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Calculation of the Low Energy Pion- 3He Scattering

On the +bas.is of approximate four-body equations pfoposed
earlier, the n‘—al-{escattering lengths and phase-shifts at negative
energies have been calculated. The results of this calculation
are compared with the corresponding experimental data on the
energy-shifts in 7"~ He mesoatoms,

The investigation has been performed at the Laboratory
of Theoretical Physics, JINR,
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The physical problems which arise in the desc~
ription of the pion-nucleus interaction can naturally
be divided into two groups. The first one is related
to the description of the collision processes of
pions with few nucleon systems (deuterons, 3He ).
Here one has the exact dynamic equations which
could be solved in principle without any additional
model assumptions. The second group of problems
concerns the interaction of pions and heavier nuclei,
In this case we are forced to use different models,
such as optical models, Glauber model, fixed scat-
terer approximation, and so on. In the last time the
pion deuteron interaction is widely discussed in
literature /1/. The three-body Faddeev approach to
this system is now very well developed. Therefore,
on this basis it is possible to investigate quantita-
tively the role of the inelastic channels related to
the absorption and emission of pions,

In this article we shall consider a more complica-
ted problem of the interaction of pions with the
3-nucleon system, As is known, in this case there
also exist the exact four body integral equations/g/,
which have not yet been applied to the m3N  sys-
tem. It should be mentioned that the exact four-body
equations have been solved only for the nuclear
systems with very simple two-body forces. Moreover,
due to the many dimensional structure of these
equations the solution can be obtained after a cer-
tain sequence of approximations /3/, Therefore in
our opinion it is better to move in the opposite di-
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rection, namely, to formulate approximate many-body
equations which can be solved practically exactly.
An attempt along this line has been undertaken in
paper /4/,For the amplitude of elastic scattering of
pions on the three nucleon nuclei, the one dimen-
sional integral equation has been obtained . The
essence of the approximation presented in paper =%
is as follows, Let us write the Hamiltonian of
pion -3N system in the form

H=h0+HC+V”N, (1)

where hg, is the kinetic energy of the relative mo-
tion of pions and the center of mass of tlge 3N  sys-

tem, H, is the nuclear Hamiltonian, y -3 y!
w 7N

. . i= 1

is the sum of the elementary pion nucleo]ns potential,
In expression (1) we replace the nuclear Hamil-

tonian by the approximate one

H  =elx><xl, (2)

where ¢ is the binding energy of the nucleus, and
ly> is the corresponding eigenstate, The problem
on the elastic scattering of pions on the three nuc-
leon target can be solved, using the approximation
(2), practically exactly. Indeed, for the elastic scat-
tering amplitude <k|7k> one can easily obtain the
following equation:

- - - >
<k|r| k"> =<k1ro[k’> + (3)

-

dp
(27)

+ef 3<k|r0|p>Go(p,E) G (E-a<plrk >,

* The similar equation for the wave function
~was obtained in the problem of nuclear reactions 5/

where the quantity <T(|r° |E’> is the solution of
the equation: )

- 5> - - s >
<klrg (1 1)1k >=<k|V  (rprg) k7> -
d"’ 5> -» (4)
q > > > - -> .
- E;3<klV”N(rlzrs)\q>G0(q,E)<q|r0 (rlgr 3)\k >
I

averaged over the ground state wave function x,

E = K2 + € (# is the pion-nucleus reduced mass)

-

is the# total energy of the system, and ?12 and rg are
the Jacoby variables of nucleons in nucleus, As is
known /6/,the last equation can be exactly integrated
for the separable pion-nucleon potential, Its solution
<E]r0 IE’> possesses the following properties:

i) at the negative total energy E it is real, ii) at

the positive energy, it becomes complex, iii) for

2 - - . .
K55 el ‘the function <k|ro |k > coincides with the

scattering matrix of pions by the three fixed scatte-
rers, ‘

To describe the scattering of pions by *He '(or
triton) nucleus, equations (3) and (4) have to be
solved for the given value of the total isospin of
the system (in this case T is equal to 1/2 or 3/2).
The projection of the potential V;y onto the states
of the system with the total isospin T has the form

> 3 T3 3
VT(rr)=CTEal,+C 3 a ,
7N 12 3 1=y 1 3=y 1
(5)
T 1 T+ 11 1 T 204 T+% 11
Cl=?[1+2(—1) l‘/zT %}1703—3[1 (1) {%le]’
111 ‘
where 11/2 T %} is the 8j symbol, In the momentum

representation expression (5) can by rewritten in
the form



- - o -> > _ 5 a = 1'2
<k|VT@ )k > = 5 AT k0, T
ia ! i=12.3
where the form factors 5% (k) are defined by
i
> 1 1 -

(6)

s Z1=—2—l'12+'§—l'
> ikz . > el -
77‘_7‘(1()=-—1—-—el 71 , where Zg=—ir12+Ll‘3, (7)
i k2 42 2 3
2, == 2r
3 g 3
1 T,1 2 T, 3
A =C1)\S, A =Cs)\s.

The solution of eq. (4) with the potential (6) can be
given as follows:

> - - >, a a - -1 -> -> aﬁ—ﬁ >,
<k[r0(r12r 3)}k >=£ A n, &I[A (E’r12'r3)]ij TIJ. k )'(8)
af3
The matrix elements of the matrix A are given by
the integrals of the form factors: n?(ﬁ) and free
Green functions as usual in the fixed scattering
model with the separable elementary pion-nucleon
potentials., The inverse matrix A‘I(E,I"m,? ,) at negative
energies E as a function of cgs@= J.Blﬁ_ and the
Ir o llr g |
- -

lengths of the wvectors |r12|,lr3| have been investiga-
ted, The matrix elements of this matrix have been
expanded over the set of Legendre polynomials
PE’, (cosf). Only the first term (£ =0) gives the contribution
(with a few per cent accuracy).Moreover, in the wide
interval 0,25fm< | ,|,|Tg3 | < 3fm  the matrix A ! is the
smooth function of the parameters r, r . Therefore
. . . 2’ 38 !
in the calculation of the average Vaiue of expres-
sion (8 over the wave function of the ground state,
the matrix A~! has been taken out from the integrals
at some middle points Ig:Ig . The remaining integ-
rals which contain fast oscillating factors 3¢ have
been calculated analytically. With the function thus
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obtained <k|ry|k > equation (3) has been solved for
the 8§ wave component at the negative energy of
the system, The scattering lengths and the phase
shifts. in the states with total isospin T=1/2and
T=3/2, have been computed,

In these calculations the one term separable po-
te ntials, which reproduced the pion-nucleon S8 phase
shifts (at energies O0<E<80 MeV) and the scattering
lengths in the states with t _y=1/2 and 3/2 have
been used*.

The ground state wave function x(r_'12,1:)3) of the
three-nucleon system has been chosen in the form
proposed by Irving/ 8/. The parameters of this func-
tion provide the experimental value of the mean
square root radius of 3He nucleus. The spatial part
of it is fully symmetric with respect to the permuta-
tion of three particles. The results of our calcula-
tions are presented in the Table and Figure, As
one can see from the table for the = °He scattering,
the strong cancellationr of the pion-nuclear amplitude
takes place though the amplitudes with the given
total isospin are essentially different from zero. Here
arises the situation opposite to the pion-deuteron
scattering, Indeed, in the nd scattering even the
impulse approximation leads to the strong cancella-
tion of t,y=1/2 and t,x=3/2 amplitudes, and for the
real part of the »~ d scattering length, one has
a’;:nd =-0.009m7!. The inclusion of the multiple scat-
tering effects in the framework of the Faddeev

*In this paper the S-wave pion-nucleon poten-
tial for the isospin t,5=1/2 is the same as in /1. For
the S -wave potential in tnN=3/2 state, we omit the
exponent factor and change slightly its parameters,
Due to this change we are able to perform all integ-
rations in matrix A analytically, but the range of the
reproduction of the phase-shift has been narrowed
to [0, 80 MeVl].



Table

As=-1877¢m= Py 3045 ¢m™! As=BBE3ym™> Py =2 M5 pm!

25’2 i" e 3(4m)| T (1) | G (¥ | Ay, exch™ (@ pes ) | @sedltm) | Qncdim) \en exch™
3 Xm

121 Q1053 | -Q2107 | Q000K |-Q/K87 || 07135 |-02096 | Q0058 | -Q1523 -
f.s=08
Z2:2| Q1093 |-Q21723 |-000289 |-Q15%
2, =09

Experiment : diye3 =-0226 fm (18 : Gp-pe = (0502 Q005+ LR034 + Q012)] m /‘T’ [14]
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equations/g/ increases these values to 0.05m;1. On
the contrary in the case of 7 3He scattering the
inclusion of the multiple scattering effects leads to
considerable cancellation (see the table) in compari-
son with the value a7 “Heé~ 0.1 fm calculated in
the impulse approximation.

At present there are no direct measurements
of the = SHe (triton) scattering length. The wvalue of
these quantities are usually extracted from the data
on the shifte and widths of the corresponding = -me-
sonic atoms/ 10/ The recent measurements’ 1¥of the level
shifts and widths in 7~ 3He atom bring to the fol-
lowing value  a -3, = 0.050+0,005+i(0,034+ 0.0 12)m>1.
This value should be compared with the correspond-
ing number presented in the table, The point is that
this experimental value includes both the elastic
multiple scattering of pions and the inelastic proces-
ses, connected, for example, with the absorption and
emission of pions in the intermediate states.

Let us assume the Bruckner mechanism for the
formation of the level shifts. Then for the measurable
shift, we get the following expression /18/

AE __=AE
. e

exp 1. xp.”° (9)
Comparing the last expression with the experimental
data/1/we see that the "elastic" part of the 7= 3He
scattering lengths comprise about 5 per cent of the
experimental value., Within the experimental errors
it agrees with our calculations for the elastic part
of the scattering length. As one can see from the
table, this value is extremely sensitive both to . the
parameters of the aN interaction _é}nd o the approxi-
mations used in the calculation <klrglk”™>. At the
same time the = 3He (triton) amplitudes corresponding
to the states with the given total isospin (1/2, 3/2)
are not sensitive to these effects,

To compare the calculated 7" 3He scattering
length with experiment we make use of the results

of paper/13/In this article the level shifts and widths

+1.05T
e
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of = 3H atom are extracted on the basis of the
interpolation formula on A and Z of the existing data
of other light nuclei, With the helpo of the mentioned
Bruckner procedure the authors extract the elastic
part of the =7 3He scattering lengths which equals
-0.226 fm, This value is also in good agreement

with our calculation, From the aforesaid we conclude
that at very low energy the 7 3He amplitude is formed
mainly due to the inelastic processes while = °He

is mainly elastic. This qualitatively agrees with the
pure "triton-like" (T=1/2) picture of the intermediate
state, As one can see from the Figure, the phase
shifts in the states T=1/2 and T=3/2 qualitatively
has the same behaviour as the corresponding pion-
nucleon ones. However, in the absolute value the
84/2 phase shift 73He is less than Sy/g of 7N
whereas the 83/, phase shift of = 3He is larger
than the corresponding pion-nucleon one.

As has been mentioned above a rather simple
wave function of 3He nucleus has been used in the
calculation, Its parameter has been fixed to reproduce
the mean square root of 3He. We have performed the
supplementary calculations of the pion 3He scattering
lengths and phase shifts by changing the value of
the mean sqguare root of the 3He -hucleus by a factor
of 1.5. It happened that scattering lengths have not
been changed significantly, This fact can demonstrate
the reliability of the approximation (2) in the consi-
dered energy range.

For completeness we present the value of the
charge exchange amplitude at zero energy (see
the table).
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