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1. I N T R O D U C T I O N 

T h e c o m p l e x i t y of t h e n u c l e a r m a n y - b o d y s y s 
t e m s m a y b e c o n s i d e r a b l y r e d u c e d b y i n t r o d u c i n g 
c o l l e c t i v e c o o r d i n a t e s a s , for e x a m p l e , in t h e r a n d o m 
p h a s e a p p r o x i m a t i o n (RPA.) / l / . T h e n a g r e a t d e a l of 
t h e r e s i d u a l i n t e r a c t i o n b e t w e e n t h e n u c l e o n s i s a l 
r e a d y i n c l u d e d in t h e c o l l e c t i v e m o d e s . H o w e v e r , 
in s u c h a n a p p r o a c h o n e i s f a c e d with t h e o v e r -
c o m p l e t e n e s s of t h e b a s i s i n v o l v i n g b o t h s i n g l e 
p a r t i c l e a n d c o l l e c t i v e s t a t e s a n d with t h e i den t i t y 
of t h e n u c l e o n s a p p e a r i n g in t h e c o l l e c t i v e m o d e s 
a s wel l a s in t h e s i n g l e p a r t i c l e d e g r e e s of f r e e d o m . 
In ref. /г>'a " N u c l e a r P i e l d T h e o r y " ( N F T ) h a s b e e n 
d e v e l o p e d w h i c h t r e a t s c o r r e c t l y b o t h t h e o v e r c o m p l e -
t e n e s s of t h e b a s i s a n d t h e P a u l i p r i n c i p l e . T h e 
r e l a t i o n of t h e field t h e o r e t i c a l a p p r o a c h to t h e c o n 
v e n t i o n a l F e a n m a n d i a g r a m m a t i c m a n y - b o d y p e r t u r 
b a t i o n t h e o r y ' 3/ h a s b e e n e s t a b l i s h e d in r e f s . /4 .5 / 
b y u s i n g p a r t i a l s u m m a t i o n t e c h n i q u e s , i .e . , b y c o m 
p a r i n g t h e c o r r e s p o n d i n g d i a g r a m s of t h e field a n d 
t h e f e rmion t r e a t m e n t . H o w e v e r , t h e n u c l e a r field H a -
mi l ton ian h a s b e e n d e r i v e d o n l y in a h e u r i s t i c 
w a y ' 2 | 6 , . О п е i n t r o d u c e s c o l l e c t i v e m o d e s (e .g . , in t h e 
R P A ) a n d a d d s to t h e full fe rmion H a m i l t o n i a n 

H = H + H 
sp tl> 

t h e f r e e p h o n o n t e r m 

ph n n n n 
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Further , a coupling term is included 

n n 
where the part icle phonon v e r t i c e s Л a/.j a r e c a l c u 
lated by taking matrix e lements of the r e s idua l in
teract ion H ( b be tween the phonon s t a t e c*|0> 
a n d the re levant fermion s ta te а^ад|0> 

T h e n the N P T Hamiltonian r e a d s 

н и р т - н + H p h , H p v . 
Obviously, in the thus obtained Hamiltonian some 
cor re la t ions a r e doubly counted . T o remove this 
double counting definite res t r ic t ions on the diagram
matic perturbation treatment of H„„„have to be p o s 
tulated -'в/. Clearly, s u c h a heur is t ic der ivat ion of 
the NPT, a l though it may p rove correct ly , i s not 
sa t i s fac tory from the theoret ical point of view. P r e 
v i o u s l y ' 7 / a n attempt h a s been made to de r ive the 
N P T Hamiltonian H N F T v i a the canonica l t ransforma
tion method. However H N F T could be obtained the re 
only in the lowest o rde r perturbat ion theory . The 
aim of the p r e s e n t p a p e r i s to g ive a r igorous , non-
perturbat ion theoret ical der ivat ion of the N P T Hamil
tonian together with the c o r r e s p o n d i n g diagrammatic 
ru les via path integral methods ' 8-9''. Fur the r we 
want to s tudy explicitly the nuc lea r field treatment 
for s u c h s y s t e m s which h a v e u n d e r g o n e a p h a s e 
transition, e.g., into a superfluid ground s ta te 
(sys tems with s p o n t a n e o u s breaking of symmetry 
h a v e b e e n cons ide red in the N P T in ref. l '). T o 
avoid u n n e c e s s a r y complications we deve lop our 
field theoret ical a p p r o a c h for a schemat ic two-level 
model which inc ludes both pairing and par t i c le -
hole fo rces ' l".The p r e s e n t p a p e r h a s a l s o a p e d a 
gogical aim. We want to demons t ra te the powerful-
n e s s of path integral t echn iques in the s tudy of 
nuc lea r s t ruc tu re . 
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We s tar t from the path integral r ep resen ta t ion 
for the genera t ing functional of the fermion G r e e n 
functions. T h e integrat ions over the fermion v a r i a b 
l e s c a n be performed by l inear izing the (fernion) 
r e s idua l interaction with the help of col lect ive fields 
desc r ib ing the par t ic le-part ic le and par t ic le-hole 
d e g r e e s of freedom, respec t ive ly . A s a result , a new 
effective act ion is obtained from which the e q u a 
t ions of motion of the quas i -par t i c le a n d col lect ive 
exci ta t ions follow. In part icular , the re a r i s e s a modi
fied perturbat ion theory in form of a loop expans ion . 
Finally, by introducing new collect ive fields the 
loop expans ion will be conver ted into the N P T e x 
pans ion . 

We h a v e organized the p a p e r a s follows. In 
Sec t . 2 the model is defined and the effective a c 
tion is der ived . In Sect . 3 the s ingle part icle and 
collect ive excitation s p e c t r a a r e d i s c u s s e d for dif
ferent c a s e s of p h a s e t rans i t ions . T h e modified per 
turbation expans ion and the der ivat ion of the NPT 
in the p r e s e n c e of p h a s e t ransi t ions a r e p re sen ted 
in Sect . 4. Some formulae and a rgumen t s needed in 
the text a r e p re sen ted in a p p e n d i c e s . 

2. MODEL AND METHOD 

T h e model under c o n s i d e r a t i o n / ^ c o n s i s t s of N 
fermions which a r e distr ibuted over two s ingle pa r 
ticle leve ls , e a c h of d e g e n e r a c y 2Q=N. T h e two 
l eve l s a r e s e p a r a t e d by a n e n e r g y 7. A part icle 
s t a t e is cha rac te r i zed by quantum numbers (r7,m), 
where a = ± 1 d e s i g n a t e s the uppe r and lower 
leve ls , respect ive ly , and m enumera tes the d e g e 
nera te s u b s t a t e s of e a c h shel l . T h e fermions inter-
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act pairwise via monopole particle-hole (ph) and 
particle-particle (pp) interactions* 

H t b =- | -<P + P + PP +)-p(A +AV, (2.1) 

where 

The operator a (a ) creates (annihilates) 
r та ma' x , _. 

a particle in the state (<r,m) The state (a,m) is 
related to the state (ст,т) by time reversion. In the 
ground state |0> the N fermions occupy the 2П 
substates of the lower shell and we have 

a™,|0> =a.t , |0> = 0. (2.3) 
ml1 m,-l ' 

Absorbing the Hartree-Fock self-energy contribu
tions arising from H t b into renormalized single par
ticle energies e = 'A (7 + 2p + к) we may rewrite the 
Hamiltonian as 

H = ( b a ^ m a - « : P + P : - K : ( A + A + )* (2.4) a та* ma~ к '• l 

ma 
where the normal product (denoted by : : ) is 
defined with respect to the Hartree-Fock ground 
state (2.3). 

* As our system may undergo a phase transi
tion to the superfluid ground state we should in
clude in the Hamiltonian (2.1) a term -AN in order 
to ensure conservation of the particle number N 
in the average. However, it turns out that in the 
considered model the chemical potential A may 
always be set identical zero (see appendix C). 
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T h e g e n e r a t i n g func t iona l for t h e f e rmion G r e e n 
func t ion of t h e s y s t e m i s g i v e n b y t h e fol lowing 
p a t h - i n t e g r a l 

Z[> ? ,r> +] = J l / D a D a + e 4 ) i / d f ! £ f ( t ) + r ?

+ a + a ^ i , (2.5) 

w h e r e 

£ (t)= £ a ^ t K W -<r*)a (t)+« : P + P : +p :(A + A + ) 2 : (2.6) 
ПК/ 

i s t h e L a g r a n g i a n c o r r e s p o n d i n g to t h e H a m i l t o n i a n 
of e q . (2.4) a n d Л i s a n i r r e l e v a n t n o r m a l i z a t i o n 
f a c t o r "vhich i s f ixed b y t h e r e q u i r e m e n t Z [0 ,0 ] = 1. 
T h e fe rmion o p e r a t o r s a (t) , a ^ / t ) a n d t h e e x 
t e r n a l s o u r c e s )?пхт^ a r e n o w c o n s i d e r e d a s a n t i -
c o m m u t i n g ( G r a s s m a n ) v a r i a b l e s . T h e i n t e g r a t i o n 
o v e r t h e f e rmion v a r i a b l e s in e q . (2 .5) c a n b e e a s i l y 
c a r r i e d ou t b y l i n e a r i z i n g t h e i n t e r a c t i o n t e r m s with 
t h e h e l p of ( r e a l a n d c o m p l e x ) d y n a m i c a l v a r i a b l e s 
( c o l l e c t i v e f i e ld s ) : U s i n g t h e funa t iona l i d e n t i t i e s 

expifdtp(A + A+ ) 2 = с fD Фехр i fdt I - — 4>2(t) + 
1 4p (2,7) 

+ Ф(1)(А + A + ) i , 

exp i fd tKP 4 P = e / D 4 W + e x p i / d t ! - i - 4 » + ( t ) V(t) + (2.8) 

+ P +4»(t) + 4» +(t)Pi, 

w h e r e 4>(t) , 4*(t) a r e c o m m u t i n g ( B o s e ) v a r i a b l e s , 
t h e g e n e r a t i n g f u n c t i o n a l Z[t),r) ] t a k e s t h e fo rm: 

ZIT,,T, ] = }I 1/DhDh /DfcJDVDW x 

;) + h +(t)Q -
(2.9) 

x exp i /dt lh + ( t ) G - 1 h(t) + Q + h(t ) + h +(t)Q 

- J - 4 < + ( t ) 4 ; ( t ) _ -^-Ф 8(1)|. 
К Яр . 



Here we have, for convenience, introduced the 
matrix notation 

h =- (a , a - ), 
mf iwr raff 

G _ 1,(m;t.t') - G _ 1,(m;t)Sft-t'), 
(2.10) 

G-^(m.t)-

Performing in oq. (2.9) the integration over the 
lermion variables yields 

Z|Q.Q+] = JlorD<|iJ"D4'D4'+expilS[(|>,4'. H'^-Q^GQI, (2.11) 

where the new effective action S depends only on 
the collective variables Ф.Ч'. and is tiiven by 

S[q>,4', 4,+ ] = J'dti- — 4'+(t)4'(t) - — 1>2(t) -
4C (2.12) 

-ifitr(logC - 1)(t.t)l. 

The quantity G represents the Green function of 
a fermion moving in the collective fields <J> (t), 4* (t). 
The explicit expression for G can be found in ap
pendix A.. The equations of motions of the collec
tive fields follow by variation of S 

<!>0(t) = -i2<Vtr|( I j > W > l t , = t + 0 - (2ЛЗ) 
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Let u s s u p p o s e tha t t h e r e e x i s t n o n t r i v i a l s o l u t i o n s 
of e q s . (2„ 13), (2 .14) . W e m a y t h e n fo rmula te a m o 
dif ied p e r t u r b a t i o n t h e o r y t h a t u s e s t h e G r e e n f u n c 
t ion G n =-G(<£ ,ф ,ф(Jas u n p e r t u r b e d p r o p a g a t o r . P o r 
t h i s p u r p o s e we e x p a n d t h e i n t e g r a n d of t h e g e n e 
r a t i n g func t iona l in oq . (2.11.) a r o u n d t h e s o l u t i o n ^ (t). 

<|,(t) 
Ф т - Ф ( 1 , - 4 <!>'(«, Ф ( 0 - 1. Ч'П) ) . (2.1:r>) 

4"(t) 

T h i s b r i n g s t h e th i rd t e rm of oq . ( 2 .12 ) in to t h e 
form ( the p r i m e a t Ф '(t) will b e omitted in t h e fol
lowing) 

(2.1Г.) 
- i f l |d t t r ( loKC - 1 Xt. t ) - - i n / d t t r ( l o g C 0

1 ) ( t . t ) 4 

-. Е Ь „ | Ф ] , 
n n ~ 

w h e r e the t e rm 
( )n"' ] Ф1* 4» " / 

Ь п [ Ф Ь - Ш / d t t r J - b L — - | С 0 ( ^ _^*)\ Kt.t) (2.17) 

r e p r e s e n t s a c l o s e d f enn ion l o o p emit t ing o r a b s o r 
b i n g n c o l l e c t i v e l i n e s Ф,Ч'- T h e b u b b l e p r o c e s s e s 
g i v e n b y t h e t e rm L [Ф] a r e , a s u s u a l , i n c l u d e d 
in to t h e f r ee a c t i o n 

* M a t r i x mul t ip l i ca t ion i m p l i e s h e r e i n t e g r a t i o n 
o v e r i n t e r m e d i a t e t i m e s . 



S f [ф]=/^(~1-Ч' +(1)Ч'(0-^-Ф г(1)| +Ь [Ф]\. (2.18) free ~ K 4/г 2 ~ 

T h u s w e h a v e 

S[<DbS № + S [Ф];8 [ Ф ] Л L 1Ф]. (2.19) 
— free - int - int - n = 3 n -

The free action may be cast into the form 

S M-V4/dtdt'<P(t)T"1(M')<P(t'), (2.20) 
free _ _ -

where the propagator of the collective field 

T(t.t') =«t>(t)<t>(t')>s 

°free 
is defined by the following 3x3 matrix ( <... > S f r e g 

denotes the functional average with the weight fac
tor expiS f r e e ) 

T « -И[1 + VBf 1 V. (2.21) 

Here 

V = j 0 0 2к I (2.22) 

4p 0 0 

0 0 2к 

0 2K 0 

is the coupling matrix and В is a matrix whose ele
ments a re given by bubble graphs composed of 
normal and/or anomalous Green 's functions, r e spec 
tively (for definitions, s e e appendix B). The collec
tive propagator T coincides with the two-channel 
scattering amplitude for particle-particle (pp) and par
ticle-hole (ph) scattering in the ladder approximation. 
This may easily be recognized by rewritting eq. 
(2.21) a s an inhomogeneous Bethe-Sal peter equation 
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T -_-_'/, V - VBT . (2.23) 

The equat ion of motion (Euler-La g range equation) 
for the free collect ive field Ф (t) follows by vnrki -
tion of the {rcc ac t ion (2.20): 

<l>(t) - -V | dt'LKt.t'MHt'). (2.2 1) 

It co inc ides with the homogeneous BS-equat ion. 

3. THE E X ' I T A T I O N MOOES 
3 .1 . Single Part ic le Exci ta t ions 

In this si-clioii we want to чоКч' the coupled 
equa t ions (2.13), (2.14), For simplicilv we corifine 
o u r s f l w s to sial ic solut ions Ф . U.^in'i the explicit 
e x p r e s s i o n s for the O r e c n function G(t.t ') given in 
a p p e n d i x / \ equa t ions (2.13), (2.1-1) take the form 

*о о L о о t 

where the quas i -par t i c le e n e r g y E is given by 

к = w 8 . <\>l . ! 4 ' 0 ! 2 - (3.2) 

Now Ф-, *¥0 a r e eas i ly r ecogn ized a s e n e r g y g a p s 
a r i s ing from p h a s e t rans i t ions in the ph and/or 
pp -channe l s , r e spec t ive ly . Depending on the v a 
lues of the coupling c o n s t a n t s p. к we may d i s 
t inguish the following c a s e s 

i ) p ч t , к ••. , : 

Ф 0=«К 0 = 0 ; 

T h e s ta t ic field configuration Ф = 4* = 0 is 
s t ab l e . 

0.1) 
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ii) p = Ei > * , к < E , 

V°- Ф о = 0 -
T h e r e ex i s t s a p h a s o t ransi t ion in the ph - c h a n 
nel. T h e field configuration Ф = 4 ' = 0 becomes 
uns tab le , 
iii) к = E > < , p < E 

ф =0, 4' ^ 0. 
0 0 

T h e r e ex i s t s a p h a s e transi t ion in the pp -channe l 
of supe rconduc t ing type, 
iv) i< •- p = E > t 

Ф 2-. 10 I 2 >0 . 

The sys tem u n d e r g o e s a s imul taneous p h a s e 
transit ion in both c h a n n e l s . 
Tn append ix D we show that t he se solut ions r e a 

lize a minimuri; of the col lect ive act ion SM>|. 

3.2. Collective Excitation Modes 
Let u s now d i s c u s s the boson excitat ion s p e c t 

rum. T h e e igenf requenc ies of the col lect ive modes , 
(a n , a r e obtained by solving the homogeneous B S -
equation (2.24) which after Four ie r t ransormat ion 
y ie lds the following e igenva lue equation 

detll + V B M ] - 0 . (З.л) 

where 

В(ы) = —1 b (3.4) 
ы 2 - 4E 2 

and the matrix b is defined a s (cf. a p 
pendix B) 
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8 ( / 2 + |4' I s) -4Ч' ЦФ - 4 4 ' Ф 
1 о' о о о о 

b = ~ ( - 4 Ч ' о Ч - 2 , | ' о " З Г Е 8

+ С 8

+ Ф 5 

-4Ч' 0Ф 0 2 ( Е 2 , Л ф 0

2 ) - 2 Ч ' 2 

(3.1) 
Juq. (3.3) h a s Ihe foil owinti r oo t s : 

1" 
2 \ E 2 4 

4E 

2 2 V E ( E - *') , 

з 4Е 
w h e r e 

x 3 1 - - . 2 | , , < « * / | Ф 0 ! 2 ) • / Л < 2

 + Ф 2 ) 

i 2 N I,. (г и ч !Ч' i 2 ) ч к ( . 2 4 Ф 2 ) ] 2 - 4 р к < 2 Е 2 . ( х , , < 0 ) : 
0 0 о, 1 

In d e p e n d e n c e on the rlifferont possibi l i t ies of p h a s e 
t ransi t ions d i s c u s s e d in Sec t . 3.1 we get the fol
lowing e igenfrequencies : 

i) a j = 2\ < (< - p) (surface vibration) 
I,I2=(J>3 = 2\'(U-K) (pairing vibration), 

ii) - 1 = 2|Ф | , 

о = OJ =2\/E(E - к ) , 
Л О 
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c o g = 0 , 

iv) ш1=&>2 = 0, 

-3= 2 ^ + | Ч » 0 1 8 . 

Case i) provides us just with the well-known RRA 
modes (phonons) describing surface and pairing 
vibrations of a system with a normal ground state. 
Note that, if p ><r and/or £><, the frequencies „, n 

become imaginary leading to an exponential blow-up 
of the wave function (е~""п' • «• ). The probability 

t - «J 
for a phase transition of the system into a new 
ground state containing Cooper pairs and/or par
ticle-hole pairs thus infinitely increases and the 
normal ground state becomes unstable. We find this 
picture consistent with the simultaneous appearance 
of the gao in the single particle energy if p t 
and/or к>(. Case ii) corresponds to a phase tran
sition in the ph -channel. The frequency of the 
surface phonons is now twice the value of the gap 
|Ф 01 - Note, that the phase transition in the ph -
channel diminishes the ratio *Г/Е (к/Е < к/() 
characterizing the collectivity of the pairing phonons. 
Thus, a phase-transition in the ph-channel takes 
away collectivity from the pp -channel. Similar re
sults hold also for a phase transition in the pp -
channel (case iii)). However, there appears now 
a zero frequency solution tu = 0 (Goldstone boson) 
corresponding to a zero-energy azimuthal motion in 
the complex Ф 0-plane: |4»018 = R 2 . A.s it is well 
known such a solution indicates a spontaneous 
breakdown of a symmetry in the new ground state 
(in the present case: violation of the particle number 
conservation). In the case iv), finally, we observe 
a phase transition in both ph- and pp-channels 
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w h a t l e a d s to z e r o - e n e r g y a z i m u t h a l m o t i o n s o n the 
s p h e r e ф | + | 4 ' 0 ! a = R 2 . 

•1. M O D I F I E D P E R T U R B A T I O N E X P A N S I O N S 

4 . 1 . L o o p E x p a n s i o n 

We a r e n o w a b l e t o fo rmula te a modified p e r t u r 
b a t i o n t h e o r y t ha t u s e s t h e c o l l e c t i v e p r o p a g a t o r T 
g i v e n b y e q . (2.21) a n d t h e " q u a s i - p a r t i c l e " p r o p a g a 
t o r G 0 (cf. a p p e n d i x A ) a s t h e " f r e e " p r o p a g a t o r s 
of t h e t h e o r y . P o r t h i s p u r p o s e , it i s c o n v e n i e n t to 
i n t r o d u c e a s o u r c e t e rm ij<l> in to t h e e x p o n e n t of 
e q . ( 2 . 1 l ) a n d to wr i t e the" g e n e r a t i n g func t iona l a s 

Z [ Q , Q + l = tt expilS. A-— ]-Q +C(<l> n + - ^ — )Q I x a * mt i S j + _o i S j t 

x J D ^ e x p i [ S f r e e 

[Ф1 + j 4 | l = n . 
T h e n t h e Ф i n t e g r a l i s G a u s s i a n a n d c a n b e p e r 
formed y i e l d i n g 

Z[Q.Q + 1 - J l . e j p i t S . , [ - $ — ] - 0 + С ( Ф п + - ^ - ) 0 ] х 
4 int . . . » _ 0 . c . . t 

exp- - i - j 1 T i l 
v 2 i i 1 j = 0 

(4.1) 

U s i n g t h e i d e n t i t y 

F ( - i - | - ) C ( x ) = C ( - i j L > F ( y ) e u 5 ' 1 
дх. ду У-0 

w h e r e F , G a r e a n y t w o f u n c t i o n s t h e g e n e r a t i n g 
f u n c t i o n a l c a n , f inally, b e c a s t in t h e form 

Z[Q,Q ] = л 4 е - e x 

(4.2) 
xexp i iS . , (M) + Q + N + N + Q i 

N = N1* = 0 
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Eq. ('1.2) e x p r e s s e s in a compact way the F e y n -
man ru les of the loop expans ion d i s c u s s e d . In this 
e x p a n s i o n G(<P0+M) and S . (M) a r e g iven by open 
and c losed fermion l ines , respec t ive ly , which emit 
or a b s o r b collect ive l ines to be cont rac ted with the 
col lect ive propagator T (cf. figure). Note that in 
this picture all ferrnion loops of the type of a self-
ene rgy correc t ion a r e a b s e n t . T h e r e remain only 
the fermion loops of S i n t which r e p r e s e n t effective 
Ф" - in teract ions of the col lect ive fields. S u c h in
tegration terms lead to anharmonic effects in the 
col lect ive excitation spect rum. 

It is worth remarking that the phonon f requencies 
and the gap va lues conta in only the s c a l e d c o u p 
ling cons tan t s K^UK, p = 4llf> which a r e cons ide red 
to be fixed. If we t ake into accoun t the fact that 
the residuum of the col lect ive propauator at the 
pole (.1 - <,i n conta ins a factor U ( s e e oqs . (З.Г>), 
(4.i)) we find that the effective coupling cons tant 
of the par t ic le-phonon ve r t ex is of o rder П ~ ? . 
Further , for e a c h c losed fermion loop there is a n a 
additional it factor a r i s ina from the t r ace over the 
index 111. T h u s , we get a perturljation expans ion in 

—, which for sufficiently l a rge va lues of the 
level d e g e n e r a c y Q (or, equivalently, the fermion 
number N«2Q ) c o n v e r g e s much bet ter than the or i 
ginal perturbation expans ion in the interaction 
s t reng th ' s к and p • 

4.2. Nuc lea r Field T h e o r y 

In the following we shal l p rove the equ iva lence 
between the modified perturbat ion expans ion (4.2) 
ai id the perturbat ion expans ion of the nuc lea r Field 
T h e o r y (MPT) . T o this end we rewrite the co l l ec 
tive p ropaga tor a s 

T = - ^ V + T C , (4.3) 
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J-._L И 

^ ~ N 
(с) 

a) Diagrammatic represen ta t ion of the expans ion 
of the s ingle part icle O P in terms of the collect ive 
fields Ф(1),Ф(1). A full line s t a n d s for the "free" 
G P Сц-ССФ^Ч^Д^.Тпе collect ive fields Ф(1) and4<(t) 
a r e r ep resen ted by a wavy line and a double line 
a r r o w e d , respec t ive ly , b) Some typical loop g r a p h s 
of o rder 1/П ar i s ing in the expans ion of expiS. 
c) Charac ter i s t ic d iagrams contributing to the total 
s ingle particle G P . 
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w h e r e * 
t t , , „ 1 „ t T =K DK, К = Л = и v 'bV (4.4) 

0 0 

_L__ о \ ( 4 - 5 ) 

0 0 1 
2 2 

3 
H e r e U d e n o t e s t h e o r t h o g o n a l ma t r ix buil t u p from 
t h e e i g e n s o l u t i o n s Ф of t h e h o m o g e n e o u s B 3 - e q u a -
t ion (2.24) wr i t t en h e r e in t h e m o r e s y m m e t r i c form: 

[<u2 - 4 E 2 + v ' b V v ' b № = 0 , (n = 1.2,3) 
(•v>) 

и = № j , Ф 8 , Ф 8 ) . 

In t h e a b o v e d i s c u s s e d l o o p e x p a n s i o n ( s e e e q . 
(4.2)) t h e f e rmion f ie lds a r e c o m p l e t e l y r e m o v e d 
from t h e t h e o r y . O u r a i m i s , h o w e v e r , to o b t a i n a n 
e f fec t ive L a g r a n g i a n i n v o l v i n g b o t h fe rmion a n d c o l 
l e c t i v e f i e ld s . F o r t h i s p u r p o s e , w e e x p r e s s exp iS. 
in e q s . (2 .11) , (2 .19) a g a i n b y a n i n t e g r a l o v e r f e r 
mion v a r i a b l e s . T h i s y i e l d s 

-i . i L j [ iA-] 
Z l Q . Q j = J l . e 1 _ 1 ' d J / 0 Ф Д ) а Б а + x 

(4.7) 
x expi /d t !h + G 0 *h + Q + h + h + Q + 

+ Х ф Ч - 1 Ф + 0 + P)'<M „ 

* T h e s q u a r e r o o t of t h e ma t r ix b i s d e f i n e d a s 
~ t ~ 

u s u a l b y \Jb = W V^diag w . w h e r e W i s t h e o r t h o g o 
n a l m a t r i x d i a g o n a l i z i n g b . T h e l e t t e r "t" d e n o t e s 
t r a n s p o s e d q u a n t i t i e s . 

18 



with 
1 A + A 4 j 

p - ( t ) • 
After performing the Ф integration we get 

- I S L j - i - ^ 1 
ZfQ.Q + | =3l 6 e 1 _ 1 ' SA /DaDa + x 

1 - 1 - ( 4 ' 8 ) 

v.expi/dt l? f +-±-j 'Vj 4 i - j ' v P + Q+h + 

+ h f Q - '|-f(J.+ P) , K t ]D[K(^+P)]! . = o , 

wt iere 

St - h^c" 1»! + J -P 'VP (4.9) 

is the Laarangian of the fermions. In o r d e r to l inea
r i ze the las t term in the exponent of eq. (4.8) we 
may now, in ana logy to eq . (2.7), in t roduce a new 
collect ive field <i(t) the p ropaga to r of which is D 
(cf. eq. (4.й)). T h i s y ie lds 

Z[Q,G + l = 3l 7e ' J /D<£/DaDa +x 
A 

xexpi /d t i f N p T +-}"i tVJ< + j_ t (- |-P + K 1 ^ + 

+ Q+h + h + Ql . „ 
£ = 0 

or equivalently, 

Z[Q,G+J = ?je , = 1 ' d I /D<£/DaDa + x 
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xpi/dtt .i' bG'h + h 4 Q + j 'K ' .V. ; _ ^ , (.1.10) 
NKT 

vvl к? r e 

v =,V . V i i' (1.11) 
NFT Г h PV ' 

is just thr? «effective Lagrangian of (he Mucloar 
Pieki Theory . It compr i ses b e s i d e s Ни- full fer
mion Laarana ian A'f (defined bv eq„ (l.O) or in the 
a b s e n c e of p h a s e t ransi t ions by eq. (2.6)) a free 
boson Ьацг.iiKii. in A1,, and a n interaction pari A ' p v 

V,, | - o ' iVV; . (-1.12) 

y , , v = Р'К '</, . (-1.1.3) 

respec t ive ly . T h e «expression P appe. u ina in the a r -
"unienl of Ь ; | . . . | ineq.( /1.10) is nWaincd l i o m P b y r ep -
lacinu the va r iab les a .a 'by the functional der iva t ives 

. —-—, К is r ecogn ized a s the part ic lo-vib-
i<5 >i' i<S ( / 

ration ver tex . T h e functional der ivat ion of the MPT-
Iya.Qran.4ian given a b o v e yie lds s imul taneously the 
co r r e spond ing Graphical ru les for a diagrammatic 
per turbat ion theory b a s e s on this Laa rang ian : T h e 
factor in front of the integrals in eq. ( l . lO) elimi
na t e s the bubble d iagrams from the? NFT-oxpans ion . 
Th i s completes our proof of equ iva lence between the 
u sua l fermion treatment, the loop expans ion and the 
NF^T treatment for a s y s t e m with p h a s e t rans i t ions * 

*Due to the condition j = о the genera t ing func
tional (4.10) d e s c r i b e s b o s o n s appea r ing only in 
intermediate s tates . A. natural generalization of 
eq. (4.10) including external boson states is ob
tained by rejecting the requirement j =0. 
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5. SUMMARY AND CONCLUSIONS 
In the p r e s e n t paper we have applied path in

tegral t echniques to the nuc lea r many-body sys tem. 
Within a schemat ic model different kinds of many-
body effects, a s , e.g., p h a s e t ransi t ions and related 
phenomena, h a v e been s tudied. Moreover , the c o n 
s ide red model r e v e a l s some interest ing fea tures 
conce rn ing the mutual interplay between different 
kinds of collective excitation modes in the c a s e of 
p h a s e t rans i t ions . 

By us ing the path integral method we could 
de r ive modified perturbat ion theor ies (the c lo sed 
loop expans ion , the NPT expansion) which s h o w 
equ iva lence to the usua l Peynman diagrammatic 
many-body perturbation theory, but which u s e 
ano the r expans ion parameter (the i nve r se of tho ef
fective shel l d e g e n e r a c y Q ), and may therefore 
faster conve rge . Especia l ly , we have der ived the 
NRT-Lagrangian in the p r e s e n c e of p h a s e t r ans i 
t ions in a non-perturbat ion theoret ical way. T h e 
co r re spond ing graphical ru les of the Nuc lea r Pield 
T h e o r y naturally comes out. 

T h e invest igat ions pet-formed in the p r e s e n t 
pape r show the powerfulness of functional methods 
in the s tudy of nuc lea r s t ruc tu re phenomena. In 
a further publication t h e s e t echn iques a r e u s e d for 
investigating some interest ing effects of the mutual 
interweaving of s ingle part icle and col lect ive d e g 
r e e s of freedom in spher ica l nuclei . 

APPENDIX A 

T h e S ingle Part icle G r e e n Function 
In this append ix some formulae for the G r e e n 

functions used in the text a r e col lected. P o r e e n e -
rality, we cons ide r a Hamiltonian H ' = H - AN where 
N = £ amna ' s *™e F^^ ic le number operator . 
T h e Lagrange parameter A (the chemical potential) 

21 



h a s b e e n a s usua l introduced to gua ran t ee the 
conse rva t ion of N in the a v e r a g e . Let us introduce 
the following opera tors and G r e e n functions (e + -e+\) 

G ' ^ d d j + e + ) 5(t - t *>, 

i G ± ( t I t ' ) = ± 0 [ ± ( t - t ' > | e + i ' ± ( t - t ' ) , , A 1 v 

Cf^t . t ' ) =(id ±e J8(t-f), 

i G + ( t , t ' ) = -4C+ ( t ' , t ) . 

where 0(t) is the s t e p function. By definition, we 
have 

/dxC (~|)(t, . ) G ( - )(x,t') = S a - t ' ) . 
Por conven ience , we rewri te the i n v e r s e G r e e n 
function defined by eq . (2.10) a s 

( G _ 1 ( t , t ' ) 44t )S( t - t ' ) \ 

* J (A2) 
¥ + ( t )5 ( t - t ' ) C ' ^ t . t ' ) / 

b 

with 

4>(t)S(t-t') G V . t ' ) 

\-4>(t)S(t-t') Gl\t,t') i 
G 

b 

(A3) 

(A4) 
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I n v e r t i n g t h e ma t r ix o p e r a t o r G y i e l d s 

(G ( t , f ) G ( t , f ) , , -

N A J (A5) 
G A ( t , t ' ) G ^ t . t ' ) 

w h e r e t h e n o r m a l a n d a n o m a l o u s G r e e n f u n c t i o n s 
a r e d e f i n e d b y * 

G = G ( 1 - 4'G * + G Г 1 

N a b a 

G M = G h ( l - 4 » + G 4 ' С . Г 1 , N b a b 

G = -G.4< + G ( I - Ф С У С ) " 1 , A b a b a 

G = - G 4»G ( l - 4 » + G Ф 0 ) " 1 , A a b a b 

(A6) 

with 

/G Ц - Ф в Фй Г 1 - й Ф С (1-ФС ФО ) * 
G a = / + " + ( A ? ) 

-СФС(1-ФС ФС Г 1 G (1-ФС <1>G Г 1 / 

/ G + a - ^ G j l K } ^ " 1 С + ФС_(1-ФС + ФС_)~ 1 

G b = _ _ _ _ _ 
\с_ФС + <1-ФС_ФС ) 1 С _ ( 1 - Ф С + Ф С _ Г 1 J 

(A8) 

* M a t r i x mu l t i p l i c a t i on i m p l i e s h e r e i n t e g r a t i o n 
o v e r i n t e r m e d i a t e t i m e s . 

23 



T i i o O r o e n f u n c t i o n s for s t a t i c field c o n f i g u r a t i o n s 
Ф , 4' m a y n o w e a s i l y b o c a l c u l a t e d from e q s . 
(A(j-A)i) , With t h e a b b r e v i a t i o n г = t - t ' w e o b t a i n 
for t h e n o r m a l G r e e n func t ion tin? e x p r e s s i o n 

С м < г Ь - - Н " Ы | а ( Е д ) е А + а ( Е л ) е А ] -

- Ш г ) | а < - К А ) е A + a ( - E A ) e л Ц . ^ J > 

я 
w h o r e t h e mat r ix a(t.i) i s g i v e n l)y 

i - u u < 0 < 
I M M J l\l' " ~" 

a(...) !'(,,) I 

-»l> ( . . . 2 - . a -R 2 ) . (,„-, )ЗФ Л; (,,-, II, Л-,--1г аК>1»"'/, о - - о - ' о ' 

with 

f [t 2 F ' ( E ; 2 - E " 2 ) | _ 1 • ш - + E 1 

\ л л л Л 
f(c>) - 2 

[ l T 2 E ~ ( E A

+ ? - E ^ 2 ) 1 _ 1 . , , * Г 

a n d 

R ^ I V o i 8 . • (Aio ) 

EA=v(v'* 8+4>i; *> +1*0! 

A n a l o g o u s l y , w e find for t h e a n o m a l o u s G r e e n func
t ion 

G ( r )= iV + l 0W[bfE + ) e ' Д Г

 + b ( E ~ ) e ~ ' * ' ) -
A 0 A A ( A l l ) 

« _ iE A r « . iE. г 
- « - г ) [ Ь ( - Е л ) е Л + Ь ( - Е л ) е А ] ! , 
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w h e r e 

b(<„) = 
2 _ f 2 _ R 2 ; 2Ф0А 

2Ф A ; < , > 2 - , 2 - R2 
0 + 

The Green functions satisfy the following syrrvnotry 
relations 

G (r)=-G (-r) , 
A N (A 12) 

c A ( r ) / f 0 - c A ( r ) / * ; . 

Por completeness, we quote a lso the corrospondinci 
expressions for A = 0 used in the text 

CN(r) --il«(r)a(E)e~ i E r -M(-r)a(-E)e i E r 

G (r) - i4' ltf(r)b(E)e ' E r -«<-r)b(-E)e i F > I, A 0 

(A 13) 

where now 

+ E 4 r , - Ф 

a( +E) = + 
2E t( ) 
" ь \ - Ф 0 , +Е - f / 

2E I 0 1 У 

APPENDIX В 
A 

Definition of the Matrix В 
The elements of the "bubble," matrix. В (cf. eq. 

(2.21)) a re defined a s follows, B = - i—A. w"th 
A A t — 

A ,(t,t ') = trlC (t,t')G (t',t)+G (t,t')G (t'.t) -11 N N N N 
A A A A 

-[G A (t , t ' )G 4 (t ' , t) +G 4(t.t')G A(t',t)]|, 
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A 1 2 ( t , t ' ) = t r | G N ( t , t ' ) G A ( t ' , t ) - G A ( t . t ' ) G N ( t ' , t ) l , 

_ Л 

A 1 3 ( t , t ' ) = t r i G A ( t . t ' ) G N ( t : t ) - G N ( t , t ' ) G A ( t ' , t ) | , 

A 2 1 ( t , t ' ) = t r l G A ( t , t ' ) G N ( t ' , t ) - G N ( t , t ' ) G A ( t ' , t ) ! , 

A 2 2 ( t . t ' ) = t r l G A ( t , t ' ) G A ( t ' , t ) l , ( B l ) 

A 2 3 ( t , t ' ) = t r f G N ( t , t ' ) G N ( t ' , t ) l , 

A 3 1 ( t . t ' ) = t r | G N ( t , t ' ) G A ( t ' , t ) - G A ( t . t ' ) G N ( t ' , t ) l , 

A g g ( t , t ' ) = t r l G N ( t . t ' ) G N ( t ' , t ) l , 

A ( t , f ) = trfG ( t . t ' )G ( t ' . t ) l , 
J o A A 

where we h a v e u s e d the shor t notation 

G ( t . f ) =G ( t . t ' ) I , ! 

APPENDIX С 

Calculat ion of the Chemical Potential 

In this append ix we p rove that the chemical po 
tential may be fixed to the va lue X = 0 for stat ic 
field so lu t ions . T h e chemical potential is determi
ned by the requirement 

N = <N> 
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w h e r e t h e a v e r a g e n u m b e r i s g i v e n b y 

<N> = <£ a + a > av vac ma av 

v . 8 8 „ , +, (CI ) 
ПИ7 Й„ ( t ' ) Sn+ ( t ) ?/ = 4 - 0 

t = t 4 0 

U s i n g for t h e g e n e r a t i n g func t iona l Z|r/,r/ ] t h e 
r e p r e s e n t a t i o n ( 2 . 1 l ) we find a f t e r d i f f e ren t i a t ion 

N = < - i2n t rG ( t - t ' = - 0 ) > 
N av 

i t S f r e e ^ i n t 1 

/ Р ф е l n t ( - i ) g U r C N ( - 0 ) 
i f s , „ + S . . ] 

/D<l>e f r e e I I U 

(C2) 

- ( - » 2 0 1 Г С К ( - О ) | ф = ф о . 

Inser t ing (A9) into (C2) we obtain, finally 

N - m u - J - - ^ » » - * + 1 У ^ + Ч (C2) 
2 E + A 2 4 

Obviously, for 4 ' 0 ^ 0 , t h e requirement N = 2П c a n be 
fulfilled only for A = 0 ( see eq. ( А . Ю ) ) . Рог Ч^-О 
eq. (C3) is independent of A, s o we may c h o o s e 
aga in A = 0. Th i s p r o v e s our s tatement . 

APPENDIX D 
Stability Condition 

A n e c e s s a r y and sufficient condition for the 
s ta t ic g a p solut ions Ф , Ф. presented in Sect . 3.1 
realize a minimum of the collective action в{Ф] 
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Q g 

S 8 S = 2 - i l — | ЛФ П . ЛФ„. = 
^ 1 5 Ф 4 З Ф . ' Ф 0 ° ' 0 j 

3 л ( D 1 ) 
=-const 2 Т _ 1 (сч=0)ЛФ ЛФ >0. 

By diagonal iz ing the quadra t i c form (Dl) one finds 
that the e igenva lues // of the i n v e r s e p ropaga tor 
T _1(</) = 0) a r e all non-posi t ive {ц <0) with a t l eas t 
one /t ^ 0. T h u s , S 2S>0 is gua ran teed . 
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