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1. INTRODUCTION 

In recent years there is an increasing interest in the 
study of large amplitude collective motion. So far main­
ly two approaches have been applied for the description 
of large amplitude collective motion: the (adiabatic) 
time-dependent Hartree-Fock[ (A) TDHF] method L· and 
the generator coordinate method ~'21 . In refs. '3 •41 a rather 
orthodox formulation of the TDHF method has been 
proposed in order to go beyond the adiabatic approxima­
tion. Its application to the Lipkin model has shown that 
non-adiabatic effects are important in order to get a po­
sitive definite mass parameter r4 · But if one goes 
beyond the adiabatic approximation, the problem of quan­
tizing the time-dependent classical solution becomes 
serious, especially, when the TDHF equations can be 
solved only approximately or numerically, as it is usually 
the case. Then there is no general receipt how to quan­
tize the TDHF solutions. It is the aim of the present 
paper to propose a new formulation of the TDHF appro­
ximation, which allows to overcome this difficulty. Using 
path integral techniques 51 we develop a field theoretic 
approach to large amplitude collective motion. On the 
classical level our approach is equivalent to the TDHF 
theory. However, the quantization of the classical solu­
tions can be performed in a unique way, even if these 
are only approximately known. For simplicity we de­
monstrate the approach at a schematic model. 

Let us mention that path integrals are a very useful 
tool for the quantization of classical solutions of non-
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linear field eq-uations ("solitons") 16 •121 where they pro­
vide us with a natural generalization of semi-classical 
methods known from ordinary quantum mechanics to 
field theory. 

Recently n -1o1 path integrals in collective variables 
(called hereafter functional approach) have been applied 
also to the study of nuclear many-body systems. Using 
path integral techniques we could give a strict foundation 
of the so-called nuclear field theory 19,1oi.(For an intro­
duction into the nuclear field theory see also ref. '14 ). 

In the functional approach to collective phenomena 
of interacting Fermi systems one replaces the original 
fermion theory by an equivalent theory in a collective 
Bose field. In ref. 19/ it was shown that in the static 
approximation the equation of motion of this collective 
field reduces to the ordinary (static) Hartree-Fock equa­
tion. Further, as we have recently /11/ shown for the 
Lipkin model, within the functional approach the TDHF 
equation is obtained as the classical equation of motion 
for the collective field. In the present paper we apply 
the functional approach to a similar schematic two-level 
model, the TDHF equation of which is exactly solvable. 
The derivation of the TDHF equation in the functional 
approach will give us some new insights in the spirit of 
the TDHF approximation from the many-body theoretical 
point of view. The quantization of the TDHF solutions 
is then performed by means of the field theoretic gene­
ralization of the WKB method developed by Dashen, 
Hasslacher and Neveu 111/ (cited hereafter as DHN). 
This method has proved very successful in the quantiza­
tion of soliton solutions. In the present paper we shall 
demonstrate that the generalized WKB method is also 
very powerful in the quantization of large amplitude 
collective motion. 

The paper is organized as follows: In sec. 2 we pre­
sent the derivation of the TDHF equation within the func­
tional approach. We start with the generating functional 
for the fermion Green functions. The two-body interaction 
is linearized by means of a collective Bose field. The 
classical equation of motion for this collective field 
coincides with the TDHF equation. In Sec. 3 the classical 
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solutions are quantized by means of the generalized 
WKB method of DHN and are compared with the exact 
solution. Some concluding remarks are given in Sec. 4. 

Z. FUNCTIONAL DERIVATION 
OF THE TDHF EQUATION 

In the following we present a field-theoretic deriva­
tion of the TDHF equation for a schematic model, whereat 
we shall investigate the essence of the TDHF approxima­
tion from the many-body theoretical point of view. 

The model under consideration consists of N ~ 20 
fermions distributed over two single particle levels, each 
with degeneracy 2!!, and interacting via a schematic 
monopole particle-hole force: 

H ~ H sp +- H tb • 

where 

and 

20 ' n -r ~ a ~ a' a . 
sp a= ±1 m = 1 rna rna 

+ 
H tb -~-·VA A 

with 
i 20 + 

A - ~ am 1a m- 1 • 
m=l 

(la) 

(lb) 

(lc) 

(ld) 

The index a takes the value a ·~ 1 and a '" -1 for the 
upper and the lower level, respectively, while the in­
dex m labels the degenerate states within each level. 
The level spacing is 2,, and V denotes the interaction 
strength. 

The generating functional for the fermion Green func-
tion is given by the following path integral 

Z[q,q+] = hfDaDa +e 'i (cttL~(t)+q"(t)a(t)+a:(t)q(t)! (2) 
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where 

~ (t) = ~ a +rna (t)(ia t -ad a rna (t) + VA \t)A{t) 
m,a (3) 

is the Lagrangian corresponding to the Hamiltonian (1), 
q, q + are external fermion sources and }( is an irre­
levant normalization constant. In order to perform the 
integration over the fermion variables a' ,a the inter­
action is linearized by means of a (complex) Bose field 1/1 

+ I 1 + + T 
iVA A + i - vifl 1/J + 1/J A + A 1/J! 

e = Yr 1 (Dif! D..j, e 

Introducing the spinor representation 
l- t t ' t-

a m -~ (am 1 • a m -1 ) • q m - 1· q ·n 1 · · q m -· 1) 

the generating functional takes the form 

+ 'h + + Z[q.q ] = Jl {DaDa Dlj!Dif! x 

x exp[ilfdtdt' ~a+(t)G- 1 [1/J](t,t']a (t') + 
m m m (5) 

1 + + + 
+ r dt[- --1/1 (t)if!(t) + ~(q {t)a (t) + a (t)q (t))J!], 

V m m m m m 

where G. defined by 

ia -< if! 
a- 1 [1/J](t,t ') = c t . ) B(t- t ') (6) 

if!+ 1at + < 

represents the fermion Green function in the "external" 
field if!. Integration over the fermion variables yields 

Z[ q, q "] ~ )1 '{D if! D ljf + exp [H S[if!] - fdt dt 'q'(t)G(tt ') q(t ')!], (7) 

where the new effective action 

S[ljJ] = Jdt fc [tjF](t) (Sa) 

is given by the collective Lagrangian 

1 + . -1 
~ [w](t)=---0 (t)dr(t)-i211tr(logG [·'·])(t,t). c . v' y 'f' (8b) 
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From the least action principle, 88/8 if! + 0. we find 
the equation of motion of the collective field if! (t) to be 

w(t) = -2UV tr[( olg ) G (t,t ')I t= t'-o]. (9) 

To solve this equation, we must find the explicit expres­
sion for the s .p. Green function G [if!] (t, t ') in terms of 
the collective field V' by inverting eq. (6). The s.p. 
Green function can be represented as 

-iO(t-t') 0 -1 , 
G[I/J](t, t') = U(t) ( O iO(t'-t')) U (t ), (10) 

where U(t) is a unitary matrix which must satisfy 

liar U(t)]U-·1(t)- <' 3 -(1/11 rl- I/J2r 2), if! 1/11 1 iif! 2, (11) 

( r i denotes the Pauli spin matrices). In solving this 
equation we can proceed as in ref .. '7 1 and parametrize 
U(t) in terms of Euler angles 

i !!_T 1 {3 - y 
=e e e 2 3 U(t) 

2 3 -2- T 2 I -- T (12) 

With this ansatz one finds from eq. (11) after straight­
forward algebraic calculation the following set of diffe­
rential equations 

-{3 sina + y sinf3 cosa = -2J.jJ
1

, 

{3 cosa + y sin{3 sin a =- 21/12 , 

a t y cos {:3 o - 2 f • 

Defining 

¢ = sin {:3 e ia 

and eliminating the angle y 
(13) can be cast into the form 

¢ t 2i< ¢ 
--------~ 
-------- = i2if!. 
'1 + y' -¢ ¢ 

(13) 

(14) 

which is redundant, eqs. 

(15) 
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Inserting now the explicit expression for G as given 
by eqs. (10), (12) into the equation of motion (9) and 
using the definition (14) we get the relation 

tjJ = OV¢. (16) 

Combining the last equation with eq. (15) we, finally, 
obtain the classical equation of motion for the collective 
field t/1 in the form 

• C) 2 
i t/1 ~- ~~ l2 f - P \; 1 - <-'"-) t/1 ~ t/1 J. P c 2 n v. 

p 
(17) 

It is highly non-linear and coincides with the TDHF 
equation. 

Let us now see how the TDHF approximation is re­
lated to the conventional small amplitude perturbation 
expansion 7 ,8,9/ • where the effective action S{tjl] (8) 
is expanded around a static solution of the equation of 
motion (9), tjJ

0 
c const*. Solving eq. (9) in the static appro­

ximation corresponds to the ordinary Hartree- Fock (HF) 
approximation (see ref. '9' ). Defining tjJ = tjJ 

0 
t tjJ' and 

introducing the s.p. Green function in the HF appro­
ximation G 0 •· Glt/J ·• tjJ ]. the expansion of Slt/J] in 
powers of tjJ' yields 

S[«j,] - const + S
2

ltjJ '] + ~ L [t/J ']. 
II ' 2 II 

(18) 

where 
n t 1 , 11 ' . . . . (--) 0 t/1 L lt/1 ] - -12U I dt tr l- --- - (G ( ,t )) (t. t)l (19) 

11 n tjJ 0 

represents a closed fermion loop emitting and absorbing 
+ 

n collective lines, tjJ and t/J • respectively. The terms 
linear in tjJ' vanish due to eq. (9). The quadratic part 
of the action, 

s [t/J] =- _!_ {dttjl' (t)ljl'(t) T L [ t/]. 
2 2 . 2 

*The static solution t/1 0 can, of course, also be 
obtained from eq. (17) with ~ = 0. 

8 

serves for the definition of the free quanta. From the 
least action principle aS 2 [tjl]/o t/J' = 0 one finds the free 
equation of motion which coincides with the Bethe-Sal­
peter equation in the RPA (see ref. 191 ). By canonical 
quantization of the collective field t/1' from the free 
equation of motion one obtains the common RPA phonons 
as the bare quanta of the theory 19 • 16 ~ The higher order 
fermion loops L [t/J '], n > 2 represent self-interac­
tions of the collective field, i.e., correlations between 
the RP A phonons which produce anharmonicities in the 
collective motion. After canonical quantization the small 
amplitude expansion (18) defines a perturbation theory, 
which, when performed up to infinite order (what is 
usually impossible), would yield the exact results of 
the original fermion theory. 

Now it is clear what the TDHF approximation means 
in the language of the conventional small amplitude 
perturbation expansion: The TDHF approximation, which 
is derived from the full classical action S[t/J] (see eqs. 
(8,18)) via the least action principle, corresponds to 
a summation of the closed fermion loops up to infinite 
order. However, the summation is performed in the 
classical approximation, i.e., without having, before the 
summation is carried out, quantized the harmonic, small 
amplitude oscillations. In this sense the TDHF method 
yields a classical description. 

Although highly non-linear, the classical equation of 
motion (18) can be solved analytically. In polar coordi­
nates 

t/1 = R e ie. 

Its solution reads 

~ = {-xe -ic<>(x)t+ ie 0 ( 20) 

It describes oscillations of the collective field tjJ with 
a frequency 

w (x) = 2<- p v 1- x 2, (21) 
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which depen~s on the amplitude X· ( e 0 is the initial 
phase of t(J ). The constancy of the amplitude x of the 
classical solution (20) is a consequence of the fact that 
our model interaction (lc) does not change the number 
of particle-hole excitations. To make this clear, we note 
that from the least action principle applied to eq. (5) 
the fermion structure of the composite field t/J follows 
to be t/J-., VA. Therefore the amplitude of the classical 
solution ;j (20) can be related to the expectation value 
of the operator At A, which measures the number of 
particle-hole excitations, via 

X 2 
1 . t 

£2-2·1< A A>l*· (22) 

In the classical solution (20) of the equation of mo­
tion (17) the amplitude x of the collective field t/1 is 
still an undetermined parameter. The quantization of 
the classical solution, which is performed in the next 
section, will fix this amplitude. 

3. QUANTIZATION OF THE CLASSICAL SOLUTION 

In the following the classical solution (20) is quantized 
using the field-theoretic generalization of the WKB method 
developed by Dashen, Hasslacher and Neveu ·12 . For 
a review of this method see ref. /la ·. In the DHN method, 
the energy eigenvalues are obtained from the poles of 
the propagator 

1 00 i(E - II)T 
Q'E)"' tr----- = i tr ( dT e = 

H-E o 
T 

= . _( dT i E T f d·'· K( ' I ) * * 
I e '>"o lflo ·lifo ' 

0 

(23) 

*Strictly speaking, the amplitude x is related to the 
expectation value of the operator A in a "coherent" state 
such that t/J = V <A>. 

** Here fd«/J 0 means an ordinary integral over the 
complex variable t/Jo = t/J (t 0 ) ( t 0 - fixed). 
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) 
l 

where the Feynman propagation kernel 

K( '" 1 ') , .1.'1e··iHT. r • l,J ·llf . 'f' ilil 

is conveniently represented as a path integral 

K(~! ".y,) 

with 

f Dy D~, 

T 

iS(y ".y ', T) 
e (24) 

S(y".t,&'.TJ JdTY,.l~!j(t) (25) 
0 

being the action along the trajectory 0 (t) connecting 
the initial and final field configuration, <jf(t 0) t,&' and 
t/1 (t T) ~1 ". respectively. In the semi-classical quanti­
zation given by the WKB method one considers small 
fluctuations along the classical path (in our case in the 
0 degree of freedom), i.e., the functional integral (24) 
is calculated in the stationary phase approximation which 
is known to be 

iS (I '·'Ill' · 2 
K('" '') cl (// ,-r,T)rl S (1

1
1 ".t,''I) 

11 

If' .v ., e I c] r • '+-' • 12 (26) 
ae "ao' 

where S cl is the action along the classical path 0 (t) 
~'/(t) (20) between the field configurations tjJ' and t/J ". The 

second factor contains the quantum fluctuations. The 
trace in eq. (23) implies a summation over all classical 
orbits with the same T differing in the fundamental 
periods (per cycle) 

T 2 77 . m 1. 2,3 ..... 
r · -n1 ~J-<xl · (27) 

where m is the number of traverse of the same orbit. 
The classical action, S rl (T), which is evaluated in the 
appendix, is given by 

Sci (T) 1' l 7 ]T c ljJ 
(28a) 

with 

~ - 2 2 2 (28b) f' l tP J · · f (X) - _fJ._ ll - './ 1 - X 1 
c c 4V 
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Clearly we have S cl (T .c m r) = mS cl (r), and for the pro-
pagator G(E) (23) we get 

G(E) = i ~ Jdx tmdrA(x)o(r- ~~-) x 
m 0 w <x> 

X exp [i (E r + Scl (r))m )~, (29) 

where 

2rr . a 2sc1 <e ",e ', T) 'h 
~ = I dOl[----------] ! (30) 

o ae "ae ' e '= e "= e 
d(~r:_) 

A<x> =I --~(x_) __ l, 
dx 

and the o -function enforces the constraint (27). We can 
now immediately integrate over r. The remaining integ­
ration over x is performed in the stationary phase 
approximation. The phase 

~ 

W(x) = (E + S! c<x))r(x) 

becomes stationary for 

W'= ~W(~ = 0. 
dx 

(31) 

(32) 

The last relation defines x as a function of the ener­
gy E. The result of the x integration is then 

. 2rri liz imW 
G(E) = 1 ~ (--------) m e · A. A, 

W"m 
(33) 

where we have to put for x the value obtained from the 
stationary phase condition (32), x ., x (E). 

What remains to be done is to calculate the quantity 
~ defined by eq. (30). For this we need the change of 

the classical action when varying the initial and final 
phase e' and e ", respectively, for a fixed T (for 

12 

a closed periodic orbit we have 0'-0"). Of course, va­
riation of the initial and final phase for fixed T will 
also change the amplitude x • X· The classical motion 
on an orbit with this new amplitude X· has a fundamental 
period (per cycle) i given by eq. (27) 

2rr 
T -= ~~ ---·------ ' 

(l) <x> 
which is ·connected with the fundamental period of 
the closed orbit (8' fJ '') via 

2 77T 277m r (277m U " · 0 'k (34) 

With the last relation we find from eq. (28) for the action 
of the orbit with slightly different initial and final phase 
(&' t 0 ") and amplitude x 

S cl (8 ",() ', T) = S! c ()((Tl)T = 

2rrmr ()"-8'+2rrm 2 = ------ [p- 2c + ----------] . 
4V T 

(35) 

Hence the factor !\ (30) is given by 

t\ 2 77 I -. «J (X) 
1
h 

2 v;n (36) 

Inserting this value for 1\ in eq. (33) we are left with 
a geometric series. Summing up this series, what yields 

iW e G( E) = i 2 T7 A [ _3_rr~L~~~_)J_] lh ----
2\V\W" --

1- e iW 
(37) 

we find that the propagator G(E) has poles at energies 
E ·' E11 which satisfy 

W(E
11

) --. 277n, n - integer (38) 

With W(E)- W(x(E)) defined by eqs. (31), (32) the quan­
tization condition (38) takes the form 

2 Q \' 11 =(x(E 11 ))~~ 1~(1--_fl)2. 
u 

(39) 
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Finally, inserting this value of x into the stationary 
phase condition (32) the quantized energies measured 
from the energy of the state with n ~ 0 follow to be 

E ~nl2£-p(1---~-)L 
n 2U 

(40) 

The quantum number n, obviously, corresponds to the 
number of fermions excited to the upper level. 

A characteristic feature of the semiclassical solution 
is that the amplitude x of the collective field 1/J (see 
eq. (20)) is state-dependent. (In contrary to this, in the 
RPA we have a fixed amplitude x « 1). For the state 
with n - 0, which is the ground state if p < 2f (all particles 
are in the lower level), we have x 0. With increasing 11 

the amplitude x steadialy increase up to it reades its 
maximal value x = 1 for n ~ n (the half of the particles 
are in the upper level). If n further increases, the am­
plitude x decrease and for n ·. 2n becomes again zero 
(all particles are in the upper level). This behaviour of 

x is easily understood if one considers that the am­
plitude is related to the expectation value of the operator 
A+ A defined in eq. (1d), via eq. (22). 

Let us now compare the result of the WKB quantiza­
tion ( 40) with the exact excitation energies as follow 
from group theory*: 

exact n 1 
En = nl2f- p[l- ---0 (1-· ---)]l. 

2u n 
(41) 

The error obtained after semi-classical quantization of 
the TDHF solutions for the excitation energies is of the 
order 1/2!1 if the effective coupling strength p is con­
sidered to be of the order one. 

4. SUMMARY AND CONCLUSION 

In this paper we have proposed a field-theoretic 
approach to large amplitude collective motion, which is 

*Our model Hamiltonian (1) can be expressed by the 
generators of the SU(2) group. 
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based on the functional approach and semiclassical quan­
tization. It has been shown within a schematic model 
that the classical equation of motion of the functional 
approach is equivalent to the TDHF equation. The deri­
vation of the TDHF equation within the functional ap­
proach exhibits the spirit of the TDHF approximation. 
It makes clear that the TDHF approximation implies 
summing up all closed loop diagrams in the classical 
approximation. Quantization of the classical solutions 
by means of the field-theoretic generalization of the 
WKB method has given a fairly good agreement with the 
exact energy eigenvalues for an arbitrary large interac­
tion strength. This includes also such situations where 
in the static Hartree-Fock picture the system undergoes 
a phase transition to a "deformed" ground statel81. 

The fairly good agreement obtained here makes the 
functional approach together with the WKB quantization 
a very promising method for the study of large am­
plitude collective motion, for instance in very soft nuclei. 
It suggests further investigations of more realistic mo­
dels within the here proposed approach. 

APPENDIX 

Calculation of the Classical Action 

The effective action S[ljf] is defined by eq. (8). 
We have to calculate the Lagrange function (8b), f c [t/J]. 
for the classical solution ljJ - ~~ given by eq. (20). The 
first term of fcl v&J is trivial. The second term can 
be calculated by expanding the logarithm as in eq. (18). 
This yields 

-itr(log G -l[ f])(t,t ') =- itr(logG ~ 1 )(t,t ') + g(t,t'), 

where* 

g(t,t ') . ,. 1 ( F') k ') 1 ..:.. - A ( t. t 
k k (A.1) 

*Multiplication is understood here in the functional 
sense what implies integration over intermediate times. 
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with 
2 

A= (p x) • 

-iwt 1 iwt' 
F(t,t')=fdt 1 G+(tt 1)e G_(t 1,t')e 

and 

G+ ( t, t ') 1 ie ( ± [ t _ t ')} e ± i 1 ( t - t ') 

are the unperturbed s.p. Green functions. The function 
F( t, t ') depends only on t - t '. thus it is convenient to 
Fourier transform eq. (A.l) 

g(lt') .·· I d{} e-iU(t-t') e(n) 
2rr 

yielding 
N 1 k 

g(n) - i L - (A F (n)) . 
k 1 k 

Differentiation with respect to A transforms the sum 
into a geometric series, and we get 

g(Q) = i t dA '-~~1___ ___ . 
o 1 -A 'F(n) 

Reversing the Fourier transformation and performing 
then the A -integration yields 

w 2 2 2 
g(t,t')\ t=t' = ..j(£- 2) + p X . 

Omitting the (infinite) constant, 
find for the classical action 

- p 2 . 22 
S (T) - f [ rjJ] T ---( 1 - \ 1 - x ) T. 

cJ c 4V 

REFERENCES 

- 1 
- itr(log G 0 )(t.t). we 

(A.2) 

1. Baranger M. J. de Phys. Suppl., 1972, 33, p.61; 
Villars P. In: Dynamic Structure of Nuclear States, 
ed. by D.J.Rowe. University of Toronto Press, 1972. 
Kerman A.K., Koonin S.E. Ann.Phys., 1976, 100, 
P.332. Villars F. Nucl.Phys., 1977, A285,. p.269. 

16 

2. Holzwarth G., Yukawa T. Nucl.Phys., 1974, A219, 
p.l25. 
Hetherington J.H. Nucl.Phys., 1973, A204, p.110. 

3. Marumori T., Progr. Theor. Phys., 1977, 57, p.l12. 
4. Kuriyama A. Progr. Theor. Phys., 1977, 58, p.366. 
5. Feynman R.P., Hibbs A.R. Quantum Mechanics and 

Path Integrals. Me Graw-Hill, N.Y., 1965. Popov V.N. 
Functional Integrals in Quantum Field Theory and 
Statistical Physics (in Russian), Atomizdat, M., 
1976. 

6. Gervais J. -L., Sakita B. Phys. Rev., 1975, Dll, p.2943. 
Callan C.G., Gross D.J. Nucl.Phys., 1975, B93, p.29. 

7. Kleinert H. Phys. Lett., 1977, 69B, p.9. 
8. Ebert D., Reinhardt H. Nucl.Phys., 1978, A298, p.60. 
9. Reinhardt H. Nucl.Phys., 1978, A298, p. 77. 

10. Reinhardt H. Nucl.Phys., 1978,A306, p.38. 
11. Reinhardt H. Proc. of the 15th Topical Conf. on 

Nuclear Spectroscopy and Nuclear Theory. Dubna, 
USSR, July 4-7, 1978. JINR, D6-11574, Dubna, 1978, 
p.36. 

12 . .Dashen R.E. et al. Phys. Rev., 1974, D10, p.4114, 
4130, 4138; 1975, Dll, p.3424; 1975, D12, p.2443. 

13. Rajaraman R. Phys. Rep., 1975, 21C, p.227; Neveu A. 
Rep. Progr. Phys., 1977, 40, p.599. 

14. Bes D.R. et al. Phys. Lett., 1974, p.253. 
Reinhardt H. Nucl.Phys., 1975, A251, p.317. Bes D.R. 
et al. Nucl.Phys., 1976, A260, p.1, 77. Bortignon P.F. 
et al. Phys. Rep., 1977, 30C, p.305. 

15. Landau L.D., Lifshitz E.M. Quantum Mechanics, 
Pergamon Press, London. 1958. 

16. Ebert D., Reinhardt H. JINR, E4-10961, Dubna, 1977. 

Received by Publishing DePartment 
on October 25 1978. 

17 


