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cpeﬂll{ﬁﬂ OONEPH3ANKA OTAAYd & #AACPEOM 3aXxpare MIcoHA

OfcymnaeTca Teoprsd CPeAHal nogapn3auiu A0pa OTAAYK B 3aXBATe
MIGOHA SIAPAME € MPOUIBCABHBIM CHHHOM, AHAIM3 RPOBOIMTCH C NeAbIo Ollpe-
fefleHEd BKIafga CAaGpX BaAsmMoRefcTBRi B BENHYHHY HONApU3AIHM, C YTIeTOM
POIH CEepXTOHKGH CTPYKTYpLl mesdcaToMa. Cpeasnag HONAPH3ANMS OTRAYE BDhi-
YHCAASTCH H3 KAHOHUHECKOro fpeacTtapickusa NMEPeXOoAHOH MATDHULI NAOTHOCTH,
KOTOp&s NOCTPOeH& MPH MOMOWH MaTPHIE IJIOTHOCTH /AAH HAY4ANLHOIS COCTOS-
HHS, CHCTeMLI B aMIIMTYAM fAepHOrQ mepexona AAaHHOH B MYILTUIONLHOM pPad-
moxepnu, PaccMmaTprBaeTCH CAyHal NPRMOIO RpPeXoaa b OCHOBHO® COCTOSE
AcYepHeTo Hpa, 4 TAKMKE KACKAMHONO nepexoja, Cle npw 3axpare MIOOHA
ofpaayercs noabymaeHHoe COCTOSHUE ApA, KOTOPOE NOCPOACTROM 3JEKTPOMAr-
HHTHOTO pacnana NMepexondT B OCHOBHOE cocTosuue. Ha npumepe smpa YBe
NPOAHAAUANPOBAHL OOHOBPEMEHHLIe NpaMofl U Kackandeti ltepexoar:, Orasuima-
eTcs, UTO JUIR 9aXBaTa MIOORA B sape "De  yuacTRe KACKAMMOTO Nepexofa
NPUBOAMT K ROTYWEHUIO BERHYHHbl CpeaHaii moaspudauny sapa ornaqu.édxpéur
ITOT BANSET KA ONpelencdMe fopMbakropos cAabOro B3AUMOARHCTBUSL

Patora sanongeda B JlaSoparopur Teoperuuccroft dwamkn OWAU,

Coobuichre OBbeagResHOrc HHCTHTYTA SAepHbLIX Wcchenosanui, My6ua 1978

Clechanowicz 5., Mulkhcopadhyay N,C. F4 - 11832

On the Average Recoil Polarization in the Nuclear
Muon Capture

Theory of average recoil polarizalion in the nuclear muon
capture iz discussed for nuclei with arbitrary spin, Formulae are
derived in cases of direct and cascade nuclear transitions or
both, llustrative examples are shown fo indicate the weak inter-
action interests in this observable.

The investigation has been performed at the Laboratory
of Theoretical Physics, JINR,
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1. INTRODUCTION

The experimental invest/igf'ltion of nuclear muon cap-
ture has two principal aims I _ first, to study the muon-
nucleon weak coupling constants in a nuclear environment
and hence to find out if these are different from the ones
characteristic of muon interacting with a free nucleon;
second, given the weak interaction Hamiltonian, to explore
nuclear physics aims, for example, by learning about
transition matrix elements or understanding collective
(’giant”) isovector excitation modes. With the advent
of meson factories and sharper experimental tools, ex-
periments of increasingly difficult nature are designed,
besides the transition strength measurements. The an-
gular correlation measurements via the polarization re-
coil asymmetry of the daughter nuclei produced in the
primary reaction or the probabilities of electromagnetic
radiation emitted by the daughter are increasingly at-
tempted. These, together with the rate measurements,
give us a more complete handle to the physics understan-
ding of the primary reaction. The situation here is very
similar to the one existing in the field of nuclear [3-decay
immediately following the discovery of parity violation
in the weak interaction. There are now complete theo-
ries /% available for the angular correlations involving
the nuclear g-decay and electron capture, and, at the
first thought, it might appear that one could readily
copy this formalism, particularly for the electron capture,
in the problem of nuclear muon capture. Unfortunately,
that is not quite the case.



There is an important difference that distinguishes the
muon capture problem from that of the electron, the very
important role of the atomic hyperfine (HF) structure in
the former one. Indeed it is the importance of the HF
effects in nuclear capture that makes muon a very va-
luable probe in the weak interaction aspect. The light
nuclear atoms with non-zero nuclear spin I have statisti-
cal populations for the HF statesof spin F+=1+ %, with
very different sensitivity to the weak hadronic form fac-
tors as far as the nuclear c¢apture is concerned. In po-
larized and oriented nuclear targets, these HF popula-
tions can also be made non-statistical 73/, Finally, in
somewhat heavier elements (A x19), the HF conversion
takes place due to the ejection ofatomic electrons, rapidly
on the weak interaction time scale /4/. Again the HF effect
becomes mandatary to be considered in the formalism.

Our aim, in this first of two projected papers, is to
consider the measurement of average * nuclear polari-
zation of the daughter nuclei produced in the muon cap-
ture by a nucleus of arbiirary spin, where the daughter
may have been produced either in the ground state (g.s.)
or in one of its nucleon-stable excited states which decay
by the emission of the electromagnetic radiation. The
experiments we have in mind are the successors of the
one by the Louvain-Saclay collaboration/5/ for 12¢ . While

the gamma-neutirino theories have been discussed, at
least in special cases in this general context no such
work is presently available for the average polarization,
except for the special case of spin zero targets 6/,

This paper is divided into three principal sections:
Direct muon capture transition is given in Sec. 2; Sec. 3
contains cascade transition, i.e., muon capture followed
by gamma decay; Sec. 4 contains 2 combination of direct
and cascade sequences.

*Hereafter the”average’” means average over thedirec-
tions of all unobserved radiations. (neutrino, gammarays).
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2. ONE-STEP NUCLEAR TRANSITION 1 -»1y

Let us first consider the direct muon captqre tran-
sition 1; 41y, where I; and I; are the spins of the
parent and daughter nuclei. The tran§1t10n amplitude
for such a process is given as a matrix element of the

weak interaction Hamiltonian H, :

" 1
<If Mf s vm ’“.‘Iu lIiMi"_'z"m) =

1%
= \‘f '—é; :Dm h

-~

Fy ~ 1.
(@)5D (0 M P 1M [Py @)
2

where on the left-hand side of (2.1) the spin'quantlzah_on
axis for both the leptons and nuclei _is grbltra.ry, while
on the right-hand side the spin-qqantlzatlon axis for thg
leptons is pointed along the neutrinoc momentl_.lm 7, an
that for the nucleons is still arbitrary. It.wﬂl be more
convenient in the present case to Qeal with the lattgr.
The angles (17 represent the rotation r_:eedgd toq bring
the arbitrary quantization axis to the direction v dTge
weak multip?lfe amplitudes T can now be defined by
the relation /7 .
. i TN -1 un 1
i P M — === 3 i T Ty Dy (Q042.2)
/37 ™ ¥
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where we_have abbreviated 1My to M; and soon, I

means 2l + L _
The relation of the multipole amplitudes to those of

ref.’® is:
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The nuclear final state dgnsity matrix is symbolically
given as (I--’-‘al):H i ici i
: p(ly £ Lpi Hy Explicitly this can be
written as
'<Mf|pr(Ii—%If)|M;'>"' by f——=<M_2h|H [M_,[Ap> x
;s B2 f 7R
MiMj g

~,

»x <M ,[ﬁ]mp i 1M’j':['j]{i’> <Mi', {Elp. '|I’.“I#'|Mf-,13h>. (2.3)

where p; is the initial density matrix of the muon-
nucleus system, discussed in detail in the subsection
2:1. The muon capture rate A }f) and the average pola-
rization of the nucleus P(I;j-»I¢) are then given by

ML) = 08320 3Te,p (1, 201y, (2.4)
5 ATTE IS
P By 1t .
(i —=Ig) =/ 3I{.-—<Q >, (2.5)
with
(1), TN e, m
Qs = Trp( £ 1)@ /Trpa 1), (2.6)

where the operator é“’ is defined as

5 AREr Y 5
Q(l) = \/ —-o—-ng----v--t-z ’ (2 ‘7)

(D

-~

I being the angular operator. The reduced matrix ele-

ment of the operator (ﬁ(h between the states of angular
momentum [ is simply *

aa® e - 7 (2.8)

N it ad

¥In this paper we fpllow the Wigner-Eckart
as detined by Edmonds 9/1,1 g theorem

2.1. The Initial Density Matrix

The initial muon-nucleus density operator can be
written in the most general case as follows:

~ 1 . 2 () A M xR BH D)
. N, <@} Q > w9 mg - 2.9
g1 2031 + 1) gm”pmo ny = mg it ( )
Its matrix elements can be reexpressed as

" |A1M' . s E,{) ‘/zg.i'/{z {1 p! Ii)
M £ . In = [ ——— - ’ K b4
i it e, P22 1) mom, 0y (l\)‘ll mg M;

gp T (£p)

SRR
where the quantities u %P in the hyperfine basis of
the muon-nucleus system have the form

(BP)  ~m on - (%" ByfF 1 F
Urm = sPI] \;]E p> ?FMHPiiF'M'>F¥Ii I pi M'm%
FMM FFr
(2.11)
This can be simplified further:
(Bp) ~~n T A hop
U = 8LV 2 XL Fy% Y% B8 App Fm ’ (2.11")
] F FFr
with
F ~ Fr, F ~ .
=1 & | )_<FM: FM ">, (2.12)
P rm rMM‘(M'ml M’ PFI -

and with the expression for p; used

~

pi = %‘ Apf p o (2.13)

where Tr(EF}: 1 and T.r(,;i) = EFAFz 1.
It is now useful to introduce the initial density matrix
in the rotated frame of lepton quantization axis

T N S . X1 ~ C ey Y
M, (Pipip; Mg > = & _Dn’?ﬂmng im g [Mym >sz}f-mi’)“
mm
(2.14)
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2.2. Expressions for Caplure Rate
and Average Nuclear Polarization

To proceed further, we substitute (2.14) into (2.3) and
obtain the following result:

~

NI R S g
Melplly > I Mp> -~ & ENES Pl ”Ig) (rm |M) (2.15)

U
with p'(I. —1) .as
m 1 f

B (gp)

P I - II') = e X (o) B 1 h rm

3m /21, T'pg &

"1
11,
(2.16)

the quantities Bg“ h can be written in terms of the
multipole amplitudes T;:

g 11 -g¢h_-2hf, | p ,'
B ‘h:i [1°T ;f‘: /é/zlg 1 II;:, .
H I ' bhn'of {-2h 2b 0

1ty T 11" g
(9 X % s \f s 5y (2.17)

(T4 117+ 1) 000

+ Vz %|g [x ’r‘_l—— II,. 5 ()lgx o
h h'2h ”’}‘;‘1‘ ozhl oh) "\ i"]*lo 211'211

R (2.18)

Two special cases of B'}’TI +, are particularly interes-
ting:

8

(2L 1"+1)Tf 5 Va—h+1 ’Ii L pi
r

0 %-h+1 1 _phg
Bim =) ~— Ty 1

2

I
(1+ ———Xy ) (2.19a)
I + 1

e
~

_ I~
LR /3 aax). @19b)
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1 Ye—h+I
B =)
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Now, the quantities Trp i Ir) and Trp & 1@V
can be computed in the normal way, viz.,

i -~ 3
Trp(ti—Ig) =Ty, <Mglp(i— 1M >,

. 1
ety So 1)@t - z Qi
(M
These are
1ol Lili g
it (2 f{“ ) f . %“h+l g g ) , -
Trp (Lj=s If) =~ % (=) Bri'nUg {I°1
amy2l; L F I;1; O
(2.20)
1
Tep (1 1@y =
. 1, 1
(2 ¢+ Dy LD, Yentl e P
= _.———:.—A_H}’ - (—) B“ h[] tm I'1 g1
3zy21; PR E Iy It 1
Vel @.21)

Then using (2.20) and (2.21) and the definitionof P(I if» Ig),
eq. (2.5), we obtain

—_—

1) :

Pa, S - \/ 7T (2.22)

M S A By

where B(];. are given by



Y2 —h+1 Y ¥

(r) ~ = A . A
By -1 J2 Py o) Bit Cp (Ll ), (2.23)
)
with
L1 py 1, 10
Cp Ll - 3 (2p-+-1)’1'r g”/ /gz (2.23)
1t Ir F Fr

It is also useful to express the average polarization
due to capture from individual HF states. Calling these
quantities P,(1,£1,), we have

T 1 F
FATED! B(F)p 1

" p

P, 1) - Vg~ (2.24)

FFo

We can now express P in terms of Py

-y 1 ) - " .

Pi>TIr) = ZopPpl; — 1), (2.25)
where g F

fFEPFRP D
wop = — — (2.25")

@ F
ZpcdprByplog

2.3. Some lllustrative Examples

To apply the above obtained results (2.22, 2.24), >ve
consider the allowed transitions in tp -shell nuclei 1%/
and assume the dominance of the Gamow-Teller matrix
elements, which is a reasonable approximation’ 11/ for
many transitions in computing the transition rates. This
approximation is made here for illustration only and, in
more accurate calculations, it can be relaxed with more
careful attention to the nuclear physics. The approxima-
tion makes the average polarization independent of the
nuclear structure effects, and it allows us to display the
roles of the weak interaction form factors explicitly.
With this, Bf4  becomes :

10

B N S
T LI (2.26)

and we can make use of the special cases of B{flh given
in eqs. (2.19). It is convenient to define the quantity gj

ﬁ o 1_..-‘;3-}.(._, : (2‘27)
2+ x2
where x is simply
— T . Gp
X = \{'2 =1 - ——

Particularly simple is the case where the initial nuclear
spin is zero. Thus for the transition ¢ £ 1, discussed fre-
quently in the literature, within the context of 12C puc-
leus,

CooH 2 _
P (0= bl ~5p. (2.29)

Other interesting special cases: (L -é“ > —;_ , (2) -1.9: ‘»-—?’2—,

3 1 3 3 3.3
(3)1"1,1(4)1‘2:(5)2‘2w(ﬁ)g*gr(q)g'g
We show their results in the Table.

Within the above approximation, some interesting
results are apparent. Taking the example of thel - 2
transition, the average polarization from the upper hyper-
fine state only depends on the weak interaction dynamics,
whiie the corresponding result for the lower one does not.

In the —g—a % transition, this is the opposite. These are,
of course, not rigorously true due to our neglect of ali
nuclear matrix elements other than the GT one. Neverthe-
less, they give a feeling as to what HF processes are
more interesting in polarization measurement from the
weak interaction point of view.

An interesting example of the Fermi and GT matrix

elements both playing important roles is the superallowed

transition —12 = —%- in the same isomultiplet (p »n, e - 3,
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Table

Average nuclear polarization coefficients BYP/BW for
capture from hyperfine states in Ii#0 nuclear targets
in the allowed GT approximation. The quantity g is
defined in the text. : '

- Teansition - Y ;3 ® gM,p®
11 J21-2
2 73 3 3128
O 10 1.8
78 EEREEY:]
_ .4
11 R ][5 3+ ,/-}:1—__:33._
-’ V8 ETR 6 178
- 1 5+4p S
10 2+ 2
11
- 1+—
3,1 1 EN 1
2 2 2 376 1.5
+—é-[3
3 .3 L 128 1 11+ 148
2 g 10 5-28 30 3+ 283
3
3,5 s fr TSP
ERRel (A S 10
1+—?»-,6—
)
In this case, the results are as follows:
_— ey
v oiwoq /o (1+20p7 :
P (-—2—-—-’ —2-) = \/"é'- T ——————, (2-30)
@+ EBpy
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where ¢ g

—i 1
Gy /8 /14 (G Gp) e fo
é,' = __,___.'_m__‘,__.,____.*.r_._..___._q—._—-_-a-w--ﬂ—-—-'— (2.30, )

P 1
vai_3j1 + (G A GP)_,:;S— f(}.
. Vi,

3. TWO-STEP NUCLEAR TRANSITION L,

Let us now consider a more complicated problem in
which the muon capture transition leads to a nuclear
state of angular momentum Iy which decays by gamma
ray emission to the state I,. In this case, the final state
density matrix is given by

. ~ o ¥ h
<\Mf |p(Ij—a Ik——» If )IMr Zoe=

i, i o
= 2 [ <My H M - oM [—1 )M~
o I3 £k | M, kPO LM

ITT :‘/ ’ . : 3-
><<Mk|IlnykMt_ . (3.1)
Here the electromagnetic transition amplitude is simply
3 A : Iy, Ty L
, e N
< Mf Yi IH}JMR/ L‘;ILG;L‘M['l Mk)hIJT]ALDMLU(QV), (3.2)

where bu=f, (electric), r;ﬁ (magnetic L -pole), n= *1 for
right and feft circularly polarized v-quanta,

Following the same procedure as in Section 2, we
can calculate the resultant average nuclear polarization
due to this sequence: '

e ———

fI +1

QW (3.3)

PO S a1 =y =
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where
+

2 ooy (D # 14
ca@Wur cmepa, r Lrpg JTepfl, S0 1,5 1),
(3.4)

Calculation of the trace in (3.4) proceeds along the same
lines as in Section 2 and we obtain the result:

pr; S, b 1) = ax Loopa, oy, (3.5)

where

_—

oo

e

v o1, . .
VARSI Yo

L+1f+lk+13L Ir Ik
Ly
i@+ 1) L

2
A S|A, A
11k1f£1. L /1,! Lo

ar, La1y -
(3.6)

and P(1, 1 )  can be obtained from Eq. (2.22) by repla-
cing I wﬁh Iy . Thus, the electromagnetic and weak
contributions in (3.5) factorize. . _

It is straightforward to check the ineequality

laae L1l <t (3.7
To do this it is enough to check this for the maximum
value of d (I z, I;) which is
| If (1 tt D+ Il~:(I k" - Lmin(Lmin+ Y

Y
[~ 1) =|
k f ! max 2If (Ik + 1)

(3.8)
or (2) I;< I, ,this quantity

For the cases (1) I,-1,,
it is less than unity. Hence,

is unity, while, for 1, <1, ,
(3.7) follows.

4. COMBINATION OF THE DIRECT (ONE-STEP)
AND CASCADE (TWO-STEP) TRANSITIONS

Let us suppose we have the processes (1) I £, I,
and (2) ;% 1,% 1, Dboth taking place, and the experiment

14

s -

determines the average nuclear polarization in the daugh-
ter state I; only. For [; = 0, this, is what was done

in the Saclay-Louvain experiment’% 12/, In this case the
final nuclear density operator

- ~ ~

pe = ol p@ =10 vl yoa ' ), @.1)

where

wlal = Ma)/(A( )+ ALY, (4.2)

A ’s being the appropriate muon capture rate. Then the
average nuclear polarization, measured in such an expe-
riment, is given by

. }
P =wlpPAi= 1) + ol PQ, 1 2o 1y, (4.3)

where «’s are given by (4.2) and ﬁ’s have already

been given in Sections 2 and 3.
As an illustrative example, let us take the cases

9 3 9. 37
1 "Be(d, gyt oL (—g-\, £.5.)

and
9 3" - B 9 .
9 Be (i, gs) o Lict 2e0n % L & s,
2 3 2
Here

AGZ gy T 00087t A(-—;:, 2.691) < 205!,
2

- -

4.4)

m{n—-n
Pand

> > 3, 3 3
P~0.91P (5 £ —2~)+0.05§(~§ K
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where the dpproximation (3.8) has been used for the value

1y 3. i which ak 2 3y=5
of d(z = -??:-), in which d(5 2) 3

5. CONCLUSION

We have presented a formalism for the calculation of
average nuclear polarization in muon capture by nuclei
with arbitrary spin either leading to the ground state
or to the excited states which can decay by electromag-
netic radiation, or a combination of both. The illustrative
examples under the assumption of a dominant matrix
element show the sensitivity of this observable to the
weak interaction physics or the lack of it. It should now
be possible to use sophisticated nuclear physics inputs
to compute this observable reliably in the cases of prac-
tical interest some of which are demonstrated by our
examples. Our formalism is adequate also to the conside-
ration of polarized target nuclei and to nuclei where the
HF states relax as a function of time.
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