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®OpuaMaHoBckas BeeneHHasd co CKaNSIpPHBIMH M CIIHHOPHBIMH MOJIIMH
B 0000LIEHHOH raMWIBTOHOBOH AMHAMHKE

Knaccudeckas M KBaHTOBad mpoOJeMbl OMUCaHUd AUHAMUKU BceneHHoi
®punMana—PobepTcona—~Yokepa ¢ 6e3MacCOBBIMH CKaTIPHBIMH M MAacCHBHBIMH
CIIHHOPHBIMH TOJIAMH 06CYXIAITCA B paMKax 060011eHHOH raMHJIBTOHOBOI JHHAa-
muku [lupaka. IlpoBeseHa raMuibTOHOBa PEAYKLIMSA BHIPOXAECHHOH TEOPHM B Cily-
Yae MUHUMAIBHOTO H KOH()OPMHOro B3aUMOAEHCTBUs IpaBUTaLMU U MaTepuH. Ilo-
Ka3aHo, YTo B 0OOMX CIyyasx Mg BCeX 3HAKOB KpHBH3HHI k = (), £1 MakcHManbsHO
CHMMETPHYHOTO MPOCTPaHCTBA CYLIECTBYET HE 3aBHCALUMH OT BPEMEHH pelyLupo-
BaHHBIH JIOKATBHBIH FAaMHUJIBTOHHAH, KOTOPBIH ONMUChIBaET AMHAMUKY MacluTabHOro
thakTOopa. AHanU3UpyeTcs ponb KOHGOPMHOro BpeMeHHMnono6Horo sektopa Kui-
JMHTa B MPOCTPaHCTBe-BpeMeHH PobepTcoHa-Yokepa B BONpOCE CYLIECTBOBaHHS
He3aBUCHMOIO OT BpPEMEHH TaMHJIbTOHHaHa. [laeTcs cpaBHEHHE KBaHTOBaHHA
Yunnepa-JleButTa pacluMpeHHOR CHCTEMBI ¢ KAHOHMYECKHM KBaHTOBaHHEM MOJTY-
4YEeHHOH peflylIMpoBaHHOH cucTeMbl. IToka3aHo, yTo BO BTOPOM NOAX0AE KBAHTOBHIE
Habmonaemple, TpakTyeMble Kak CpellHHe OT JHPAaKOBCKMX HabNmogaeMbIX, KOp-
PEKTHO OIMCHIBAIOT KJIACCHYECKHH Mpeaes TEOpHH.
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Generalized Hamiltonian Dynamics of Friedmann Cosmology
with Scalar and Spinor Matter Source Fields

The classical and quantum dynamics of the Friedmann—Robertson-Walker
Universe with massless scalar and massive fermion matter field as a source is dis-
cussed in the framework of the Dirac generalized Hamiltonian formalism.
The Hamiltonian reduction of this constrained system is realized for two cases
of minimal and conformal coupling between gravity and matter. It is shown that
in both cases for all values of curvature, k = 0, £1, of maximally symmetric space
there exists a time independent reduced local Hamiltonian which describes the dy-
namics of the cosmic scale factor. The relevance of conformal time-like Killing
vector fields in FRW space-time to the existence of time independent Hamiltonian
and the corresponding notion of conserved energy is discussed. The extendend
quantization with the Wheeler-deWitt equation is compared with the canonical
quantization of unconstrained system. It is shown that quantum observables treat-
ed as expectation values of the Dirac observables properly describe the original
classical theory.
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I. INTRODUCTION

Cosmological models apart from the main task, to investigate the
large scale structure of the Universe, are highly attractive objects
with the standpoint of analysis of the conceptual problems in the
theory of gravitation. By studying cosmological models instead of
general spacetime we can to overcome the difficulties due to the in-
finite number of degrees of freedom and concentrate our attention
to the problems arising solely from the time reparametrization in-
variance; such as the construction of observables. * In the present
article we attempt a contribution to the discussion of some aspects
of this problem by considering the simplest cosmological model, the
Friedmann-Robertson-Walker (FRW) Universe filled in the scalar
massless and massive spinor matter fields. The conventional Hamil-
tonian description of this model is based on the original Dirac [4]
and the so-called Arnowitt-Deser-Misner (ADM) [5] formulation of
general relativity. ! The ADM method involves the choice of cer-
tain coordinate fixing conditions (gauge), solution of the constraints
and construction of the observables such as energy, momentum and
angular momentum, using the asymptotically flat boundary con-
dition for gravitational field and assuming that three-dimensional
space of constant time is open [7]. However, when the closed Uni-
verse is considered to build the ADM observables from initial data
for canonical variables it is impossible. Since in this case there is
no boundary of the space manifold and no asymptotic region can
be used to construct the corresponding integrals of motion. This
leads to the conclusion that for such cosmological models neither
the natural notion of time evolution nor the corresponding energy
definition is possible to find [8], [9]. To clear up this contradic-

*The problem of observables consist in the determination of the invariant character-
istics of gravitational field in terms of measurable quantities [1] and is closely related
to that of time evolution [2], [3].

'For review of the cosmological models construction w1th applications of the ADM
method see e.g. [6].
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tion between the existence of widely used cosmological quantities
and their absence in the corresponding field theoretical formulation
the FRW cosmological model will be considered in the framework
of the Dirac Generalized Hamiltonian formulation [10]- [12]. The
key moment of the canonical treatment is the assumption that gen-
eral relativity represents “already parametrized” theory due to the
principle of general covariance, so that the problem of construction
of observables can be solved automatically rewriting the theory in
the equivalent “deparametrized” form.  However, careful analysis
of correctness of such deparametrized program carried out by Ha-
jicek [14] shows that even for simple mechanical system with one
quadratic Hamiltonian constraint there are topological obstructions
to its implementation analogous of the well-known “Gribov ambi-
guity” in gauge theories. A direct way to clarify the topological
structure of such a theory lies in the finding of integral curves of the
dynamical equations and the investigation their global properties.
Within this motivation the present note is devoted to the realization
of local deparametrization of integrable cosmological FRW models
considering it as a preparation for the study the global features of
reduction procedure. ' We will follow the method of Hamiltonian
reduction to construct the observables and the corresponding dy-
namical equations which is well elaborated for gauge theories. This

approach is based on an appropriate choice of canonical coordi-

nates on phase space and deals without explicit introduction of any

}To make agreement between the four-dimensional covariance and the possibility to
extract from the canonical coordinates hidden variables appropriate for deparame-
trization theory is difficult task. To solve this problem Kuchar suggésted to perform
the “second parametrization” of general relativity by extending its phase space by
the additional embedding variables [13].

S Apart from topological obstruction arising due to the projection onto the constraint
shell it is necessary also to investigate the problems connected with the topological
structure of spaces of constant curvature. The well elaborated classification of ihljee-
dimensional spacelike manifolds [15] allows to estimate the influence of topological
properties on physical quantities. An interesting study of the role played by this
global properties is under present consideration (see [16] and references therein).
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gauge-fixing functions (see e.g. [17] and references therein).

The general plan of present article is as follows. In Section II we
state the FRW cosmological model with real massless scalar and
massive fermion fields as sources with different type of coupling to
gravity. In Section III some generic features of the Hamiltonian
reduction and the construction of observables in reparametrization
invariant mechanical models is disscused. The aim of Section III
is to explain the method to obtain the unconstrained system from
reparametrized invariant one by considering the simplest example
of free relativistic particle motion. Section IV is devoted to the con-
struction of the unconstrained systems equivalent to FRW cosmol-
ogy when the homogeneous matter is presented in different forms:
as massless scalar field interacting with gravity minimally and con-
formaly, massive spinor field. Finally, in Section V we discuss the
correspondence principle fulfilment for observables in quantum the-
ories based either on Wheeler-deWitt equation or on the canonical
quantization scheme of the unconstrained classical system. In Ap-
pendices we state some notations and technical detailes of deriva-
tions in order to simplify the reading of the main text.

1I. MODEL WITH SPATIAL HOMOGENEITY AND ISOTROPY

By definition, the FRW spacetime is a four-dimensional pseudo-
Riemannian manifold on which a six-dimensional Lie group G
acts as group of isometries. The group of isometries Gg has a
three-dimensional isotropy subgroup and three-dimensional sub-
group which acts simply transitive on the one parameter (“time ¢”)
family of spacelike hypersurfaces ¥;. The large group of isometries
restricts both the dependence and the number of independent com-
ponents of the metric tensor and leads to the so-called maximally
symmetric three-dimensional space. After the choice of standard
coordinates [18] one has the FRW metric

ds? = —N2(1) dt ® dt + a*(t) Yas dz° @ da®, 1)

where v, is the time independent metric of three-dimensional space



e dz® @ dab = 1%% + r*(df? + sin’® 0dyp?) (2)

o ) r2

of constant curvature ®)R(5;;) = —6k/r?, k = 0,%1: The lapse

function N(¢) and the cosmic scale factor a(t) describe the remain-

ing gravitational degrees of freedom whose classical behaviour is
determined by varying the standard Hilbert action. ‘However, con-

structed in this way the minisuperspace model is out’ of interest.

Simple counting of the physical degrees of freedom shows that this
vacuum FRW-model is empty on the classical level; only unphysical
degrees of freedom propagate. Thus in'order to have some nontriv-
ial observables it is necessary to introduce the’sourcé matter fields.

1._Lagrqngian for scalar field with minimal coupiing to gravity

The lntroductlon of a ma.ssless scala.r field as a source of grav1ty
results in the simplest cosmological model which has direct corre-
spondence ‘to the classical Friedmann model. > For a massless
scalar field, the two most interesting couplings to gravity exten-
sively cons1dered are the so—called mmlmal couphng and the con-
formal one. Tt ' B

The Hilbert action for grav1ty mmlmallv coupled to massless
scalar ﬁeld ’ '

W = /d4x\/_"[~-——f;1‘ e, 59, - (.3-)

**Below we will point out the correspondence the conventional Friedmann cosmology
based on thé Einstein equations supplemented by certain matter equation of state:

]t:is' well known that essentially all typs' of couplings of free scalar field to the
scalar curvature and its kinetic term can be reduced to minimal coupling form using
rescaling of the metric and scalar field redefinition [19]. In 1974 based on this type
of transformations ‘Bekenstein [20] proposed the method of construction solution for
particular case of conformally coupled Einstein-scalar equation from solution of the
minimally coupled ones (see also [21]). The detailed investigation of this type solutions
for FRW geometry ‘with spatial homogeneous scalar fields can be found in’ [22].

reduces to the following

3 (a* ka? 3d( )
—_ - [, - - 4
W‘V(”/dt[ K<Nc rgN> n W)@

assuming the spatial homogeneity of the scalar field and FRW met-
ric (1). Here & = 87G and new variable N, = = N/a has been
introduced. Integration over the spatial hyperplane leads to the
appearence of the factor V(3 - “volume” of the three—dlmenswnal

space of constant curvature. 2

2. Lagrangian for a scalar field with conformal coupling to gravity

The conformally coupled scalar field is described by action

Wio, 9] = [ d'sv/=g [ | 4)R+ “)R<I>2+ 2g‘“’8 9, @]. (5)

Choosing the metric (1) this leads to the action for the FRW Uni-
verse filled in by massless homogeneous scalar field o (t) := a(t)®(?)

Wia, Neve) = [ {—-‘3 (%2_ _ b ) (6)

1 [o?  kp? 3d(da>
+§<—N—c~ 72 N +ndt N.J |’

3. FRW Lagrangian with spinor matter fields

The action for a massive spinor field interacting with gravity is
given by

tn all formulaes this factor will be ommited, in order to simplify the numerical
factors.



(7)
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where the spinor field ¥(z) ( ¥ Dirac conjugate spinor field) compo-
nents are treated classically as a collection of Grassmann variables
U; ¥, + U, ¥; = 0 and 7, is the covariant derivative (For detailed
notation see Appendix). Assuming the homogeneity of the fermion
fields and after the redefinition ¢(t) := a®/%(¢)¥(t) Eqs.(7) reduces

to the action of the finite dimensional system

12 ka? - . .
W= /dt [—% (—a— — —;;—Nc) + -;—(W%b — YY) (8)

N, 1?2
3d
malNeHp + oo (F)} !
whith
Hp = mipy. - (9)

III. REDUCTION AND OBSERVABLES IN REPARAMETRIZATION
INVARIANT MECHANICAL MGDELS

It is the purpose of this part to discuss the construction of observ-
ables for a system with reparametrization invariance. For our aims
we shall state the ideas using a mechanical system, i.e. a system
with a finite number of degrees of freedom and restrict ourselves to
the case of Abelian constraints.

Let us consider a system with 2n - dimensional phase space I'
whose dynamics is constrained to a certain submanifold T'; describ-
ing by the functionally independent set of m abelian constraints

va(p,q) =0, {¢a(p,9), ps(p,q)} = 0. (10)

Due to the presence of constraints the Hamiltonian dynamlcs is
described by the Poincare-Cartan form

0= Z Piin - HE(p,Q)dt, (11)

1=1

with the extended Hamiltonian Hg(p, q) differing from the canon-
ical Hamiltonian Hc(p,q) by a linear combination of constraints
with arbitrary multipliers u,(¢)

Hg(p,q) = He(p,q) + wa(t)palp, q) - (12)

For the case of first class constraints the functions u,(t) can’t be
fixed without using some additional requirements. This observa-
tion reflects the existence of the local (gauge) symmetry and the
presence of coordinates in the theory whose dynamics is governed
in an arbitrary way. However, according to the principle of gauge
invariance, these coordinates do not affect physical quantities and
thus can be treated as ignorable (gauge degrees of freedom). The
question is how to identify these coordinates. If theory contains
only Abelian constraints one can find these ignorable coordinates
as follows. It is always possible [23] - [24] to define a canonical
transformation to a new set of canonical coordinates

g+ Qi = Qi(g,p),
pi v P = Pi(q,p), (13)
so that m of the new momenta (P}, ..., P,,) become equal to the
Abelian constraints
P, = ¢.(q,p). (14)

In the new coordinates (@, P) and (Q*, P*) we have the following
canonical equations

Q“l = {Q: HPh}a F = 07
P = {P*a HPh}; , a = u(t)7 (15)
with the physical Hamiltonian |
Hpu(P",Q") := He(P,Q) |5 _. (16)
7



The physical Hamiltonian Hpj, depends only on the (n—m) pairs of
new gauge-invariant canonical coordinates (Q*, P*). Moreover the
form of the canonical system (15) expresses the explicit separation
of the phase space into physical and unphysical sectors. Arbitrary
functions u(t) enter only into the part the equation for the ignorable
coordinates @, conjugated to the momenta P,. %

Trying to apply this program to any model with reparametriza-
tion invariance we as a rule reveal that the physical Hamiltonian
defined by (16) is zero and thus we have got the dynamics of un-
constrained system in the Maupertuls form

Orn =Y. PIdQ; —dV, (17)
=1

where dV is a total differential. The problem is now how to‘deal
with the zero Hamiltonian. This situation in some sence opposite to
the case known from the Hamilton-Jacobi method of integration of
equations of motion. The main idea of this method is to implement
on the system with Hamiltonian H(¢,p, q) the canonical transfor-
mation with generating function S(t, g, p), which is the solution for

the equation
0S , 0S
6t +H(t,q,a—) =0. (18)

As a result the new Hamlltonlan 1s zero and the equation of motion
in the new coordinates have the s1rnplest form

Q=0, P=o0. (19)

% This paper deals with Abelian constraints only, but a few remarks on the general
non-Abelian case may be in order. A straightforward generalization to this situa-
tion is unattainable; identification of momenta with constraints is forbidden due to
the non-Abelian character of constraints. However, one can replace the non-Abelian
constraints by an equivalent set of constraints forming an Abelian algebra and after
this implement the above mentioned Levi-Civita transformation. For proofs of this

Abelianization statement see e.g. [11] - [12] and the description of iterative Abelian-
ization conversion in [17].

After reduction we have got just a system in these coordinates and
the problem is to reconstruct the nonzero Hamiltonian in any other
coordinates for the obtained uncontsrained system. Two remarks to
the picture described above may be in order. There is no difference
between the local behaviour in systems obtained via the reduction
of reparametrization invariant theories. The specific properties,
which make a difference of systems are hidden in the total differen-
tial in the Poincare-Cartan form. Before passing to the construc-
tion of the reduced phase space for FRW Universe it seems worth
to set forth our approach to the same problem of a free relativistic

particle.

A. Digress: Reduced dynamics of free relativistic particle

For the presentation of our procedure to construct the reduced
dynamical system from the degenerate system with reparametriza-
tion invariance let us start with the simplest case of free motion of
a particle in Minkowski space-time writing its action in the form
close to the cosmological Friedmann models (4), (6), (8)

W[me]_z/dr(.z-i-em) (20)

The independent configuration variables are particle wordline coor-
dinates z,(7) and the additional “vielbein” determinant e(7).
Invariance of the action (20) under the reparametrization of time
T — 7' = f(7) spoils the uniqueness of the Cauchy problem for
the corresponding equations of motion. Therefore the problem is
to fix the part of the variables whose dynamics will be unique and
whose initial conditions are free from any constraints. The usual
way to deal with this problem consists in choosing of a gauge which
tights the parameter of evolution with the configuration variables.
For example, the proper time gauge fixing z¢(7) = 7 leads to the
instant form of the dynamics for a relativistic particle. However,
let us act in spirit of the previous section and try to reproduce the



results of the instant form of particle dynamics without introduction
of gauge conditions.

According to the Dirac prescription the generalized Hamiltonian
dynamics for the system (20) takes place on the phase space
‘spanned by five canonical pairs (e, p.) and (z,,p,) resticted by the
primary constraint p. = 0 and the secondary constraint

pup* —m* =0. (21)

To take into account these constraints and to derive equations of
motion one can consider the Poincare-Cartan 1-form

O := pede + p,dz* — Hrdr (22)
with the total Hamiltonian
Hy = l 2 _mH 4+ A
ri= gelrl - m?) + N (23)

The equation of motion together with both constraints follow from
functional

Wle, pe; z,py 5 A] = /9, (24)

using independent variation of the canonical pairs (e, p.), (z, p) and
the Lagrange multiplier A

j:u = €Pyu , i)u =0 » (25)
e=A, (26)
p2__m2:0, pe=0- (27)

Let us now convince ourselves that performing certain canonical
transformations one can put the equation in such form that the
Lagrange multiplier function A(7) enters only in the equation for
one canonical pair. According to the general scenario described in
previous section-each canonical transformation ‘

€ Pe € P
(I“ Pu)H<X“ Hu) !

10

that identifies one canonical momentum with the energy constraint
(27), say Hg
Il = 5(1’5 —m?) (28)

leads to this pattern. One possible way to complete the canonical
transformations 1s **~ .

12 2 —_ Zp
HO— (pl‘ m )’ ‘;0—— PO, . (29)
II; =pi, i=zi— B

and the inverse transformation is

po = ﬁno + 12 +m2, zo= Xoﬁﬂo + 112 4+ m?, (30)
pi =11;, zi = Xi + 11 Xo .

In terms of the new variables the total Hamiltonian is
Hr =ell, + Ape . (31)

and the equations of motion separate into two parts; one for the
canonical pairs (e,p.) and Xo, Iy, with dependence from the La-
grange multiplier A(T)

Xo=e, é=2M, (32)
pe - _H07 1:IO = 07 (33)

constrained by Il; = 0 and the equations of mothion for the vari-
ables (X,', Ht)

X;=0 I=0, (34)

which have a unique solution with arbitrary initial values free from
any restriction. One can construct the reduced Poincare -Cartan

***Different possibilities to complete the canonical transformations for remaining
variables will lead to another forms of dynamics, or to equivalent form but in another
frame of reference.

11



1-form for physical unconstrained variables X;, IT; from (22), rewrit-
ten in terms of the new cannical variables

€ = ModX® - IidX; + pede — (ell, + Ape)dt + d(Xo(Ilp + m?)),
| (35)
by cousidering the projection onto the constraint shell
0" = Olpy,0, p.oo= —1LidX; + d(X,)m?* . (36)

Thus we have convinced ourselves that the variables I1;, X; - are Ja-
cobi’s coordinates for the obtained unconstrained theory with zero
Hamiltonian. Now we shall show how to reconstruct the uncon-
strained Hamiltonian in terms of initial variables using the generat-
ing function to new set of canonical pairs (29) and Hamilton-Jacobi
equation. To find the unconstrained system whose Jacobi’s coordi-
nates are II;, X; let us write down the generating function S(II, T)
of the canonical transformation (z,p) — (X, II) (29)

One can easily verify from the condition
[IdX — pdz = d(X, (I, + m?)), (38)
that the function
(1, z) = mo\/20lp + 112 + m? — =1, (39)

generates the above canonical transformations (29). Restriction the
generating function by the condition I, = 0 leads to the function

S*(I;, zi, o) = S(Hafi)ln‘,:o: zoV/ 12 + m2 — g1 3 (40)

which we shall now treat as generating function defined on the un-
constrained phase space (z;,p;) and depended explicitely on some
parameter zo, which has the meaning of evolution parameter for the
obtained reduced system. To verify this, one can use the generat-
ing function S*(I1;, z;, To) to write down the inverse transformation

12

for variables in the reduced Poincare -Cartan form directly on the

constraint shell

*:__ . . 2ng * . 41
¢) II,dX; + m I{Xi:grsh:xi (41)
— 85" _17.
pi_azg_ t

= —p;dz; + /p?* + midz, .

From this form it follows that we get the Hamiltonian system for
a relativistic particle

dz; 2p;

dt {z:,h} VP2 + m? (12)
dp; -

—‘1 — i’h = 0, 43
o = b} (43)

in the instant form of the dynamics with the parameter ¢ := ¢ and
the Hamiltonian defined from the reduced generating function

h =: gi =4/p? + m2. (44)
0

IV. HAMILTONIAN REDUCTION OF FRW COSMOLOGICAL
MODELS

A. Scalar field with minimal coupling to gravity

After performing the Legandre transformation on the Lagrangian
in the action (4) describing the the dynamics of a homogeneous
scalar field with minimal coupling to FRW space time one finds that
the phase space spanned by the canonical pairs (a, p.), (Ne, Pn) and
(®, Py) is restricted by the primary constraint

Py=0 (45)

and secondary constraint

13



C:np§+3ka2__P_¢2,_

12 " krz 2a7°

(46)

EXploting the nondegenerate character of the metric (a # 0) the
secondary constraint (46) can be rewritten in the equivalent form

2 2
C=a20=a2(,€p"+3ka

12 kT3

) -2, (47)

which shows the separability of the gravitational and the matter
source part in constraint. To obtain the reduced Hamiltonian dess-
cribing the evolution of cosmic scalar factor a one can introduce
the new canonical coordinates for scalar field

Mg := P2/2, Tp:=®/Ps. (48)
After this redefinition the corresponding Poincare-Cartan form
N .
O = pada + MgdTs — —Cdt + d(TeTs), (49)
a
projected onto the constraint shell reduces to
Q" = p,da + H(a)dTe + d(H(a)Ts), (50)

where the reduced Hamiltonian that govers the scale factor a evo-
lution in time Ty is

2 3k 2
H(a) :=d® (f—pi + (12 ) . (51)

12 KT

Note, that there is another possibility to reduce the theory. The
reduced theory can be formulated in terms.of a scalar field. To find
the dynamics of the scalar field we perform the canonical transfor-
mation on the scale factor

2 3ka? A
I, := a* fPa
=@ (12 + rd ) (52)
F -1/2 v
T, := [azda (gﬂa — ka4r;2> (53)

ao

14

and as a result the reduced Poincare-Cartan form in terms of scalar
fiel variables is

O = Ppd® — H(Ps)dT, + d(S(a,11,) — T,11,), (54)
where the reduced Hamiltonian that describes the evolution of
scalar field ® in time T}, is
!
2

and the function S(a,Il,) is the generating function of the canonical
transformation (52).

H(Pg) := =PZ, (55)

B. Scalar field with conformal coupling to gravity

In the case of a homogeneous scalar field conformally coupled to
the FRW space time (6) the phase space spanned by the carnoni-
cal pairs (a,p,), (N, Pn) and (¢, p,) is restricted by the primary
constraint

Py =0, (56}
and secondary constraint
C:=1,-1,, (57)
where o
2 2 2 2
Kp 3ka P, ke
I, := == I, == 4+ —. 58
12 krZ2’ Yoo 2or2s ; ( )

The total Hamiltonian Hr := N.C + A(¢) Px contains the arbitrary
function A(t) and thus the Hamilton-Dirac equations

a=—N.kp,/6 N.=X ¢=Ncp,

pa = Ncﬁka/(lﬂ‘g) PN =C }i'kp = “chLP/rZ (59)

cannot be solved in a unique way. According to the scheme de-
scribed in the preceding sections to implement the Hamiltonian

15



reduction one can search for a transformation to a new set of canon-
ical variables in terms of which the equations of motion separate
into independent parts: the physical (independent of the arbitrary
function) and the unphysical one with unpredictable evolution.
To achieve this let us perform the canonical transformation from
(pa ,a) and (p,, ) to the new canonical pairs such that matter part
of the constraint II,, becomes one of the new canonical momenta
Py | k¢?

IR (60)

]

I, =

Using the generating function

r k
) :/da,/znw-gﬁ 2 (61)

the corresponding canonical conjugated coordinate T, is

T, = / da —
oo \/2Ha — ij(p
and the reduced action reads it
W=la] = (63)

3k
[ pada+ (552 + Z2a)T, + d(S(TL,0) — T T,),

It is worth mentioning that if instead of matter part the gravi-
tational part of constraint II, will be used for the construction of
the new canonical momenta then the reduced action describing the

evolution of scalar field is
2

W=lp] = /pwdw - l(pi + E(p—)dTw : (64)

2
2 Tl

”'Based on this action one can derive the Hubble parameter H? = a4(T 73 s, —
7T9(T_) " ‘and convince ourselves that it corresponds to the radiation dominanted

Fridmann model with the constant o,.

16
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C. Spinor field as source field for FRW Universe

The Hamiltonian reduction of this model is achieved along the
same lines as in the previous section. However, dealing with fermion
fields there are some specific features due to the presence of the
second class constraints.

The action (8) for the homogeneous spinor field in FRW Universe
is degenerate and the corresponding primary constraints are

Cn = pN=0
Cy = Py + 5 1/)7 =0 (65)
Cy = p¢+27°1,b—-0

They satisfy the algebra
{Cn,Cy} =0, {Cn,Ct=0, {C),c}=—iy. (66)

According to Dirac prescription the evolution in time is governed
by the total Hamiltonian

Hr = He + ANCn + Cyry + 2505, - (67)
with the arbitrary functions A and the canonical Hamiltonian H,
2
. _[rps | 3Fka
HC—NC[ (12 + nro)-jraHD] . (68)

The requirement to conserve the constraints during the evolution
fixes the functions A, and Aj

Ay = iNcmayy®, Ay =N, cmay®y . (69)
but leaves the function An unspecified it and leads to the existence

of the secondary constraint

K 3ka?
A
12 Kr?

C:= —aHp=0. (70)

Due to the algebra of constraints (66) and the Poisson brackets of
secondary constraint C' with any other

17



{C,Cy}y =mayp, {C,Cy}= —-may, {C,Cn}=0, (71)

one can verify that no additional constraints emerge. M The al-
gebra (66) and (71) shows that the constraints represent a mixed
system of first and second class constraints. In order to perform the
Hamiltonian reductuion we will start with rewriting the constraints
into an equivalent form such that the first class constraints form the
ideal of algebra and the algebra of second class constraints is canon-
ical. This equivalent set of constraints Cy, C’J, is given in the Appen-
dix B. The canonical character of the new algebra {Cy,Cy} = -1
allows ta perfom the canonical transformation that converts the new
second class constraints Cy, Cy to the pair of canonical variables

f_Iﬂl' = Cjﬂlw Hﬂl’ = ip!.b’yo + %J)a (72)
Qu=Cy, Qu=pg—37°%.

This means that the dynamics of phase space variables Qy,Ily is
completely “frozen” and other canonical pairs change in time in-
dependently of them. In other words we can everywhere in the
formulas omit this variables without destroying the dynamics of
the physically relevani quantities. Turning to the reduction due
to the first class constraints let us pass to the new Hamiltonian
constraint C

1 1 (kp? = 3ka?
Ci=-C=~-|—"7+—7
( 12 K2

a a

) — imIly7°Qy (73)

assuming that the metric is nondegenerate a £ 0. In order to achive
the reduction for first class constraint we perform the canonical
transformation from the (p,, a) to the new variables (I,, @) such
that

H1Secondary constraint C is conserved in weak sense

C = iNmpa(Cy 7’ + $7°Cy) = 0.
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1 (kp? 3ka®
I, =~-|—
a(12 t M‘g)' (74)

Using the generating function S(a,Il,)

6 a
S(a,l,) = — / da\/EaHa — ka?r;?, (75)
K o 3 °
one can find the variable canonically conjugated to Il
B y: K ) —-1/2
T, = / ada (-gaﬂa — ka®r: 2) , (76)
and after projection onto the constraint shell C = 0, Cy =
0, Hy=0, C;=0, Q=0 thereduced action is
WIQu) = [ dQully + mIlyy* QudT, (77)

Thus we have derived the standard Dirac Hamiltonian for redﬁced
spinor field and this matter source corresponds to the case of the
dust filled Universe; the Hubble constant behaves as

1da\’ kM k |
H2:< > —_..__2_. (78)

adT, 3 a3 a’r?

with the constant Mp.

We will finish with one remark concerning ihe simple generaliza-
tion of the above result to a more complex system. It is interesting
to note that if one includes the interaction of massive spinor with
the scalar masssless one with an action of the following type

W[gv, o, 0] = /d“z\/——g‘ {——1—61;5 O = (79)
1
12
2 (99(2) 7 ¥ - VB (@)Y)
—m¥¥ — pdUY]

1
+ R®* + 290,90,
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then the action obtained after supposition of the FRW Universe

Wla, N, @, 9] = /dt [—ﬁ%- + %](f’_ + (d"Yod’ ’/)’Yo’/)) (80)
a2 2 _
—N, (_.%% + ];’:2 + (ma + #99)1171/))] ’

can be connected with the action describing the interaction of
fermion field and massles scalar field. Let us consider two possible
cases.

a). km? < 6u® . One can convince ourself that after introduction
of the new scalar field ¢ and the scale factor o

Kk m? Kk m?
’ma+,u<p=,ud>\/1—g'u—2; a+——<p A”l——ﬁ—'u— (81)

we get the action for the massless spinor interacting with the field

¢

3A* 14* ¢ .
Wi Vol = a2 L8 i) @
3 kA? ket -
—Ne ( Kk T2 2r? )] ’
and the new coupling constant
. £ m?

b). &m? > 6u?. In this case one can use another transformation,
km > bR

_ 1 6 p __1__( _ﬁ)
L 1 — sg_(qs_rcmA)’ = 1622 A md)’
(84)

and get the action
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2 2 :
WA Ne9) = [ e[ 200 18 i) (@
3kA?  k¢?
_N<ﬁﬁ 212 ﬂ

with the new mass for the fermion field m = m,/1 — ;mz One can

verify that these two actions are related by the field redeﬁnltlon
6
A > 1= ¢, b — i;A, (86)

and thus it is enough to reduce one of the actions (82),(85).
For the action (82) the energyco’nstraint

12 Kr2

2 3k k‘2 o
C=-"LPo_ 22 p“’+—5‘i—+ fidHp, (87)

again has separable contributions from thé gravitational and the
matter part. After introduction of the new canonical momentum

kp>  3ka?

I, o TP B

12 kr?

(88)

and the corresponding conjugated coordinate T, in the same man-
ner as for the case of the conformal scalar field the following action
for the physical scalar and spinor fields can be derived

W[, 9] = /a%m+mw HdT,, (89)

with physical Hamiltonian describing the system:of interacting
spinor and scalar fields

j k¢2

Hzf-2

~(90)
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V. CLASSICAL AND QUANTUM OBSERVABLES FOR FRW
UNIVERSE

A. Extended quantization: Wheeler-deWitt equation

According to the Dirac prescription in the extended quantization
scheme one considers the classical constraints to be the conditions
on the state vector ¥ [25], [26] , 3%

PN\Il-‘ZO, (91)
HT\IJZO. (92)

Quantum observable in this quantization scheme are constructed
with analogy to that of the two-dimensional relativistic spin zero
bosonic Klein-Gordon field as expectation value

(0= / db (1" 00,(F) — 8,(¥")0T") . (93)

However, as it has been analyzed by Kaup and Vitello [27] this con-
ventional interpretation cannot be used without violating the cor-
respondence principle. More precisely, it was been shown that the
expectation values for the scalar fields and the cosmic scale factor
do not correspond to the classical values; their evolution describe
the expansion phase of Friedmann evolution, but then instead of
contraction, the expectation values tunnel through the barrier and
continue to expand. In the following section it will be demonstrated
that opposite to this scheme of quantization obtained in the pre-
ceding part of the paper, the unconstrained system leads to the
fulfillment of the correspondence principle..

§55The standard procedure of letting Pv — —10n, pa — —i8a, P = —10p, is
assumed.
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B. Reduced quantization: Heisenberg equation

To analyse the correspondence principle let us consider the case
of a conformal scalar field in the closed Friedmann Universe. As it
has been shown the evolution of scale factor a in conformal time
t is governed by the harmonic oscilator Hamiltonian which after
conventional quantization reads

« K .o 3
,H —12P + KT2

a2 . (94)

Assuming the quantum state in the form

1 ? (a—ao)z}

Y = Wexp [Epoﬂ - 90 (95)

where a, and p, are the mean values of the coordinate and the
momentum respectively (real parameter a characterizes the mean
square deviation of a) and using the sclution of Heisenberg equa-
tions for the operators a(t) and p(t)

1 KT, t

a(t) = a(0) cos — — G p(0) sin T (96)
) = S a0)sin L 4 50 {
p(t) = nroa( ) sin o + p(0) cos o (97)

one can find the time dependence of the mean values of &(t) and
B(),

+oco

N . t ° . A
a(t) = / U*a(t)¥da = a, cos — — il Po Sin —t—, (98)
7, Ty 6 Ty '
—_ 6 1 t
p(t) = / U*p(t)¥da = a, sin — + p, cos — . (99)
o o TO

This means that we have the correspondence with the classical for-
mulae ‘
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in(Q—Tc> (100)

To

a(t) = ro\/—
o

§|H|s
p(t) = \/%[chos (Q_Tc) (101)

To

when constants are taken as
- — 12
a0 = o0 = oS Hsn 2 30 = po = Hlitlcos L. 102)

At the end we note that there is no wave packet diffusion when
the mean square deviation

(Aa(t))? = o’ (cos2 i3 + (Er°)2 ﬁ sin’ —t—) (103)

2 - % T

is time independent. This holds for the special value of a

KTo

6

o’ =h

(104)

VI. CONCLUDING REMARKS

In the present paper the method of Hamiltonian reduction for
reparametrization invariant mechanical systems have been elabo-
rated. This approach is based on the choice of adapted coordinates
using the generating function of the canonical transformation that
is a solution of the corresponding Hamilton ~ Jacobi equation. We
have derived the reduced Hamiltonians for the Friedmann cosmolog-
ical models with homogeneous scalar and spinor field matter sources
and find the corresponding observable time. The reduced Hamilto-
nians are the generators of evolution with respect to this time and
at the same time represent the conserved quantities which can be
treated as the energy of the reduced systems. The conservation of
the conformal matter Hamiltonian with respect to conformal time
translations follows from conformal symmetry of the Robertson —
Walker space-time. The representation for the Hubble parameter
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and the red shift is founded in terms of the Dirac observables in
the frame of the generalized Hamiltonian dynamics. A correspon-
dence between field Friedmann models and perfect fluid Friedmann
models with different equations of state has been established.

The extended quantization K with the Wheeler-deWitt equation
and the canonical quantization of unconstrained system are com-
pared. In reduced system a Schodinger type equation corresponds
to the Wheeler-deWitt equation, the wave function is normalizble
with respect to the physical variables. It is shown that quantum
observables treated as expectation values of the Dirac observables
properly describe the original classical theory.

Finally we make a remark concerning the relation to the conven-
tionol gauge-fixing method. Certainly, the results derived in the
present note by reduction without introduction of gauge functions
can be reproduced by the gauge fixing method. However, from our
derivation it is clear that due to the complicated relations between
the initial variables and the observable time the gauge functions
depend on the initial variables in a complex way which is difficult
to guess. '
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APPENDIX A: DIRAC EQUATION IN FRW SPACE TIME

To describe a spinor field on a Rimanian manifold the vierbein

fields hf(z) p,v,a,6=0,1,2,3 v

ds’* = gudade’ = na(hide*)(hlda"); s i= (+ = —=),
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and the Dirac y-matricies with a specific dependence on space time
coordinates are introduced

7*(z) = ha(z)7".

The following relations between the vierbein fields and the metric
tensor g,, hold

hghbu = Nab hzhau = Guv (Al)
hZhg = 5!? ) hzhz = 5: ’ hay = nabhz = g;whg .

The Dirac equation for spinors in curved space time reads
(iv"(z) Vi —m)¥(z) = 0, (A2)
whith the covariant derivative
VaW(z) = [0+ Cuchin 1" ¥() (A3)
where Ricci coefficients |
Cose = (Vbbb 5 Vuht = (Diy = hyduhDhy, (Ad)

are introduced. For the specific case of the Robertson — Walker
metric, '

ds? = a®(t)ds* ' (A5)
(dr? + r2(dg? + sin? £d(?))

kr2 \2

(+35)

= a’(t) | (N(t)dt)? —

’

the following vierbein fields

e e (A6)
h% = ar (1 + %)—1 h%z arsin§ (1 + %)—1

are used in the main text. Here the vierbein indices are underlined.
The Dirac equation then looks
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il 109 K2\ 6 1+ 1+45 9
* o 1 1 v 2 4r3__ 3 4r§_
a [’Y ( 0r+7 r 8(+7 rsin¢ O¢

1+ E‘E) 72:| U(z) —m¥(z)=0.

To maintain the space homogeniety of the Friedmann Universe we
suppose that the spinor field is only time dependent. In the main
text the FRW Universe with the spinor matter source is formulated
in terms of the fermion variable v

B(t) = a¥2() V(). (A7)

APPENDIX B: SEPARATION OF FIRST AND SECOND CLASS
CONSTRAINTS IN MODEL WITH SPINOR FIELD

The set of constraints C4 = (Cy, Cy, C) represent a mixed system

of first and second class constraints; the rank of the Poisson matrix
M = {C4,Cg} is equal to two. The explicit form of the Poissson

matrix is
AN K
M = (—Jx"T 0 ) ’

where and A and K dcnote

_ 0 —v° _— —ma
Aw(—i'y" 0 ) I"‘“(mm,[))'
In order to perform the reduction procedure it is useful to sepa-

rate first and second class constraints. One can easily verify that
applying the similarity transformation T'

1 0) |
T:(KTA_1 1), SdetT % 0
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to the constraints Cy

3 1 0 0 Cy
imav°yY —amypy° 1 C

we achieve the separation of the constraints on the surface defined
by the second class constraints

{C,Cy} = imaCyr° {C,Cy} = ~—ima7°C~’d;.
To have this separation on the whole phase space one can pass to
the new set of constraints
C=C+ maé’z/)é’zz

= Il 4 ma (Pw% - %[pw"«b + 1/37"%]) - %aﬂp, (B1)
Cy = —iCy® = —ipy’ + %J), | (B2)
Cs=Cy=pg+ %7"«/)- | (B3
In this new set C belongs to the ideal of the algebra of constraints
{C,Cy}={Cn,C5} =0, (B4)

and second class constraints Cy, C_’d—, obey the canonical algebra

{C_’tln C—’d;} = —1. (B5)

APPENDIX C: REDUCED HAMILTONIAN AS CONSERVED
QUANTITY FROM CONFORMAL SYMMETRY

In this Appendix we discuss the existence of time independed
reduced Hamiltonians from the geometrical standpoint. The Fried-
mann — Robertson — Walker space-time is conformally flat

ds%‘RW = A2(~’U )dsiflinkowski . (Cl)
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In the flat Friedmann Universe the conformal factor A(r) is simple
scale factor a(7.) and it is easy to veify that the conformal time
translation is a conformal symmetry

a

Lor, Guv = £6rc(a2-( Te)nw) = nuuaTca'%(TC)- = guugg- (C2)

It is well-known that if space time possesses the conformal Killing
vector and matter energy-momentum tensor is traceless, then one
can construct the conserved quantity as follows. Considering the
covariant derivative of contraction of the stress tensor and the con-
fornal Killing vector '

v lI]'
Vel “Vu(fuTW) 6 Vi T+ T (Vi + Vuba)

—éuvuT“”+ T“v £,

and assuming the covariant conservation of the traceless matter
energy-momenturmi tensor ‘ o :

v =0, Tr=0,  (C3)

we have the conservation law for four-vector- P* in the covariant
differential form

T uP* = 0. SR (2

To get the global conserved quantity one can integrate this equahty
over the whole space—tlme and use Gauss theorem o

/ Ao/ (6T%) = / s - \/_ fuT“”) '....-.,(Cs)

_/ fT T“"\/_dsx—'/(ch) T“”\/_—dS

TII

where in the last lme we specify the Klllmg vector correspondlng to
the conformal translation in Robertson — Walker space—tlme For
the conformal scalar field with Lagrangian
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£=\ﬁ§( ¢0,80,% + T %w) (C6)
the canonical stress tensor

1
Tuc:, = Bufba,,(b - g,“,\/'—:—'_g‘[, (C7)

has nonzero trace Tuc u =£ (. However one can pass to the improved
(28] tensor

T, —WKU{ R + 0,0, — 9u0"8u] ¥, (C8)

(=2

which is traceless T# = 0. Thus for a conformal time Killing vector
in adapted coordinates ér, = (1,0, 0,0) and for homogeneous scalar
field p(T:) = a(T:)®(T.) from eq. (C5) it follows that

00 Py | ke’
H = [(en) T =ge = Vi (5+35 ()

is conserved charge that coincides with the reduced Hamiltonian
derived in the main text.
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