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This · •. pap'e/ is dedicated . • to the 
memory' of the EBR-1 reactor. accident . 
which happened ·40 years ago because of. 
fuel rod bowing. The incident made the· 

. necessity of subassembly co.nstruction . . of . 
· · reactor cores clear. ·· ' •· 

• ' / ~ , , ,j.. . . f ' 

INTROD.UCTION 
. I - ! . > .- ·:·, . . . _. . ·, . / , 

. ·. The importance and complexity of the bowing phenomena in nuclear. 
' \ reactors are well known [ 1-4], apparen0y since the accident at the EBR-1 reactor in 

1955 [4]. Fuel· bowing is most likely to result. from a' temperature gradien( 
transverse tb the axial direction of the subassemblies. Despite the. fact that a · · 

... subassembly is a rather tightduster ofrods, the motion 'of the fuel due.to bowing of 
· the fuel -elements • within subassemblies o, • the subassemblies themselves : may be 

noticeable; especially in fast reactors. In_ a large (pancaked) reactor the bowing of 
fuel elements within subassemblies, that are themselves constrained not to bow, has , 
a negligible effect on reactivity,. but in EBR-size reactors the effectattains a value 
of the orper of I$ per inm of effective decrease in the corerndius [1].. ~· , . 

.The pedodically pulsed reactor ' is much more ,sensitive to: reactivity . 
? . •--·· ·.· insertions in comparison to steady-state reactors. For example, even a very small 

' (~ay O'.O 1~m) radial displacement of the, periphery row of subassemblie's in the . 
; rnR-2 re_actor (2:M\Y,plutonium:dioxide sodium-cooled periodically pulsed.reactor ; 

.. _. in 1 Dubna;. Russia [51) causes a_ noticeable effect - a po~er rise· with a period of· 
·. ./ about 80 sec, whereas in a.steady:.state operation mode, the'period would be equal 

. . . to 25 min: The example indicates that bo'\Ving effects'. not only can, but must be 

. .· noticeable in the 1,BR-2 -reactor. The time-dependence o( the IBR-2 response . · 
function [6) has some typical features 'of a bowing nature, namely: · abrupt 
threshold-type•, . behaviour, ; parametric . h1stability .. 1 ,from measurement to 

. 1m~asurement, feedback nonlinearity' (7j, high sensitivity_to average power level. , · 
'. -·· : From· the· calculational · point of view, determination·. of 

1
the ·overall bowing 

effects, such· as reactivity feedback, is a huge problem that becomes · unsolvable . for 
, . large cores containing . hundr~s of close~packed subassemblies 'Yhich .. represent. a. \ 

'..· compHcative' statically undetermined' system [I}. In the cases like this~ only ' I 

i estimations are. available,_ and hence, analytical or. semianalytical models. descnf?ing . 
. the fundamental bowing mechanisms by simple equations .would be useful. ·. ·· . . 
' . . The method' proposed here ·permits one to bypass the 

1

solutioh of partial 
differential equations, practically without ,a loss of ~ccriracy, provided tra~itional -c 

;' ,·. 
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cyli~drical geometry of the fuel elements and linearity of the equations. The idea of · 
the method is to. extract . the first· order Fourier harmonic from the ·multi-

' dimentional temperature distribution; _and hence, to reduce.the number of variables· .... 
by converting the T(r,<p,t) function into some vector with two· variables (r and t). . , 

, . This •. procedure of "vectorization" of functions, named' here the "effective . . /: . . . . . . . 
gradient method", as well as its accuracy, are demonstrated by comparison of two 
ways ( direct and "effective")• ·or• solving the 'special. steady•state · boundary-value 
problem, that was set for the single eccentrically. bonded fuel· element, placed ·in· the 

, ' .\ ', ,• • I , 

radially distorted neutron flux and coolant temperature (8). , : . '. 
. The ''\:ectorized,, . model . can be gen,eralized . to account. for the thermo

•. mechanical and. thermo-hydraulic interactions. of fuel 'elements .• That will• give.· a 
: possibility for qualitative .description ~f the. behaviour 'of fuel . elements• within. the 
. subassembly . as well : as• the s~bassemblies. themselves,' · by means . of ordiriary ·. 
equations; . . i . .,, 

., 

;, \ I 
.• 'IDEA OF.THE METHOD' 

. · Th~ Ome~a 'operator~ The bowi~g of co~~ ~o~ponents, ~uch a~ fuel rods, ~asirigs;, 
. etc., caused by temperature r'depends on' the integral over'tlie rod cross sectio~ . 

. . ''· .. ' . . ' ,' ., 1-: '. ., . ' 
,! 

'jrT(F: t)~dy; , •. • .. • 
'"'. '· 

I, 

t'.' 

/• '• .. ,'•~.•I ;, ! '· ,:.,/· .•/,- . •," •, . _':., .-:','' I.'~~•'' .'•, . , _,'' _', •:, ,;· ' •>: • 
. . .The linear- coeffic_ient of thermal. expansion (P) 1 must be included in. the 

integral, but here it'is assumed to be a constant. Tffe plane radius-vector i' = ix+jy, .. 
,I, . . • ' "\. ' ' . ·., . . ·:. \ 'f I ' ' ': , , .. ,.' •· ·- . _,, ., ' ' - I 

originating fro in. the .neutral axis z of the rod, can be represented as·' f. ~ rn , . where ' 
' n = ; co sip ~ jcos<p is a unit vector: ' . .. .. ·• . . ' . i • '. ', ·. . 

The angular part of the i_ntegra~ c~n be_.defined as the operation . ,' · 

. ·' 
. ; . . . . 21' •' , · ·. . · 

rlT(~!<p) = ~JT(r,r)~d<p~}~l(rt. 
• ,, I • 0 ( \ \ :," ( .· , ' ,' •,' :·' ', ~ 

. d{. 

• , . /,, . -, • - , .•. , \
1

.l i ; A _,,::'.i"-; /,/,~ .• ~-, , ; •• ._..•, 1 
. ,.- .. , _: .. : (';; •\>'• 

Here ,we have introduced the operator n which turns ,an: angular dependent 1T 
function into somevector0(r). Th~ limit oftlie'( e i. ,:)'ratio at zero ,is equafto the · 

. . ~ \ -, . . : :' ,_ '_;', • . .,.···.'·.;~.-:-, "\, .•·q '~- :;_ ,,;, '··· ,,. "•.'·:'·- 1-.i>·--··· 

gradient of the T functiori at r ':"" o· transverse to the z. dir~ction ... The ratio, 0/R 
gives the effective. gradient' that· characierifes''t'1e:.traii,sye!~~ 'dist_ortJ.on.'.or' the• T 
function'-onacircleofradiusR. :• '~-- . .. . . .... ·' Y '.••.• r .. : . 

.~ ,.·-~ >1 ·:; .. :_:~.\ 
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The x,y components of. the 0 vector: are equal to the. corresponding 
;;._ components (a1 b)) of the first harmonic of the Fourier series of T function. In . 

genera( for the ~ime-dependent case - . . . . . .. , . 
,I . i • .. . ·, . ' .. ' • I 

00 • 

. T(r,<p,t)=ao+ L(ancosn<p+bnsinn<p). 
. n=I 

(2) 

. Therefore, the omega"operator extracts the first-order Fourier harmonic from 
an arbitrary periodical angular deperidence. If some boundary~value. problelll ~an be 

. formulated, in terms.• of. !'.vector. of function" . the problem becomes much easier 
because. of a reduction in the number of ,variables .. Fo'r. example, the action of tlie. 
omega operator on theHnear equation of thennal conductivity . .. . 

~ I. . ' 

. . . f. 
.!. oT == ~T(r,<p,!H:iq.(,-,<pJ):. ·. 
a.at ' ' . 

' 
,· 

'I. 

. where a ap.d J are constants, a.nd . _. 

. . ·. ,'· -!~(· l_): J... f}2 
- A - , r. · +. 2 2 • . . r or ar .. r .. ap .. · 

~ ';- . ' 

_,.,-----,'-,. 

gives a. couple of<p independent.equations of the ·form. 
I. -·', . ,• . 

.·. - . . . ·.·, 1· ... 1 c ..•. 
l 00 =·iecr~t)-~e·cr,t) +-Q(r,t)~ 
aat _.··, r ..... '}.., ,• .~ 

·,.. 

(3f. 

(4). 

.· where A is now a raafal part of the Laplasian .. If the same operation is available for 
· the boundary· conditions· the ."vectorization". of the problem will 'be an exact 

· j ~- procedure. . . . . . 

~ • . ; • . . ~ ' • . ~ • - '. . . "'' -f ' 

Some Useful Properties of the Omega Operator . . It is clear that the vector-of a 
constant is a' zefo vector/ Some other results of the action of the omega. operator are 
: listed below 'for use later on: . ' ' . 

; (a) ·.n E coi(<p-<p0) ~ E. 

;,, 
I ~ •. 

3· ,>;' -· ~':· 
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The vector :of the cosine fimctio~ of constant ~mp!itude e and phase shift . ;o is the .· .. 
-~o ·dire~ted vector: . . · '· ., ·· · • · · • 

_,E=iscoscpo + jssincpo =(scoscpo,&Sincpo), 

., 
(b) frT{cp)=t;·=(ai,b1)'. 

.. / 

~ • • > • •• • • - _' , "' e• •• ' - .,, ; • • • •• ,•• C • ' : ~ • 

. The. vector of. an arbitrary function is equal to. the vector of its first Fourier . 
harmonic of a series like Eq.(2). The vector f 1 of function T can be also named the . 
~'first'' vector. So, the "second".vector will be fi = (a2;·b2). . . . . . 

.,,r ,,~. ; ... •~ 
✓ 

' .:: •. A ·._ ' . • ~:: _./ T.. . : 
(c) n scos(cp-cp0 )T(cp)=a0s+:....s'f,_(-:-cp0 )i · 

' . ; ·: '.. '2 _; ' 

-- ...... 

\ ,· -',The ,actionof the ooiega operntor on _the.:product·"of the. cosine and arbitrary 
. functions gives two,vectors.··one of them,-denoted by T,_(-qi 0 );··.is the "second" 

.vector ½ ~ (a2;b2).ofT function turned on an angle cpa in a negative dire.ction 
·relative to,itsna!ural orientation, Le. . . . . . - .. . 

\ 

T,_(-;:cpo)= 

= (a2 coscpo .+b2' sincp0,b2 coscp0•- a2 •sincp0)., 
l . . ' - \ , 

. The cosine function ejects the ·,,fiist'' ·vector of the. T function'. 
.. } ' ' . . .. __._...-;"'· ., 

(d). 6."·d2tigcp2. =:= -0f · .~ 

'. '\ . 

.. :, ·) ·;" 

The' vec:tof' ~f the second. deriv~tile bf the. arbilraiy 'fu~ction 'is. eqhal. fo: itsinverse ... 
,vector. This-property was used inEq.(4). ··. . ·. . .. •· . . . . . ' .. 

····-·---(~}f2T(cp)F(cp) ~fofi:aofi'fliRn • 
. > ' - ' ·: •; . ·. 2 _n=l ... , ···., _ _ _ . , _ _ _ , ... 

The action· of the oinega,operator :on the product'of'two.~functi~ns gives:'the 
. combination -• of their vectors and the - infinite . sequence: of- the : additional 

components. _ ---~ ' ' ~, ' ,, ' . : . ') . 
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The Effective Bowing Gradients. The temperature· integral· divided by the 
momentum of inertia :/-ofthe rod crnss section gives the d~finition' oqhe bowing 

. t~mperature_gradient 

·vT(z) = 1-1 f T(r;cp)Prdrdcp .,.,. (5) 

··This vector is used'directly in ~wing calculations. For example, the free deflectio~ 
. i1 of the r,odwould'be described by the equation'. . ,. . 

' . \ ; . 

d2u = -~~T .· (6) 
dz 2 ·. • - · 

. -~~-
The bowing gradientsfor, th~·fueli:od and cladding are the aim of the calculations · 
of this paper. · · · · · ·· · · · · 

./ 

\ -THE STEADY-STATE TEMPERATURE DISTRIBUTION; EXACT 
.. . SOLUTION. / . . . 

J ./ 

Jhe S~tting of .the Problem: Th~ small fuel fragment ofunit length and. radius, 
. R1 is placed eccentrically inside _the cladding of inner. and outer radii,. R2:and ~ . 
(Fig.I). The gap between fuel and ci;dding is filled by.a movable heat-<:~nducting 
medfom. The cladding is 'cooled by,: a . liquid of known angular dependent 

<temperature T(cp). The axial ·location z ofthefragment is consided as a parameter .. 
✓ • • The' termai conductivity coefficients of thefoel 0-1), cladding Od and gap 

. ·. • . • , .. . , I . '- . ..• . . . .. . • 
medium (A'), as well as. the coolant film heat transfer coefficient (ex), are constants. 
The axial hea~ flux is set to zero. -The tangential component of. the heat flux -in the 
gap;' ,vhich may be caused" by' heat . conduction or natural' convection, · is . also 

· negligeble. · . · _ •. · · . · · _ ·· · · · · 

Our aim is to· find the steady-state-·tehiperature .distributions. in the·foel 
. 7; (r, cp) and. cladding -. T,_ (r, cp) by. direct -solution of the corresponding tioundary~ 
value problem ~hichwill be setunder the following assumptions. 

, - . 1. The heat generation per unit volu~ne of fuel has a· distribution ,vhich is . 
·. typicalfor fast reactors: ' ' ' ' - ' . . : 

q~(r,cp)=q+Vq rcoscp, O~r~Rl. '.(7)'' 

Here q. is the average_ heat generation ·_at 'a distance z along the fuel rod, Vq is the 
absolute value. of the heat generation gradient V q across the fuel rods. which is 

/ 

.""-. '\. 5 \ 



'/ 

proportional to ihe global neutron flux gradient transverse to. the z· direction at the 
fuel fragment lotation in the,~ore.,Variables rand q, ·are the d1stanceJrnm.the 
neutral axis and the angle measured relative to the·x direction, respectively. The.· 
latter is chosen to coincide with the direction of vector Vq (see Fig.I). . 

:' ✓--_ , - • • - • - - ' •• 

·y 
,' 

-..,., 

, Figure L The initial vectors·of asymmetry of a cylindrical fuel eleme~t. 

. • 2. th~'~ap .is smal~:(~2 -·R(;~R: ): a~d-hence _its h~t transf~r co:fiici~~t ·per 
unit lengthcari be .. approximated by~ a cosin,e dependence of the form [9) _ · . . ·' . 

a.' 
· 1- E COS(q> - <po) ;(8) •· 

. Here ·. a' = 21tA' / In(R; / R1) is the . symmetrical heat . transfer · coefficient, 
E = f..ut (R2 -:-R1) js the. value 'of eccentricity, where_ /:J.u. is ,a fuel, r~d 
displacement. . . · .. ·. . , . ·... .·. . . . . . . ··. "' · -c • . . 

. Thus/ the vector & (0 ~. E :=:; 1) aimed fo the q,0 .: direction; characterizes the 
eccentric position of the fuel fragmeni inside the cladding' (Fi_g. l). · · 

- , • ' • -. ~ ' < •• ~ • ' ~ 
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Th~ main a~sumption in setting the. boundary~value problem_ is that the 
geometrically asymmetrical· gap· can-be. replaced· by a symmetrical one but· having 
asymmetrical heat transfer properties, according to expression (8). This assumption· 

. permits us to use a common coordinate system' for both fuel and cladding. -~ 
· · 3. Beyond the boundary layer, the coolant temperature can be represented by 

the cosine functior( · · ' . · . c ~,, · • 
' . ' 

_j· 

T(cp),; 0co_s(<p .. -q, 1). '(9) 

i:e., we use only the first Fourier h~rmoni{of ;~ angular distribution, and settlle 
·average' fluid, temperature· to zero. Paranieter qi; ,characterizes the. direction in' 

... which the temperature difference of the liquid iri the channel: reaches its maximum 
'value, 20 , so 0 is the vector-of coolant timpei-ature aimed in direction q,1 (see . 

. F" 1) . . . 1 . / ' . . · , lg. . . I . . . . · • · , 

.. · ' .. For the peripheral fuel ele~ents in .the subassembly, the cosine depe~dence: . 
of the coola,nt temperature h~ been confirm~d experimentally [10-12].For the aims .. · 

· of the bowirig problem: it can be generalized to central fuel elements too, despite. 
the ·fact. that ·· for· central , cells . the main harmonic is, for example, . the . sixth 
harmonic for a triangular lattice or thefourth one in case of a quadratic lattice [ ll ]. 
Higher-ord~r harmonics do not contribute to bo~ing wheri a. is cons~t . 
·. . . . . The .vector of coolanttemperat1ue per unitk!)gth across the ~hannel gives 

the effective' temperatm~· gradient VT'. F~rther,. it will be useful to" definfdt fo. 
include the coolant film thickness: 

"' 
, I 0· VT- --. 

·- - R+'A.·2.f a. 
(10), 

. I \ ·., ._; , 

' . - ·., ' - ' ' ' '. ,1·' \. 
_ Thus;three vectors, namely Vq & .and "VT, are the asymmetry factors of . 

. th~ problem ·characterising: respectively, the distortion of fission densityacross the . 
· fuel pin, eccentric arrangement of the fuel insiqe the· cladding, and angular 
asymmetry ofthe_coolant flow temperature. They.depend on.the.axial distance z as 
on a parameter, and all of them are considered here as known vectors. . , . , 
. ··. - The eqlliltions for temperature distributions in the fuel pin and cladding are . 

welllrnown': : ; i ' ,. ·• ''. <-, :_· . : , ' . ~ c" ·. 

> .· 
. _,,. ·. . 1 ' ·• .. 

~7;(r,q,) =_:... 'A./v(r,q,~; -~(ll) 

"' 

\·. -...:. . 
7 ,' 

. , 



L.\'.l;(i·,q,)=0. (12t 
.-:-i 

' .... - _, _, \ ' . , 

• . .The boundary conditions on the gap sides and on the outer surface of the 
' cladding are as follows: - . -

T.( R )-T-·(. R) =:_2_ ~-.~ ·a7;(qi;R1) 1-ecos(qi..:.qi~) 
I (j), I . 2 (j), 2 . I I • ~ · · · .· . , 

, . •,· , ,, , • , ·, , . ur . a•. , , 

,._,_.R aT2(qi,R1) ·A :R · ai;(qi,R2 )' · 

I L _ ar. - . 2, 2 i)j .• 

:_A aii(q,,R) '7 d[i;(~,:R;~E>cos(~-q>1)]., 
. 2 ar. ', .· : . ; - ·c , 

The ~ohition gfthe Eqs.(11-12) is f~und in th 
. ' '. . ,,.. ·. - " .. ' 

• 1; (r, q>) =<1> 1 (~)-t-f (~: cosh~ ~f,n sinnq>), 
' . ' . n=I-. .... 

J;(r,;) 7_~2(r) +·t (An COS~q> ~Bnsinncp), 
' . ' . n=I . 

where .. · 
,.- . ':- ·. qr2 . 
<l>1(r)= Ta..:._ .... 

•. ·.·. ,4A 1 < 

and __ 

<l> ~ (r) ·.;_ qR? (ln R +·~). 
_ - 2;.; 2 • r aR 

/ (13) 

•(14) 

(15) 

are t~e• solutionso{.the corre~ponding 'symmetrical problem. The F~urier : 
.· -coefficients are the fol~owingfunctions: · 

·_an(r) '7{Cz•r-Vq:
3 l}~1, ~ h :;~ ·_ 

, . , ·c Ci~ , -. n > I, 
(18a) 

'.4 
- ''l 

l; 
/. ? ~ 
J r 

. / 

'I, 
1:• 
I 

-..:: 

l 

:1. 

:{ 
i , 

r ·r 
1 
1 .. · 

1. 

· b;(r) = C1nrn; 

· A (. ·) n · · -n · 
!/ . n r = c,,,,r +c6nr · ; 

(18b) 

.. (19a) · 

Bn(r)= C3,,1"n +c4:r-n. (19b) 

-:.,> The te~perature at the fuel pi'n center .Ta and constants Cin (i =:l; 2, ... ,6; n ~ l) are,, 
7 · determined from boundary conditions(l3-15). · · · · 

C' 

. The. presence ·o(the cosine function on the right side. of Eq.(13) does not 
permit one to calculate ,the six constants Cin separately for every fixed n. When e:;t:O, 
all the constants are definecJ by the infinite system of equations. The task was 
solved . by -means ·or the following 'procedure. Because the . series (l 6-17) ar-'e
certainly' convergent, at any rate for small &, both ofthem can be interrupted' at 

· · some numbe~ , n=N for obtaining the N-th approximation , for the, unknown 
constants T ~ and c:. The exact solution· 1s obtained as a )imit at N➔ co. ·The result 
of this procedure is listed below. 
. The coefficients cin can bewi:itte~ in the form (n ~ l): 

Vb c·,_::,,; __ n __ • 

In :- • Rn-I • 
• n I 

,'_,,,'·-

·, :-.::.·van' 3Vq_R-~ ~. 
C2 ---+-- ·u · n - Rn-I g1 I nl.• 

n I· . 11.1 

, . __ • kn µVa~ .VT .· . 
0 

. 
• C3,, - }+kn,i,Rq~• +1+k1 Sl~q>I • nl• 

- . ' 

\ .' ;~_Rn+I (µVbn -VTsinqi_ ;-8·,,.); , ·• •~2 ___ ~-.- .. , .· . 
•.•C4n=-l+k· ,n . /. ·. 

·· · ( · ~Van+ VT co~qii;8~1 '. ·· 
C5n=l+knnR;-• l+k1 ·' 

,. . . . Rq+
1 

(µVan -VTccisqi, •On1) · 
c6n=-I+kn n_ '. . . ' 

• , j • 

I· 

. "' 

. 

. (20a) 
I., 

(20b) 

(20c) 

(20d) · 

(20e) 

. (20f) 
. ' 

In these equations V On and, V bn are th,t fi;st derivatives of the a~ arid bn functi~ns 
at thefuelrod boundary, r =_R1 • . µ = ).1R1 l'kR2:4,; is a Kronecker delt;i and. 

/. 

,/ 

.,g 

i . 



·! 

l -

:- 2 . '. • ._ 

k ~-(R2) n a.R-:n"-2 
, n_ R. aR+n1.

2 
(21) 

·<The c<>efiicient~ Van ~nd .v bn are calculated with the help of the r~current relations:. 
, -' ~ - • ' ,, I • 

'van~ 1 =.g,;~1 ('van_cos<(o - ~bn sincp 0 ), 

'vbn~( ~ gn+I ('vbn COS<po +Van sincpo)"<' . / 

The coefficients in are defined bYthe continued fraction 
~. . ' ., • ' •. , • s,. -··, -

gn =. ,• rnrn+1·· -
l,--:- ,r 1· · 

rn+(r,i+2 l- . , . 

'rn 

l:-·· '. 
I· 

.where 

, . ·1tn11.1&'. . ' r . . ... 
·• n = (I +yn)a.•+21tnA1 

. . 1-k ·. (, "-i_· __ n_. 

Y. n = "-2 I+ k,, .· -
" 

).··. 

It should be noted th;t in the limiting case - ' 
,. . , ., - . ~ - ·. · .. 

'· 
ir - & . · ,,, - I+ J F:- & 2 ; ~ C., '= ~ ! 2;·' y,,, = ~ . " . -. ' "-2 . 

The} first-step~ values. in . Eqs.(22-23) 
equations - , . -

(22) 

,·. 
.'•' .·•(23) 

' 

-. I 

l 
J 

}, · 

.. -~ 
'I ·.r 
-! 
.! 
, f ·,~ 
t ; 

l 

! 
l 

·1 ·r, 

;, 
r·_, 

{ 
't' -., .. ! 

l 
' ' I, 
,t' 

' 

(l+y):'vb1 = 
· ·- q··& ·. · - , ··· R IR . . -

=--•·-_sincp0 +2-2--1 VT sincp 1 . a.•R · l+k · 
, I, . I 

and 
. . . . -. VqR.2 ·. . 

-(l+y)-Va1 =--. -- .- . · . 
' ... , , 411.1. , '. . 

. .. · .. · q, - . . .··• 2R2/ RI "T .,,-
---&COSq>o+ -- v COS<p1 

a.'R1 __ ·, ·-l+k1 ... -:-" 

·• ' 

,_·, 

• j · .. : --

. -/ 

where·k, is definedby Eq:(21),'.·q, = qnR.2 is the heatgeneratioti'per unit l~ngth of, 
the fuel rod, and. - .. . . . . . . . . . . .. . . . 

21t11.1() . ' ·• &) .. ·. 
y= 1+-::-::::::-:-: l-g2(&)_-, a. .. ,• 2 

I. i ·, : " - . ~ ·,,.,, 

-.-, 

,(27) 

is -the. par~meter characterising • the therinal • ,;stiffness" .• of the: fuel mi' relative' to 
' asymmetrical thermal loads; its clearer meaning ,will ~given later; Here we must 
~ note that y 'dejx;nds on parameter ii (see Eq.(24)) which is a"function of& atid is 

produced by the second Fourier harmonic. The value ofy1 is dete~ined by Eq.(26) .. 
· /, Thus, as the first parameters Va, and 'vb1 are known, it is easy to calculate:.. 

Van and 'vbn by Eqs:(22)·and (23), and therefore, all the coefficients cm-defined by 
Eqs.(20a-20f).> . . ... · .· . ,. . · . · · . · . . . . . 

:· The last parameter, the temperature T0at the.center of the fuel fragment, can
be expr~ssed relative to the average temperature of the fuel fragment (Ti): . 

• <. - • ' • '. ~ ·• , ; • . . ,. • . • . • ' ·~ ,-':. ,, ' ' , ' : • 

1'o;; {7i) +q, /81t11.,;_. 
- .. '. q . ' :·•"'' 

{7i)=.~+ATo> -
. . . O.o .. : '. 

Here 

I . - i -, I : :I _-
1
· .. R: • .. -1· 

·-=--+-+-- n-+-
. a.0 ._81tA.1 ·.· .. a.':. 21t11. 2 . R2 __ 21fR.a. 
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is the usual expressi~n for the thermal resistanc~ of the cyli~drical ,fu~l element; cx0 

: · ls'the overall heat-transfer. coefficient per unit length.. · 
The additional term A To is the "overheating" ofthe fuel rod ca~sed by the 

· factors of asymmetry. It. is determined ~y the scalar prnduct of the. vectors of 
asymmetry: 

\ . 

.. · ATo = 1tA1 i -. (.:.·q, 8_R
3 Vq~,2R2·vT).--· 

. ·... a.~1I+y. a.•· 411 . l+k1 . 
J_. 

\ '/ 

. (28), 

According to Eq.(28)the "overheating" effect is abse~t for symmetr~cal .. fuel ·--: 
elements, and fs always negative when Vq = VT = 0 . ~~. . 

, '· The problem· has been solved . .: Sequences ( 16~ 17) corive~ge 'very fast even· at· 
- the point of fuel-cladding' contact (when & ,;,i). The convergence'is ~'faster for 

smaller g11• In particular, 'for a symmetricalarrangemerit of-the fuel rod (Ei;,,O, g 0=0) 
all higher-order harmonics (n> 1) are absent, as· well as the'"overheating". of the 
fuel. It is. clearfrom Eq.(28) thatJhe fuel rod displacement by'itself does not lead:to 
overheating. On the contrary, it decreases the. average fuel temperature because of a · 
reduction of the overall thermal resistance due to the eccentricity i. ,- · · · 

' . , ' ~ ' - ' - ' ' . 

The Approxi~ate Estim'ation of the fuel peak temperature is given by [8]: 
j < 0 ' ~ V , > 0 • ' ,, • • < 

. Tm== To,-tqr~/ 411 :'; 

wh~re 

·,_2X1 ·~· 
rm =-.. vC11+Ci1 
. ~ q . 

· is the radial peak location; the ~imuth of which can be estimated by. 
' ; ' ;,' -~ - . ' 

cosq,,;, :Ec21 l.Jcl1 +cf1 
. . "' 

_ For example, in.the case. of'the IBR-2central fuel element, provid~d full • 
~ ·contact (&=I) at Vq =VT= 0,and pin power ofqz= 135 )\'/cm, we should have 

. .. . '-- . . . . . :, : ..... 
·-. 

. ·. 21t11 ~:::: 0.29; 
r./Ri= -,-.·I+y· ·.· · .. m, . a. · .. 

~ 

12. 
.~.,.:-:·: <'. ,·· 

/ 

•1; 

'·. 
/ ----. 

qr~/ 411 = 36K; 
t-.·r;, ·= .:..soK; · • .,. 

r; = 525K (alzero sodium temperature): 

The the~al stiffness y(s) for IBR-2 fuel elements varie~ from yc'I) = 0~36 to ·y(0) 
= 0.43. . ; . .•. . . : . . ·. ·< ': . . .. < . . . . ; ... ___ :: 

· The special case of the .solved problem; namely symmetrical rods and 
uniform heat gerieratiori (i=Vq=0), ,vere considered in [ 1.0, 11 ]. . . 

. . . , ·- --~· ' . : -

The Bowing Gradii~ts . . The , ex~ct soluti1:in of the boundary-value problem , 
< considered above cari, be used" riow for direct calculation of the effective lxming. . .. 
. gradients for the fuel rod ( v); )and cladding : (VI;) in accordance with definition 
( 5): . . . . . ' . ' . . . .·· . . . .. . . (. . 

··• If we.introduce, by analogy to y (see Eq:(27)), the thermal stiffness of the. 
- ./ . - . . . ' ' ·-· . ' - . '~ 

cladding r; defined by equatiori < · _ · · · · · · · 

. ·1 ,~·r•(r ,o·)·· 
l+T ~ 1.+y ,--:-J-k/ .' 

/· 

where 

·. R.2-R2· 
8 i: 2 

· R2 +-Rf • . -.., ' 

is the definition of the dime11sionless cladding thickness, the result. of integration 
. caµ b~ written in the form: . .. . . . . . . . . . . '•.· 

, 1r. ·_ ~-i R( VT.: : 'q, f ~· .c I + 7y Vq) i " 

'. .1 'iJ+y' R,· l+k, + l+yl. a.',R1 _+:24it11 .• -;; , .7 

.. <" ·_ )\· '.(··2r/.·)···•VT· .. . ··.q, ·(··· -~ · R1 tR2·::vq).· · . 
• 1V7;(z) = .---8 .-.-.-· +-.-.. -, -. +-. -. ·-:-::-:; ... 

, · · . I+r ·••·· l+k1 .·}+r. a.R2 •• 4n11 •• q, · ·.· 
........ 

/, 

(31) 

. Eqs.(30)and (31).show that.the vector ofeccentricityei·which .. detennines . 
, the displacement of the fuel relative to the cladding, affects the fuel and cladding fo 
opposite di~ectiohs: . . :... 
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The thermal stiffness is a' barrier which prevents the penetrati~n 'of the 

temperature gradient (not temperature) into the body from the outside. A small~ 
sized body with a good thermal conductivity must have a high thenrialstiffness, 
and yice versa. For example, the IBR~2dad-to~pin stiffness_rntio is .. -

. . ' -

r 't y = 81 / o.43 = :200. 
' 

. ·' .• . Iri the case ofthin cladding, "when 8.« l and- 8 « '.aR/ "-2, the -
stiffnesses y .and r can be determined byequations: . - . 
. ' - .~ ... .,/. 

• · ... · ... •(· .. ). S, I • .... y - 'l . . -- E . 'U·. . l ' . ; \ \ ·--=- 1-g - +--+-. - . 
2nt..1 a'_ · . 2 

2 .'. 2rtt,.;2 ·_2rcRa.' -.. 
,. . .. . . .,,., . 

' (32) 

: }·' ... ·> A 1 I '( 'i. , 0 :)\ ·. · 
. l + F = l+ )' a.R ! 2t.. 2 : ·• 
\,, ( · .. ·_ ·-. -<' •·. 

I 
. ~ (33f 

''/ 

. Now thesense of the stiffness parameter becomes clear. Eq.(32) shows us that the 
.. rod stiffne~s y is equal to _a quarter _of the ratio of the su~mary· thermal' resistance:or · 

• . the rod jackets (i.e. gap, cladding· arid boundary layer· listed in the right-hand side 
ofEq:(32)) to the'thermal resistance.1/8rtX1 ofthe rod itse\f. . . 

.,,. 

. ' . ,· ' ·, . --- ·. ,- . , 

. . THE EFFECTIVE GRADIENT METHOD 
. . ' ''· ' . 

-.. .. ·Now.we.shall :calc.;late· the_- bowing gr~di~nts \,ith· the '.help.'of ~{nega· 
. operc1tor defined by Eq.(l), i.e._ evading the solution qf the boundary-value problem ·. 

(11-15)., •. · . ,· •· . .· \ . , .. - >• I ' • • • - • < _ · . 
-· · Since vectorisation is an exact procedure for the linear equation of thermal 
conductivity. (sec Eqs.(34)) the accuracy 'or the method should be determined ·by.-~' 
the adequacy'of the vectorised boundary.conditions (13-:-15). ·Tlie·_eccentricity_& of 

,the.fuel makes Eq.(13) the single source of such.inaccuracy, provided a. is constant. 
With the help of, the prnperties of the omega operator listed above 'the 

result of,the action of the omega operator on.Eqs.(U-15) can be obtained quite 
✓ • easily. The result for Eqs.(11-12) is almost'immediate: · .. _ · 

• ' • • < -. • ' - \ 

· - :· I - , l . 
A0 1 -~0 1(r).= --. Q(r);•-· · 

r _ :- .\ .. - ,"-1 ,._ 

'O·~~ 

, (34) 

1. 14 -'\~"" 

.:-

t --~ 

. . : - .. -.1 - •. ~e --0 (r) =0 ••' 
. . 2 r.2 ·,. 2 .. -·· ·,- · 

•J _, 

(35) 

. Here et, e/ and <{?are the vectors (or "first" vectors) of the functions .T1 ; T2; 
. and qv, respectively. . . - '. - . _ _ . . : . . . ' . : 

. The boundary conditions can bi vec;torised in an exact form if we may use 
.. the g2 factor. (Eq. (24)) and the relaiicins. (22-23) ·or the direct theory .. Then,· the ·· 
action_of omega operator on the Eqs.(13-15) will give the vectorised co~ditions in 
the form - . . . · ·• . .. . . . -- . ·. -·. · ;<- .. . . 

81(R1)-82(R2)= 2rcR1""1 x{(1~g2l)\e1(~;)-&V<D1£R1j}::. 
a' · · . 2 . · · . · .. ·. 

·,, 1; < .. 

. (36) 

: ; _,_ ·. . ·-···. '\ 

"-1~1V01(R1) == A2R2 ve2 (~2); 

: ...:,._ v_ e··cR ___ >_ ~a_·. [e<R):_~e_ ]: •·· ,· .. 2 2 , 2 · , . -
: ' ~ .t ', • ; - ' : ' 

where Vis a: denotion'for the first derivative at a boundaryinEqs.{13-15);The fil~ ., 
heat transfer:coelftcierit a._is a ·cons~iit as fonnerly ~ but qv. and .T represent arbitrary 
funct}ons. Note.that the vectorised boundary-value problem (Eqs:(34-38)) _can. be 
easily generalised for the 'time~dependent case.'··, •· . . · . _· · 

, , .·- - ... , . ·- • ' •· •• ·•••• :, ,, . ,-,·.,,•:_, - , . I 

In the_ case of Eq. (7) fo~ t~e qv function, ,ve obtain a simple vector of pciwer ' 
generation . . 

_ Q=·rvq, 

and a simple solution to Eqs.(34-35)::-~. 2. •• · · . - - . ~' ·, -, .·. , . - ; ,, ' 

81 (r) ~-Cir~' Vq r~ 
' : . . _. 81.1 .. 

··1 '· 

E> 2(r) = C2~ :tC3 ! r, · . 
.. 

_where·. c; vec;rs can be easHy found from Eqs:(36-38). The. substitution of these 
- equatio'ns foto the bowing gradients · ·· · · 

. _ '. ,.,,.. ',. . - ' 
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~ 

. VJ; = ru,-:1 J e.1(r) r 2dr 

, for the fuel rod (i = I) and cladding (i= 2) gives expressions 

. V7j = C\ _ VqRl, 
121. '. I. 

·' 
:2c\·, 

V7; = (;,; - R2 + Rf ', r 

that become exactly the same as Eqs.(30-31) after calculation of the vector 
constants. -:· .. 

. · Estimation or-the A,c~~racy of the Method; The vectorized problem (34-38) is ~n 
exact one owing to the presence of the g2 factor in Eq.(36). That happened becau.se 

· Eqs.(22-23).make the "second" vector of theT1 function (turned to 'the angle -cpo). · 

to be proportional to fk (first) vector 0 1 with g2 as ~the :coefficient of 
proportionality. . · "-. . . , , .. · .~ 1 • . • , f : . . . 

· 1 . ·• . Being the, 'product of ,exact theory, the g2 parameter. may be considered 
•· here as an unknown val~e that makes the fuel rod thermal stiffness y(&) (see 
. Eq.(27) or' (32)) uncertain. •· . . . . .. . .. · . . •· . 

. The upper limit of this uncertainty is· 
' "-' . ' • ' . •* 

y(O)~y(a) .. ·i· 'g2 (s)f:/2 
< ( .. ) . y(O) · 6 I .· 

. · . · I+. a! -·-+--

. , .·• , 21tA.2 21ta.R 

, - . • . •, : , . . ' . ~:: _" ·~ " . , ·~ ... ,;·· . .: • .'' I 

The uncertainty may be appreciable for gas bonded fuel elements (small a.). For 
the helium bonded fuel elements of the IBR-2 reactor, I - y (1)/ y(O) = O, 16. · 

. . . . 

Angular Dependence of Alpha. By anal~gy to Eq.(8) for a.', one may suppose a 
similar depeqdence for the film transfer coefficient: '· 

'ex, 

1- ecos(<p-<p2) 
'-

,16. 

·---·~ 

. . Here a. is the forni~r constant, e , is the. eccentricity of the coolant cell, 
Then, boundary condition ~(38) must be replaced by . 

· -i.,{ (i ~~}v0,(R)-eV$;(R) h a[Ei,(R)- 0] 
, . , . ( . ,. 

· ·where ·. e · is. now the forth, factor of asymirietry, and h~(e)' is an unknown 
paramete( the second source of uncertainty. For a high heat conduction of'. the . 
coolant (i:.2/a.R << IH12 ~ eX 2 I aR; and hence this parameter can be' omitted ( J.2 
/a.R=·o.03 for the sodiumcooled IBR-2 reactor). . · '. , . . ' · . 

, ., , . , In ,·order to 'tak~ i~to account the a. vci'riation for the calculation, of bowing 
gradients,the replacements ,. ... . . . . . 

, ; : , -·· , q,:' ,,.· 
-➔ 0- --.,, e , ... 2ita.R 

. a 
and,; · a. ➔ l::,f!ie /2 

' 
must lx!'~ad~ in Eqs.(30,,31), and,~in: the' definitions of ki, (Eq.,(2 l)); Y. and r., 
(Eq.(27) or (32), and Eq.(29) or (33)). . . . . , . .. 

'• 

THERM9HYDRAULJCS. 

, The·. Th~rmo::ffyd~auli~, Vector~' of Asym~etry: Up~ to now. \\;e ,, considered , th~ : 
· effective teiuperature gradient VL of the coolant as a known vector. In reality: it 

, , depends on. the distortion, of the cladding. teniperature, ,vhich. is· dependent on. all· 
the factors of asymmetry,. including VT _itse\f, and, on. the. other :i1and'.. upon. the 
hydrodynamic asymmetry of the coolanlflowin the channel., Both factors can' be:' 

• represented bi two ·.vectors (Sf the vector of asymmetry· of the heat flm.::.at(he 
claddi~g. surface. ( J ), ·and. the vector of asymriletry of t~<? coolant fl,o,v ~cross. the. , 
coolant, c,hannel ( G ): . The. value·s of the . vectors arc normalised• relative· to .. the . · 

. . overall linear heat flux (qJ and coolant mass flow (g) per fuel ·clement. , .. • . 
.The heat propagates from the claddi~g surface to the coolai1t cell at r=\R . . 

Let .us divide the celLinto two parts; 1 and 2, by a• separating line along the. · 
. cladding diameter~. and ·. find the . flux. and flow. differences .•. There. ire. ··. t,fo 
. orientatiotis of the line at\vhich the differences between average fluxes <J> = (J,:.,. -' 
J2) and flows.<G> = (G, - G2) in·thc subcclls attain maximum values . .Thcri. the • 

. vectors of heat flu~ and c&>lanl flO\~ functions can be defined (ac~oiding to (8] and 
~ I 13]) as: ' · · ·. · · · · · · · · · · 

\ -~ , .. ,,_ 
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·-,-··· ·-·---·--·--·------·-·------...,,-•-- ----·-. ·---~-~' -··--- ~ -·--·----•,---·------ -.. -----. ~ "·,-·· 

/ 

'· · 1t · - - • 2rcR .· , 1 - . • 

] = -(J) .= --A2,v'El2 (R), 
2 q,. '. ·. . -

(39) 

(;=~(Gr~ ~[Pi_·(d1_) 2!,. _ p.· 2 (d2) ~.!ml. 
_- 2 2 p d . p d ~/ 

:: ,, 

Here Pi and di are the hydraulic ~rimeter and equivalent diameter of the subcell, i; 
p and d = 4s/p are the same values for. celL. Parameter· m depends on the Reynolds 
criterium for.the subcell: m =:= 1 for laminar flow, m = 0.25 for turbulent flow (10~ < 
Re < 105), anci'm = 0 when Re> 105 [ 12). - · . .. . . . . . -

The vector G is aimed from t_he "small" subcell (1) toJhe "big:' one (2) (In 
ref.[8) the opposite direction for G was chosen,' and the ·G vector itself was treated 
as the · average . vector). The. ceU-:--and s~bcell parameters/ depend on the cladding 

. p<>sition rdatiye to'. t_he position~ .· of adjacent fuel elements. -The. approximate 
dependence of O on the cladding displacement ii2_cari·be represented by'(8]: 

. , , I ,"-" .• , ~ • ·: " · - · ,. 

·. · .. 31t h ' . 
G =:= Go --•-(i12 - i1,}.- (40) 

. ,-

. /. 2.~m 2s . . _/·.· 

• _. ' ' L,, ' • , ~ ' • • ' ' .- I • ~ \ ' -

Here GO is the initial hydraulic asymmetry ·of the cell, h is the pitch of the lattice, s . 
. is the coolani _cel!.'cross. section and · ii, is . the. displac~ment' of the cell itself due to 

. the bowing· of adjacent Juel elements. Vector ii~ . characterises the new. position of· _ 
. ·the hydraulic centetof the.cell (where G = 0) and is determined.by the summary< 

displacement of the adjacent fuel elements. . ' ' ' . . . . . . I 
·' ,• . •. . . l 

l I C ,, 1. - .· . ,· . -,_ • ' .• t . 
Correlation with the Vector of Coolant Temperature. The action of tne omega 

•.operator. on the elementary angular dependent equation of the· heat :balance in the 
coolant cell gives, with the help ofEq.(39), the approximate equationfor the vector 
of coolant temperature: · · · · · · · · 

. I . , • , . '·.: .. I . 

:d_e: _ ~e- q, : I' ·· .. _ [- G-· _ ~A1 (· & • _R1 Vq)] ···-. -+r.M =---x - +-- -+-- .. 
.. dz_. c~gl-G2 

• · .•• l+y a.'·. 41t~iq > · . 
. ' .. ' ' . , ' "· 

. (41) 

in which g = pvs is the\:oolant mass flow through the ·cell, cP· is the special heat 
·. capacity of the coolant, and, . - . - .. . . 

"'.;-

18 

, I 
,\ 

. · .. 1 · (' :21t. {.. : .[. ·.,_AI(··:_ . E)]}' 
.. A=-.-,-.-2 ·_-.-x A1.-+A/i 1_+_21t- l-.g2 -

c Pg 1- G ,1 +. y · . . . ·. ex. 2 _ .· . 2 . 
(42) 

-··( 

is the reciprocal relaxation length due to heat transfer across the fuel element. 
Because .the relaxation length is ofthe order of 2dPe i[8], \vhere Pe i~ ,the, 

Peclet criteriuin (the ratio of pcpvd and° t~ermal coriductivity). the :relaxation 
mechanism has.to· be taken ·into' acc.~uni ·in, the. constant-hea~-flux measurements 
[12,13Jat low flow rates (practically, at Pe< 100).· . . . . , 
, · In, the special case (eccentric ,annular, cell, A = 0, Vq = & = O ;-m ·= 0.25) 

. Eq.(41) coincides with the solution of (13), which also has'a singularity at G = 1. 
However,', the accuracy analysis of Eq.(41) and its subcell representation indicate 

. thatat high hydraulic asymme.tries (practically· at · G2 > 05 ) the _use of < G >2 

:instead of G.2 in the.denominators ofEqs.(4'1-42) becomes more preferable. I: . : )i' 
.. · · .Th~s, the equations.of thenrioelasticity (Eq:(6). is the simplest case) for.the . 

., , . ',· • , , , , ., .· \ • ', I ·.' ·'' 

displacements of the fuel rod ( iIJ) and cladding ( ii2 ), the obvious relation for the · . 
; ~el eccentri~~ty 

1
_ , , , . • . • . • ,. / • 

'(R2 ~R,) i°=ii; -iiv> · 
1;'1 \ ;'

1
' ' ') 

·I i, I . 

• ,; , • ' .'' • J \ ,., ,: ",, ' ' •.,,_ ' ,,., _. - ' - • 

Eqs.(30-31) for the bowing gradients, Eq.(10) a11d (4l)Jor v'Land 0, as wen as 
Eq.(40)forG;' represent the cl9sed set ofcoupkd equatjons for,estimatiori of single 
fuel· element b~wing. The:. displacement' ii, .·of the . hydraulk' C':)Olant-cell .. c.enter 

. couples the behaviour of the fuel element with the behaviour of other fuel. elements . 
within the subassembly. . . ' . , . . . . . . . . '' ,• •. . . ' .. 

.. · .. ·. The system of equations becomes line;ir \vhen\G 2 and g2E / 2 are negHgible 
ternis. The 'additional equation· (arid an additional source of ncinlineanty) appears ... 
when the ex. variation should be taken info account: · • . ; ··-· • . · . , , ; . - ·} 
• • , I ~ ,. , • • • ! 

A, ,i- , I, ., 
•:1 
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