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flOK83BH0 1 ttTO B p8MK8X KB83H'18CTH1.1R~OHOHHOH MO)l€J1H 5-Ulpa 

MmKHO KOppeKTHO yqeCTb nepeCT8HOB0'1Hbi€ COOTHOWeHHSI M€:>KJlY KB83H

'l.J8CTRU8MH, o6pa3yiOmHMH ¢oHOHbi. Yfccne.QOB8H Ciiy'l.fafi: <tteTHO-ti€THb!X 

lle<flopMHpOBBHHbiX stnep. nonyqeHbi TO'L£Hbl€ H IIpH6JIH:>KeHHbl€ CeKyJISipHhie 

ypaBH€HHSI. noK838HO, 't!TO II01Ip8BKH: 1 CBSI38HHbT€ C y't!eTOM IIpHHUHII8 

flaynH B€J1HKH .OJlSI llByX<fJOHOHHbiX KOMIIOHeHT BOJIHOBbiX ¢lyHKUHfi
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Influence of the Pauli Principle on the Two-Phonon 
Slates 

It is shown that the commulation relations between quasi
particles forming phonons can correctly be taken into account 
within the quasiparticle-phonon nuclear model. The case of the 
even-even deformed nuclei is studied. Exact and approxima.te 
secular equations are obtained. The corrections arising due 
to the Pauli principle are shown to be large for the two-phonon 
components of the -wave functions, when the phonons are identical. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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1. Introduction 

The generalization of the Hartree-Fock Variational Principle 

suggested by N.N.Bogolubov/1/ (then called the Hartree-Fock-Bogo

lubov Variational Principl'2-4/)and his method of time-dependent 

selfconaistent field/5/ made the basis for the modern microscopic 

nuclear theory/G-9/. 

These methods resulting in the recent quasiparticle-phonon 

nuclear model/101 allow one to correctly describe the properties of 

the one-quasiparticle and one-phonon excited states, the distribu

tion of one-quaaiparticle/11 / and one-phonon/121 components over 

more complex states at intermediate excitation energies and to 

calculate the pbotoabsorption/13/ and one-nucleon transfer reaction 

strength functions. The properties of the highly excited states 

have been well described without free parameters since the interac

tion constants were fixed while analyzing the properties of the 

low-lying states. 

The consideration of the two-phonon states, the wave functions 

of which contain the components with four quasiparticles, should 

include the effects of antisymmetrization of the wave functions 

with respect to permutation of quasiparticles of different phonona. 

Many papers were devoted to the influence of the Pauli principle 

on the many-phonon states. Usually the boson representations for 

the fermion operators were used/14• 15/ and mainly the purely 

collective states were considered. 

3 



This paper considers the influence of the Pauli principle on 

the two-phonon states. Besides purely collective states we shall 

discuss all two-phonon states, In the framework of the quasiparticle

phonon nuclear model we obtain the equations for the excited state 

wave functions containing one- and two-phonon oomponents, the 

commutation relations being strictly taken into account. 

2. The Model Hamiltonian and Commutation Relations 

Let us consider doubly even deformed nuclei. In this case the 

model Hamiltonian expressed through the phonon operators Q; , Q
1 

, 
is 

H""' = Hv +- Hv~ ( 1 ) 

n> 1r ~ , 
Hv-~L._Ec~)8<1~)-!LX '[_j cn'>U~f(tfl.,l),+cPa".)· 
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>-r 
We use the following notation:f ( ~~') are the matrix elements of 

the operator of the multipole moment A with projection ~ 

oc; o- is the quasiparticle cr-eation opera tor, c ( ~) =~C2+ (E(tl-))1. 

, E ( ~) is the single-particle energy, C is the 

correlation function, ft. is tre chemical potential; u~'l'= 

L('llT,,+u~~~ ·~~~=u~u~~-'1V?' where u'l and~ are 
the Bogolubov transformation coefficients, and (~ar) are the quan-

tum numbers of the single-particle state, (j' c..·± ·I 

Using the secular equation defining the energies W~ of 

the one-phonon states in the RPA 

1 = 2 -:x..
0 >L 

~ ~· 

~r ,z 
( f t~~·J U.aJ 6 (H'J 

£~(~1').,... wil 
and the relation 

where 

Q •' _, - w 6 ql t II. I - ~ 1~ 
:!. L. e <~ ?'> < 1n >- 4l:o·v~ Y3' 
2 H' 

u' • ~ i' + ~ l' 
t ( ~ ~ ~ 1.) -::. <f '~ f </1~, 1 ~~ 1 cp1 .. 1' 

£. (1~') ::. 

yl .:: [_ 

~ ~· 

E ( ~ l + £ q') 

( :f"'~"<~f)U~~·) 2c<U') w 3 

( Ez<11') -w~ )l 

then H V" and H 7 t can be rewritten as follows: 
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1 t 
1 '[_ Q, Q, .• H = ~ e ("J8<u> -4- . ..,.o.) ~Y v • • 

,. L 1 1: ~r\ .. v T 
1 

T I' 
~ J': ~ ... i.' 

H,~:: -~L. ~ L v;,. t 1<n'>l< <tj +Q2)8cu•JtB<w><\>;tQ1)}. 

' ' ~t· 

(6) 

(7) 

•ote that these r .. ults are obtained under the aasuaption ot a aaall 

nu.ber ot quaaiparticlea in the «round nuclear atate 

<1flo\ Bq~'ll 'fl.) -=-0. 

It the iaoTector part ot the aultipole-aultipole interaction will 

be taken into account, formula (4) and othera will be ot a more 

complex form (aee rer.1101). 

'l'be phonon operator& aatia!J the tollowin« ooaautation rela
Uona/161 

+ r 1 ~ , uJ a 111 a' m 1 1' 
[QJ,Q3.]:: on,- 2L._ \ r,,,_Tu,- Tuf <ful) BO,t,) 

1, 1, y 

low we calculate tbe double caa.utator 

llQ2 ,Q;l,Q: ]= [(J(<u11til)Q;. X<u1s.s.)Q2), 
1 •a •1 1 • 

(9) 

where 

1L{cf.''<Y.''-Cf?~1 tn2')(cL2J 2 t, s J{(U,1,3~)=-z- , 1 ,, tQTtt r,,!f!,-+'e.~Q) t, tz t t • l 'I 'J t a ., • ,, ftJ 'J "'fJ •• tz • 
(10) 

~)f .. 

- ('Y,S1 cJ,a, <f.'' Cf.la )(tli'J lOS wl1 I ) )(<U,~1 11)=-~[_ u T1. 4 - f 1 t~ T, t T1 '+T0 1 ~t . 
' 1, 'a .... •a , ~ 1 J , ,.. '" 1 '• l f' l .. 1 

(10 1 ) 

t, to. 

I 

: 1 

l 

) 

'l'ben 

<"Y-'o l Q,~QJ;Q1:Q,: Ill'.)= JJ,2.' d1~ 1~+ 6~.a;~M~+}(cJ;2;~.J~) 
( 11) 

f I 

'l'be Taluea of the coetticients}{(,,J,,,~1 ) speci!7 the de«ree ot 

influence ot the Pauli principle on the two-phonon atatea. 

J. Exact lguationa ot the Model 

low we write the excited state waTe !unction ot a doubly even 

detoraed nucleua aa a superposition ot the one- and two-phonon com

ponents 

~ =-{~R~O·r>Q: +_.!_f_P.~ (>.~)Q4•Q; }~o· 
" &. • t2 I i '' a 111 •1. 

f I 

(12) 

Ita normalisation condition baa the !ora 

• ... )'Z "' 2 < 'iltt 11JJ,.) = l_ ( R~ Orl + L ( FJ 1 nr)) + (. s, ~~ I 1. 

+ ~ L P. ~ O·r>P..~~· ()tl ]{ <~:~: ~.2 ... > = 1 • 
z. •• 2, ..... • .... 

( 1J) 

a:~~ 

Calo-.late the anrace Tal11e ot Hv-r H,.1 onr the atate (12) 

< 2'"•1 H"'\ ljlt\) = [ wi. ( Ri.\)r>)
2 

+ L <"1 t-(JI )( P.1"' .. f).f'l)
2 

t-
. • ' 1 2. 1

1
2 I. ., 2. 

-+!.L <w2 +c.>1 )J{(~:s~~1~~-)P.h. or>~.}l,.<>-r)-2. 3, ~l t .. ..,.... ., ., 

.1~ 2; (14) 

7 



1 \ -' - ( }{<3'.~1.lJ + J<<~:~~.Jz)) p"' l~r>P~ ,l >-r> -
- sL.)Y>ffi vYr· vY.· .1.~2 ~.~l , ~. ~. 

- 2 L ~ 4 O~i)R>~r-)P~ Pr>-
i~ ~ 1d2 ;J,~. 

I l 

( 14) 

A . 3 
-.L 'L L, ~~;.{t r~~'l'~1>hl3aJ~.~)+! 3'~,(H'~3 J}((t.rL;,.1,l;)t 
l~,';l. hJ n ~J 

~.~j 1'1 0" 
~t qf~,)}{urL 1 J,~3 >j H.: l~~Jra, 1 .0·tt> ) 

where 
II- ~ ~ 

~ -~ f (~~·) ~i'- '~ 
u~~· ().r i.) is given by (9.75) in ref.l71. 

The energies of the excited states ~n and the functions 

and 

R Yl VI 
i. l'>.r) and P31 ~ 1().1') can be determined using the variational prin-

ciple 

5 { < ~n•l H M I (j?n)- ?., <. tJI/ I 'f ... )} = 0. 

As a result of calculations we get the following system of equations: 

., - f)l1 l ~ 
(w.-n)R.t).f')-2_[1. 4 (~ror..~nr>-!.rr P on. 

L (., L ~.a. 404z d14z 2 7?' J1 ~2 (15) 

I ~rl~3 ~.~l ~.~J J · \. e t~ ~·~~)}((~l3~ 1 ~2)+f ( n'1J)]{(lrL~~2~)t{ <~f?/}{(Ar'~~.~J) =0 

., 
< 1.)~ -tc...>q -Vl) ~ r.l~rH .:!.L_ (c.).+Wqi-I.A), ... wo,-2 r1 >](<~~ ~·nP~ ,<>.rJ-

.. , ·~ (" • ~ 4 .. , .. ~ .. , ... ( 11 1 • 1 l ~ • • ~ J;~; '"' 
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"I 

I 

1 
l 

' 

4 

-:!. L. ' - (J<(u~.3~ + X<~~.!~~z)) P."~. o.r)-
l(o l,. ~· .)( ().) ~y, rr;. fi:, l, ), 

1 "l ' ' J, 

-:!. L _ _!,___ ( ~.·J;l + J<(l1!~:~~)) P, 11
, o.r)-

1 " Q ~ ' ~ ' :X 0) /Yo . fi. 'ry_ ~. ~. 
.:J-J1rJ1 4 ,, VT:~ 

( 16) 

-I l;;,. c~r(> R~~C>-fi> -- .!. 2. r~: orL~- L r: J. 
~ ~.~2 2. 4. ~~ ~~·v. n 

d J J 

1 p/.fqJ ]{' . ,.3tJ1 11 , ,. .. {j,~ 3 , . 1 

'\" qf11l ,\j13l,J)+[ (j1'i3 ln\~rqJlJJJI- (H"i,I}JAP1J1123)]'=0· 

!13' 
Assuming }{0 1 l ... ~ 3 J •) and [ q; 11 ') 3 ) to be equal to 

'tero, wa arrive at the eyat.ern Qf equations obtained in ref./7/ 

within the quaaiboson appro;:[imatlon. Obtaining ~:U-f<) from (15) 

and eubatituttng a into { 16 ), wa get a horuogeneouo ayetem of equa

tlnr,a with rnpsot to pl:3. c;qt; • ro deteru;ina tbe "'ne:rgiea 

~~ , one ~hould diagcnalise tho matrix in the apace of tbe 

two-phonon atateit ~1 S'L • li'or the deformed nuclei -the matrix 

is obtained of a very high order, thus necessitating the transition 

to the approximate equations. 

4. Approximate Equations 

Among the matrix element• of the Hamiltonian connecting the 

two-phonon states we shall preserve only those wbieb do no·t change 

the quantum numbers of the two-phonon states. Then equation (16) 

will be 
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1 ( J{ o. ~~a . .l,~i_l_ + 
I (V-) -+W -~ hH}{ql~.~.~.}-4-L ---;o.d fY:~ 
t ~. ~L ., , .\, r.~ .1. 

*J{(.'l,~l~ • .ltrzL) }P)Jt>.r)-I_(U.. (>ri)tV (>-ri~R;o.rJ = 0, 
. l.hlJv v :1 2 . . ~ • .1. ~,3, 
JC '' . I• ' ~ I. ~zf'tl J'l 

where 

, _ ~3 J eAtti~j J{ c • \!: o.rn= ..!. L L ~ ~· 1 < w~J) ~.~.j) ~lh 
~,la 'JJ~J· n·~l ff 

+t ~.~~< ~ n3>]{ < ~J~. ~r'~l) + t ''l~l·c ~n3)J{<v;:Art3} ~ 

Substituting P q,., ( ).rc) 
d1~'Z. 

from (17) into (15) we get 

(we? ) R." Pr> - l.. \:-V ., R~ ott) = 0 
.. ~ i.' c. c. ' 

where 

W. = (~.2pro+ t{,h(>-rl>)(~.~pri'~+ "'J,,,<)re>). . 
it' [ (wlt£Jf? ... >(HJ((a1~2 ~2~,>)- !..L ~2 ).,r,L) + J{(3,~2 ~,lzf1~L} ) 

~.~z z 4, ;x,L>••ljy .')'; xl>-z>Jy .v 
).,r.~ j, hf'z~ 'Jz 

(17) 

( 18) 

(19) 

Thus, the commutation relations being exactly taken into account re-

sult in the shift of the two-phonon poles in the secular equation 

8(~.,):: detj/(wi.-?.,)cf.:i.'- W.:~· II =0. 
(20) 

and in the interaction 113.~, o.ro • As it follows from (19) 

the corrections to the two-phonon state energies, arising due to the 

Pauli principle, are specified by the values of the coefficients 

}((a 1 3t.~J34 ) • It is seen from (13) that }{(J,~.~l~f) enter 

into the normalization of the wave function. The diagonal coeffi

cients J{(~1 3 2i 1 32) are negative and less than unity in the absolute 

value. 
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The values of J{(a,~,'CI3 it<) for the low quadrupole with K "' 2 and 

octupole with K•O states of 166Er are given in the Table. Similar 

results are obtained for 176Hf and 228Th • It is seen from the 

Table that the coefficients }((36~.1) and }((~:!',n') are nega

tive and less than unity in the absolute value, they exceed consi

derably all the rest coefficients. The fact that the coefficient 

X(22:1:. ,22~,223,223)is close to ( -1 ) is caused by that the corresponding 
+ 

one-phonon stateQ 223 I'Yfo) is similar to the two-quasiparticle one. 

i' Q+ Therefore the norm of the two-phonon state Q2n 2'Z
3 

\1'."> deviates 

strongly from the value obtained within the harmonic approximation, 

this being indicated by a large value of the coefficient 

~1~,'2(~ 1 ~2~ 1 2.2,3 ). 

Thus, the commutation relations between quasiparticles forming 

phonons can correctly be taken into account within the quasiparticle

phonon nuclear model. The influence of the Pauli principle on the 

energies of the two-phonon states and radiative strength functions 

requires further investigation. 

A,r1l., 

221 

222 

223 

301 

221 

221 

221 

Table 

Values of the coefficients 
for 166Er 

A3.rzi.z A1r1l.1 A.,~,L., 

221 221 221 

222 222 222 

223 223 223 

301 301 301 

301 221 301 

221 221 222 

221 221 223 

II 

J{ (3,~, ~l ~.) 

-o,617 

-0,849 

-o,996 

-0,358 

-0,151 

0,094 

0,001 
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