-)J~ (K 'l'K) 

fZ-I(Z ~j 't 

which can be integrated analytically. 

(A.4) 

(A.5) 

!he system of equations {A.J) has a symmetric coefficient 
matrix, which can be diagonalised by simple methods, so the Ai 
are easily found. It, instead, we want the resonance values of 
l , for which, again, the determinant of (A.J) is zero, a some-

what complicated calculation is necessary. 
Since the separabilization method mentioned above is suffi­

ciently precise for the A -eigenvalue problem 5), the two fol­
lowing methods were mainly used for finding resonances (the E -
eigenvalue problem). ~or that case, the method 5> was used to 
find a first approximate solution of (A.1). Starting from this, 
more precise solutions were found by one of the following methods. 

b) The finite difference method with stepwise pursuit 
Here we approximate the _radial Schradinger equation (2.1a) 

~" + ( Kz- er:;Ll - V('l}} 'I; =· 0 (A.6> 

with the boundary conditions 

St' (o) = 0 (A.7a) 

tp'(!) 
'f ('lJ : C (K} (A. 7b) 

in ter.s of finite differences (•tep length h ) as respectively 

17 



and 

here 

tJn+t. llm-.1. - C, Un + Dn-1 Un-:1. =0 

U 0 =0 

S',#J. u"'"'' - 2 ~ h u"' - Slti-J UN-/ =O 

Un = ~ {h-n) 
2 

t:>n = f- ~~ Ji 
2 

Cn = 2 + S QnJ. 
6 

C! = t _ On h2 

~n (j 

, - V'l ) + e(f'-#l) - Kz 
4'n - ( ht'l ( h·n)l. 

• 

(A. B) 

( A. 9a) 

(A.9b) 

f 
which gives an approximation to (A.6), (A.7) with errors h 

This systea of difference equations was solved by the aethod 
of stepwise pursuit 7,B). 

~or the quantity 

A - Vi-I 
i - u;-

we get the recursion fo~le 

Di#:t 
Ai+t = t;·- 2Yi-J .4; . 

(A.10) 

(A.11) 

•ow, the recursion foraula is used fro• both sides, starting 
with A.t and Al'l.,..t given by the respective boundary condi­
tion (A.9a), (A.9b). 1'he eigennlue I( is detenained by identi­
fying the losaritbaic derivatives of the two solutions at soae 
point n•/1 • If the A~.f obtained b7 recuresion froa left and 
rigbt are oalled A~ and A~ , respectively, this condi Uon is 
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where .,1 a N- 1"1 • 

II 

..... 
as 

..-1 

~ ., .. . . 
g , s s 
.::1. ........ ., 

,Q 
.. ,Q ....... .. 

..-1 
0 • 

\D 

"' ., ...... 
o as ..... 

... C\1 
0 0 . . 
0 0 
,Q,Q .... 
:f :f ., ., 
.......... 

II ;:1 .::1. .::1. 
1>0 .,., 
0..... .. .. 
l'l as II II Ill as o +> s:: s;:: .... 
0 El ..-1 "' "' II'HOOO 
:!"~Fp,:S:S 

6 .,. • ., 0 ... \.0 El El 

+ 110 ., s:: 
I S:: o 0 

0..-1 l'l ..-1 
~P::~I>+> 
....... .. ~ ~ as .. ,...ao 
\D ........... ., 

+>t- ..-1 
.... ;:s.- "' ..... 
oo..,.,tl 
II ., 0 +> 110 

~'k:S'E: 
....... ., ..-1 s:: 
e+>S'H..-t 
I I> I> I> I> 
.loC:S~~~ ., 
.Qft-1,...._,"""""" 
e-<oas.oo . 
Lr\ ., 
..... 

~ 

~ 

..lol ., 
p:: 

~ 

..lol 

3! 

~ 

..lol 

~ 

.-
1 

l! 

... 
I 

l! 

.-
1 

ll 

~--
..lol 

3! 

~ 

.loC 
~ 

~ 

.loC • p:: 

19 

1 

l! 

Ill 

'l! 

!X) 
n 
\D . 
0 
I 

t­
C\1 . ... 
0'1 
\D 
\.0 

0 
I 

\.0 
t­
t-. 
0 

!X) 
n 
t-. 
0 
I 

~ .,. . 
0 

0 .,. .,. . 
0 

0 

t­
Lr'l 
C\1 . ... 
I 

0 

co 
Lr\ 
C\1 . .-

0 

II 

.-
t­
\.0 

0 
I 

... 
n 
(\j . 
n 
t­
\.0 

0 
I 

n 
Lr\ 
!X) . 
0 

!X) 
C\1 
t-. 
0 
I 

0 
Lr\ .,. . 
0 

!X) 

"' .,. . 
0 

0 

\D 
Lr\ 
(\j . ... 
I 

0 

t­
Lr'l 
(\j . ... 
0 

.0 

0 
t­
\.0 

0 
I 

n 
n 
(\j .. ... 
C\1 
t­
\.0 

0 
I 

Lr\ 
Lr\ 
!X) . 
0 

!X) 
(\j 
t-
o 
I 

.­
Lr\ .,. . 
0 

!X) 
n .,. . 
0 

0 

\D 
Lr\ 
(\j . ... 
I 

0 

t­
Lr'l 
(\j . ... 
0 

0 



From this K is found by iteration, and once it is deter­
mined, the solutions are constructed by means of (A,lO), 

c) Integral equation method 
The Lippman-Schwinger equation with~= G: is 

to the Volterra equation 

equivalent 

~(K,'l')= f[p~o R ~~'4fK~'JVI~')yt (Yo~')} 1,; (t<'t) 

- [L + f [;'l''4(K?') V(~~ ~ (K,'l'!l h:(K'?)} 
(A.13) 

Since (A.lJ) is homogeneous, we may write 

C1 ,. 

t +: s d~' At' (K'lj Vf7) lfi. {K/lJ == 0 (A .If) 
0 

which may be solved by the methods of ref. 9), using (A.14) as 

eigenvalue equation. 
In table 5 we show some I'{ values of e =0 

ticle resonances of 160 (potential of the text) 

single par­
calculated by 

the 3 methode described above. The degree of agreement between 
the very different methode b) and c) indicates the magnitude of 

the errore. 
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