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l.!y6apHH 3. H ,lip. 
.[{eKOHcpaiiHMeHT-<:pa30Bblll nepeXO)l 
BO Bpa!UaJOIUHXCH Heccpepw1eCKHX KOMnaKTHbIX 3Be3,11ax 

E2-99-52 

. CcpopMynHpOBaHbl CaMOCOfJlaCOBaHHble ypaBHeHHH rpaBHTaUHOHHOfO nonH H ero HC
TO'IHHKOB ,1IJl5I aKCHallbHO-CHMMeTpwmoro CJly<Ia51 ,!IJlH npHMeHeHHH K BpamaIOIUHMCH KOM
naKTHbIM 3Be3,!laM. Pa3BHTa TeopHH B03MymeHHH no yrnoBOH CKOpOCTH H onpe,11eneHhl qJH3H
lJeCKHe xapaKTepHCTHKH 3Be3,11, TaKHe KaK Macca, cpopMa, MOMeHT HHepUHH H :3Hepnrn. Me
T0,11 fl03BOJlHeT pacCMOTpeTb B03MO)KH0CTb H3MeHeHHH BHYJpeHHeii CTPYKTypbl 3Be3,11bl 
BO BpeMH BpameHHH, a TaK)Ke pa3,11eJlHTb BbllJHCJleHHe yrnoBoro MOMeHTa B 3aBHCIIMOCTH 
OT pa3Hb!X KOMflOHeHT B KoppeKUHII K MOMeHTY l!HepUHII. l.!HCJleHHbie perneHHH npoH3Be,11e
Hbl npH IICflOJlb30BaIIHH ypaBHeHHH COCTOHHHH, onpe,11enHI01Uero ,11eKOHcpaHHMeHT-<:pa30Bbie 
nepeXO,!lbl, CKOHCTPYHPOBaHHhie npH coxpaHeHHH lJHCJla 6apHOHOB H 3JleKTpH'leCKOro 3apH
,11a. Bo BpeMH 3B0Jl!OUIIII 3aMe,11JleHHH HeHTpOHHbIX 3Be3,11, npll 3HalJeHIIHX yrnoBOH CKOpOCTH 
Hll)Ke KpllTHlJeCKOH MO)KeT nOHBJlHTbCH KBapKOBOe H.11p0, lJTO MO)KeT 6b!Tb 3aperncTpHp0Ba
HO KaK xapaKTepHblll CIII1Iall BO BpeMeHHOH 3B0Jl!OUIIII nynbcapoB. l10Ka3aHO, lJT0 npll cue
Hapull 3aMe,11JleHHH B pe3yllhTaTe ,!IHflOJlbHO-MarnHTHOro H3Jly<IeHHH CMemeHI!e TOpM03HOro 
HH,!leKca OT 3Ha'leHHH n = 3 He TOJlbKO CIII1Iallll3HpyeT O nOHBJleHHII, HO H fl03BOJlHeT onpe,11e
JlHTb pa3Mepbl KBapKOBOro H,!lpa B nymcapax. Ilpe,!lllO)KeH TaK)Ke ,11pyroii cueHapHH 3BOJlIO
UHII, CBH3aHHblll C aKKpeuHeH MaCCbl Ha 3Be3,11y, BO BpeMSJ KOTOporo B03MO)KeH nepexo,11 3aMe
,11JleHHH B ycKopeHHe Bpamemrn, lJTO 6y,11eT CHI1IallOM K ,11eKOHqlaHHMeHT-qJa30BbIM nepexo
,11aM B 6bICTpo BpamaromuxcH KOMnaKTHblX 061,eKTax. Bo3MO)KHbIMH KaH,!lll,!laTaMH B TaKHe 
061,eKTbl HBJlHIOTCH pe11TreHOBCKI1e napHbie 3Be3,!lbl MaJlOH MaCCbl C KfU KBa3HnepH0,11HlJeCKH
Mll OCUHJlllHUHHMH (KI10). 

Pa6orn BhmonneHa B Jla6opaTOpHI1 TeoperntJecKoii cpH3HKII HM. H.H.Eoron1060Ba 
OIDII1. . 

TTpenpHHT 061,e)IHHeH110ro HHCTH'fYTa ll)lepHhlX Hccne110BaHHH. )ly6Ha, 1999 

Chubarian E. et al. E2-99-52 
Deconfinement Phase Transition in Rotating Nonspherical Compact Stars 

We formulate the self-consistent set of equations for the gravitational field and its 
sources for the case of axial symmetry relevant for the application to rotating compact stars. 
We develop a perturbation theory with respect to angular velocity and define physical quan
tities such as mass, shape, momentum of inertia and total energy of the star. This method al
lows an investigation of the change of the internal structure of the star due to rotation as well 
as a separate evaluation of the an~ular velocity dependence of the different contributions 
to the moment of inertia. Numencal solutions have been performed using an equation 
of state describing the deconfinement phase transition as constrained by the conservation 
of total baryon number and electric charge. During the spin down evolution of the rotating 
neutron star, below critical values of angular velocity a quark matter core can appear which 
might be detected as a characteristic signal in the pulsar timing. We show that 
in the spin-down scenario due to magnetic dipole radiation the deviation of the breaking in
dex from n = 3 could signal not only the occurrence but also the size of a quark core 
in the pulsar. We propose also another scenario where due to mass accretion onto the star 
a s_pin-down to spin-up transition might signal a deconfinement transition in the rapidly ro
tating compact object. Possible candidates of such stars might be found among the recently 
discovered low-mass X-ray binaries with kHz QPO's. 

The investigation has been performed at the Bogoliubov Laboratory of Theoretical 
Physics, JINR. 
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I. INTRODUCTION 

In many recent astrophysical applications of the theory of dense matter it is nec
essary to in','.estigate the properties of rapidly rotating compact objects within general 
relativity theory. The reason of this development is the hope that changes in the inter
nal structure of the dense matter, e.g. during phase transitions, could have observable 
consequences for the dynamics of the rotational behavior of these objects. Particular 
examples are the observations of glitches and postglitch relaxation in pulsars which are 
discussed as signals for superfluidity in nuclear matter [1] and the suggestion that the 
braking index is remarkably enhanced when a quark matter core occurs in the centre of 
a pulsar during its spin-down evolution [2]. Further constraints for the nuclear equation 
of state come from the observation of quasi-periodic brightness oscillations (QPO's) in 
low-mass X-ray binaries which entail mass and radius limits for rapidly rotating neutron 
stars [3]. 

The problem of rotation in the general relativity theory was and remains one of 
the central and complicated problems [4]. Besides of the modern methods of numerical 
solutions of this problem the method of perturbation theory [5] is physically the most 
systematic approach for the solution of the problem for stationary gravitational fields 
and their sources. 

From the practical point of view for definitions of the integral characteristics of 
the astrophysical objects it is important. to analyze the asymptotical expansion of the 
metric tensor at large distances from the stars, to be able to compare the results with 
observational data. One can of course introduce the physical parameters of the con
figuration using the symmetry properties of the object and the gravitational field by 
expressing them in terms of conserved charges. In this work we are. using the definition 
of the Jz projection of the angular momentum of the nonspherical rotating star (z is 
the axis of the star's rotation and symmetry of the gravitational field) as a conserved 
integral of motion. It is a well known integral of the non diagonal element of the 
energy-momentum tensor in the frame of spherical coordinates. 

Using the method of perturbation theory we are going to calculate the total mass, an
gular momentum and shape deformation from the iterative solution of the gravitational 
field equations in case of hydrodynamical, thermodynamical and chemical equilibrium 
for given total baryon number and angular velocity n of the object. The perturbation 
method allows to solve the problem for all possible angular velocities, since the expan
sion parameter is the ratio of the rotational and gravitational energy for which it has 
been shown, that for compact objects in the stationary rotating regime without matter 
flux, the first two terms of the series expansion give a sufficiently good approximation. 

The evolution of the rotating stars could have a different origins and scenarii. Our 
aim in this work is to discuss possible signals for a deconfinement phase transition 
during the evolution of rotating compact object on the basis of solutions for the n 
dependence of the moment of inertia. 



II. SELF-CONSISTENT SET OF FIELD EQUATIONS FOR STATIONARY 
ROTATING STARS 

A. Einstein equations for axial symmetry 

The general form of the metric for an axial symmetric space-time manifold is 

ds2 = e"dt2 
- e>.dr2 -r2eµ(d(P +sin2 0(d¢,+wdt)2

) , (2.1) 

written in a spherical symmetric coordinate system in order to obtain as a limiting case 
the Schwarzschild solution. This line· element is .time-translational and axial-rotational 
invariant; all metric functions are dependent on the coordinate' distance from the co
ordinate center r and azimuthal angle 0 between the radius vector and the axis of 
symmetry. 

Reversal symmetry of the time and polar angle ¢, requires that all metric coefficients 
except w must be even functions of the angular velocity 

0.= d¢, 
dt 

(2.2) 

of the star, the gravitational field of which is described by the Eq. (2.l); The physical 
characteristics of the rotating object depend on the centrifugal forces in the local inertial 
frame of the observer. In general relativity due to the Lenz-Thirring law rotational 
effects are described by w the difference of the frame dragging frequency -w and the 
angular velocity 0. 

w=O+w(r,0). (2.3) 

The energy momentum tensor of stellar matter can be approximated by the expres
sion of the energy momentum tensor of an ideal liquid 

r; = (c + p)uµU11 
- po~, .(2.4) 

where uµ is the 4-velocity of matter, p the pressure and t the energy density. 
We assume that the star due to high viscosity (ignoring the super-fluid component 

of the matter) rotates stationary as a solid body with an angular velocity n that is 
independent of the spatial coordinates. The time scales for changes in the angular 
velocity which we will consider in our applications are well separated from the relaxation 
times at which hydrodynamical equilibrium is established, such that the assumption of 
a rigid rotator model is justified. 

Therefore there are only two non-vanishing components of the velocity 

u"'=Ou1 

u1 = 1/Je11 
- r2eµw 2sin20 (2.5) 

Once the energy-momentum tensor (2.4) is fixed by the choice of the equation of 
state for stellar matter, the unknown metric functions v,A, µ,w can be determined by 
the set Einstein field equations of which we use the following four combinations. The 
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equation of state which we will use for our investigation of the deconfinement transition 
in rotating compact stars will be introduced in Sect. III. 

There are three Einstein equations for the determination of the diagonal elements 
of the metric tensor 

a; - a: = s1ra(r; - TD , 
a: + a: = s1rG(r: +rt) , 

G0 = Cr, 

and one for the determination of the non diagonal element 

G~ = 81rGTJ. 

Here G is the gravitational constant and G~ the Einstein tensor. 

(2.6) 

(2.7) 

We use also one equation for the hydrodynamical equilibrium (Euler equation) 

·1 dp' 1 H(r, 0) = -- = -
2 

in[u1(r, 0)] + const, 
p'+c' 

(2.8) 

where the gravitational enthalpy H thus introduced is a function of the energy and/or 
pressure distribution. 

The parameters of the theory are the angular velocity of the rotation 0. and the 
central energy density i(O) of the star configuration. 

B. Perturbative approach to the solution 

The problem of the rotation can be solved iteratively by using-a perturbation ex
pansion of the metric tensor and the physical quantities in a Taylor series with respect 
to the angular velocity. As a small parameter for this expansion we use the ratio 
of the rotational energy to the gravitational one of a homogeneous Newtonian star 
E,0t/ E9,av = (0./0)2, where 02 = 81rGp(O) with the mass density p(O). This expansion 
gives sufficiently correct solutions already at 0(0.2

), since the expansion parameter is 
limited to values 0./0 « 1 by the condition of mechanical stability of th_e rigid rotation. 
This can easily ·be seen by considering as an upper limit for attainable angular veloci
ties the so called Kepler one nK = JGM/R~ with M being the total mass and Re the 

equatorial radius. For homogeneous Newtonian spherical stars n < nK = 0/>/6. 
The expansion of the metric tensor is given by 

00 (r,)j . - .. (j) gµv(r,0,0.)-I: n 9µv(r,0). 
J=O 

(2.9) 

According to the symmetries of the metric coefficients introduced in Eq. (2.1) we have 
even orders j = 0, 2, .... for the diagonal elements* 

*Notation corresponds to the works [5]. 
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e->.(r,o;n) = e->.<•>c,>(1 + (0./fi)2 f(r,O)) + 0(0.4 ) , 

ev(r,B;!l) = ev<•>(r)(1 + (n/fi)2 <I>(r, 0)) + 0(0.4 ) , 

eµ(r,B;!l) = r 2 (1 + (0./fi)2U(r, 0)) + 0(0.4) , 

and odd orders only for the frame dragging frequency w 

w(r, 0; 0.) = H q(r, 0) + 0(0.3). 

(2.10) 

(2.11) 

The distributions of pressure, energy density and "enthalpy" introduced in Eq.(2.8) 
are also included in the scheme of this perturbation expansion 

p(r, O; 0.) = p<0>(r) + (0./fi)2p<2>(r, 0) + 0(0.4
) , 

c:(r, 0; 0.) = c:<0>(r) + (0./fi)2c:<2>(r, 0) + 0(0.4
), 

H(r, 0; 0.) = H<0>(r) + (0./fi)2 H(2l(r, 0) + 0(0.4
). (2.12) 

All functions with superscript (0) denote the solution of the static configuration and 
therefore they are only functions of r, the others are the corrections corresponding to 
the rotation. 

This series expansion allows to transform the Einstein equations into a coupled 
set of equations for the coefficient functions which can be solved by recursion. At 
zeroth order we recover the nonlinear problem of the static spherically symmetric star 
configuration (Tolman-Oppenheimer-Volkoff equations), see the next subsection II C. 
The first recursion step is to solve Eq. (2.7) in order to obtain the dragging frequency 
in O(n) and to define the moment of inertia for the sperically symmetric configuration. 
In subsection II E we will consider the second order contribution in the n- expansion 
(2.10), (2.12) where the O(r22) corrections to the moment of inertia in can be found. 
The next terms in the expansion which are of O(r!3) correspond to corrections of the 
frame dragging frequency and will be neglected since they go beyond the approximation 
scheme adopted in the present paper. 

C. Zeroth order: Static spherically symmetric star models 

The functions of the spherically symmetric solution can be found from Eq. (2.6) 
and Eq. (2.8) in zeroth order of the n- expansion. 

That is the solution of the following equations (Tolman-Oppenheimer-Volkoff) 

dp(o>(r) = -G(p(Ol(r) + c:<o>(r)) m(r) + 41rp<o>(r)r3 
dr r(r- 2Gm(r)) 

where m(r) is the distribution of accumulated mass 

m(r) = 41r fa' c:<0>(r')r12dr'. 

within a sphere of radius r. For the gravitational potentials we have 
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(2.13) 

(2.14) 

>,(Ol(r) = -ln(l - 2Gm(r)) 
r 

(2.15) 

Ro ( ') + 4 (0) ( ') 13 
v<0>(r) = ->.(O)(Ro) - 2Gj m r 1rp r r dr'. 

r r'(r' - 2Gm(r')) 
(2.16) 

Ro is the spherical radius of the star, which is defined by p<0>(.Ro) = 0. The set of 
Eq.(2.13) and Eq.(2.14) fulfills the following conditions at the center of the configura
tion: c:<0>(0) = t:(0) and m(0) = 0. The cep.tral energy density t:(0) is the parameter of 
the spherical configuration. The total mass of the spherically distributed matter in the 
selfconsistent gravitational field is M0 (c:<0>(o)) = m(R0). 

D. Moment of inertia 

In the first order of the approximation we are solving Eq.(2.7), where the unknown 
function q(r,O) defined by Eq. (2.11) is independent of the angular velocity. Using the 
static solutions Eqs.(2.13)-(2.15), and the representation of q(r, 0) by the series of the 
Legendre polynomials 

q(r,O) = f qm(r)dPm+1(cosO) 
m=O dcos0 

(2.17) 

we find the equations for the coefficients qm(r). It is proved that q(r, 0) is a function of 
the distance r only, i.e. that qm(r) = 0 for m > 0 [4,5]. 

Let us write down the equations for w(r) = r!(l + q0(r)/fi), which is more suitable 
for the solution of the resulting equation in first order 

1 d( 4 .( )dw(r)) 4dj(r)_() -- r J r -- + --w r = 0 , 
r4 dr dr r dr 

(2.18) 

which corresponds to Ref. [4], where it was obtained using a different representation 
of the metric. Here we use the notation j(r) = e-(v<•>(r)+>.<•>(r))/2 , for which outside of 

configuration holds j(r) = 1 , r > Ro. 
By definition, the angular momentum of the star in the case of stationary rotation 

is a conserved quantity and can be expressed in invariant form 

J= f rJv-gdV, (2.19) 

where ,j="gdV is the invariant volume and g = det IIY,wll- For the case of slow rotation 
where the shape deformation of the rotating star can be neglected and using the defi
nition of the moment of inertia J0 (r) = J0(r)/n accumulated in the sphere with radius 
r, we obtain from Eq. (2.19) 

dlo(r) = 81r r4{t:(O)(r) + p<Ol(r))c(-v<D)(rl+>.<•>(r))/2w(r) . 
dr 3 n (2.20) 

Using this equation one can reduce the second order differential equation (2.18) to 
the first order one 
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dw(r) 6GJo(r) 
~ = r 4j(r} · (2.21) 

and solve (2.18} as a coupled set of first order differential equations, one for the moment 
of inertia (2.20} and the other (2.21} for the frame dragging frequency w(r). 

This system of equations is valid inside and outside the matter distribution. In the 
center of the configuration holds / 0 (0} = 0 and w(0} = w0 • The finite value w0 has to 
be defined such that the dragging frequency w(r) smoothly joins the outer solution 

w(r) = n (l _ 2G/0 ) 
r3 . (2.22} 

at r = ~. and approaches n in the limit r ➔ oo. In the external solution (2.22} the 
constant Io = Io(~) is the total moment of inertia of the slowly rotating star and 
J0 = /00 is the corresponding angular momentum. In this order of approximation, /

0 
is a function of the central energy density or the total baryon number only. Explicit 
dependences of the moment of inertia on the angular velocity occur in the second order 
of approximation. 

E. Second order corrections to moment of inertia 

Due to the rotation in 0 2-approxiination the shape of the star is an ellipsoid, and 
each of the equal-pressure (isobar} surfaces in the star is an ellipsoid as well. All diagonal 
elements of the metric and energy-momentum tensors could be represented as a series 
expansion in Legendre polynomials 

00 

91~(r,0) = :~:)9µv)1(r)Pi(cos0). 
l=O 

(2.23} 

It has been shown that only the solutions with l = 0, 2 obeying the continuity conditions 
on the surface are non trivial. 

The deformation of the isobaric surfaces due to the rotation can be parametrized by 
the shift R(r, 0)-r = Li(r, 0) which describes the deviation from the spheric distribution 
as a function of the radius r in the given polar angle 0 and is completely determined by 

R(r,0) = r + (H) 
2 

(Li0 (r} + Li2(r)P2(cos0)), (2.24} 

since the expansion coefficients of the deformation Li1 ( r) can be calculated from the 
pressure corrections 

Li1(r) = P1(r) 
dp<0>(r)/dr · (2.25) 

l E {O, 2} is the polynomial index in the angular expansion. The function R(~, 0) is 
the distance of the star surface from the center of the configuration in the direction 
with the angle 0 to the polar axis. In particular, we can define the equatorial radius 
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Re = R(~, 0 = -,r /2} and the polar radius Rp = R(~, 0 =c 0) and the excentricity 
t=Jl-(Rp/Re)2. . , . 

The correction to the momentum of inertia Li/(r} = /(r)- / 0(r} can be represented 
in the form 

Li/= Li/Redistribution+ Li/shape+ Li/Field+ Lil notational Energy · (2.26} 

The first three contributions can be expressed by integrals of the angular averaged mod
ifications of the matter distribution, the shape of the configuration and the gravitational 
fields, in the form 

where 

f Io(Ro) w:(a) ( ) · 
Lila= lo dl0 (r){wJ°>(r) - ~} , 

W/Pield)(r)·= (H) 2 

(2U1(r) - (/1(r} + <I>i(r}}/2} , 

w?hape)(r) = (g) 2 

d Li1(r) ' 
· n dr 

iv:(Redistribution)( } = (g)2 
P1(r} + c1(r} 

1 · r ff p<0>(r} + c<0>(r) ' 

(2.27} 

(2.28} 

(2.29}, 

(2.30} 

respectively, which have to be determined from the Eq. (2.6} in second order approx
imation. The contribution of the change of the rotational energy to the moment of 
inertia 

_ 4 {Io(Ro) 2-2 -vo(r) 
Li/notating Energy - 5 }0 

d/o(r}r W (r)e, . }. (2.31} 

includes the frame dragging contribution. In this expansion we neglect the influence of 
the change of the frame dragging frequency, since it corresponds to the next order of 
the perturbative expansion ~ 0(03). A more detailed description of the. solutions of 
the field equations in the ~ 0(02) approximation is beyond the scope of this article, so 
that we give only a short summary in Appendix A and refer to works of Hartle [4] and 
Chubarian [5]. 

III. MODEL EOS WITH DECONFINEMENT PHASE TRANSITION 

For the investigation of the deconfinement phase transition expected to occur in neu
tron star matter at densities above the nuclear saturation density n0 = 0.16 fm-3 sev
eral approaches to quark confinement dynamics have been discussed, see e.g. [10,12,11] 
which lead.to interesting conclusions for the properties of quark matter at high densities. 
Most of the approaches to quark deconfinement in neutron star matter, however, use 
a thermodynamical bag-model for the quark matter and employ a standard two-phase 
description of the equation of state (EOS) where the hadronic phase and the quark 
matter phase are modeled separately and the resulting EOS is obtained by imposing 
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Gibbs' conditions for phase equilibrium with the constraint that baryon number as well 
as electric charge of the system are conserved [13,14). Since the focus of our work is 
the elucidation of qualitative features of signals for a possible deconfinement transition 
in the pulsar timing, we will consider here such a rather standard, phenomenological 
model for an EOS with deconfinement transition. 

The total pressure p({µ;},T) as a thermodynamical potential is given by 

p( {µ;}, T) = (1 - X)PH( {µh}, T) + XPq( {µq}, T) + pL( {µ1}, T) , (3.1) 

where 

PH( {µh}, T) = L p):'(µi., T; mi,) (3.2) 
h=n,p 

is the EOS of the relativistic a-w mean-field model (Walecka model) for nuclear matter 
and 

pq( {µq}, T) = L p~d(µq, T; mq) - B (3.3) 
q=u,d 

is the pressure for two-flavor quark matter within a bag model EOS with the phe
nomenological bag pressure B = 75 MeVfm-3 that enforces quark confinement and the 
transition to nuclear matter at low densities. In a neutron star, these hadronic phases 
of matter are in {3- equilibrium with electrons and muons which contribute to the 
pressure balance with 

pL({µ1},T) = L p/d(µ1,T;m1) (3.4) 
l=e-,µ-

In the above expressions p;d(µ;, T; m;) = p-; (µ;, T; m;) + Pt(µ;, T; m;) is the partial 
pressure of the Fermion species i as a sum of particle and antiparticle contributions 
defined by 

{'~, dak ✓ 
pf(µ;, T; m;) = "f; lo (27r ) 3 T ln[l + exp( k2 + m;/T ± µ/T)] . (3.5) 

In the relativistic mean-field model, the masses and chemical potentials have to be 
renormalized by the mean-values of the a- and w- fields [15,16) mi, = mh - g,,a, 
µi, = µh - YwWo. 

All the other thermodynamic quantities of interest can be derived from the pressure 
(3.1) as, e.g., the partial densities of the species 

ni({µ;},T) = 8p({µ;},T) 
8µj 

(3.6) 

The chemical equilibrium due to the direct and inverse {3- decay processes imposes 
additional constraints on the values of the chemical potentials of leptonic and baryonic 
species [14,17] such that only two independent chemical potentials remain according to 
the corresponding two conserved charges of the system, the total baryon number N 8 
as· well as electrical charge Q 
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nn = ~ = (1 - x)nH( {µh}, T) + xnq( {µq}, T) 

Q o = v = (1 - x)qH( {µh}, T) + xqq( {µq}, T) + qL( {µ1}, T) 

(3.7) 

(3.8) 

The deconfinement transition is obtained following the construction of Glendenning 
[13,14), which obeys the global conservation laws and allows to find the volume frac
tion of the quark matter phase X = Vq/V in the mixed phase where PH({µh},T) = 
pq( {,Lq}, T), such that at given n8 and T the total pressure under the conditions (3. 7), 
(3.8) is a maximum. • 

In Fig. 1 we show the composition of the hybrid star matter as a function of the total 
baryon density at T = 0. Solving the Tolman-Oppenheimer-Volkoff equations (2.13)
(2.15) for the:hydrodynamical equilibrium of static spherically symmetric relativistic 
stars with the above defined EOS, we find that a config~r~tion ~t the stability limit 
could have a quark matter core with a radius as large as ~· 75% · of the stars radius. 

What implications this phase transition for rotating star configurations· might have 
will be investigated in the next section by applying the method developed in Sect. II 
for the above EOS. · 

IV. RESULTS AND DISCUSSION 

' The results for the stability of rotating neutron star configurations with possible 
deconfinement phase transition according to the EOS described in the previous section 
are shown in Fig. 2, where the total baryon number, the total mass, and the moment of 
inertia are given as functions of the equatorial radius (left panels) and in dependence on 
the central baryon number density (right panels) for static stars (solid lines) as well as for 
stars rotating with the maximum angular velocity Omax (dashed lines). The dotted lines 
connect configurations with fixed total baryon numbers N8 /N0 = 1.3, 1.55, 1.8, 2.14 and 
it becomes apparent that the rotating configurations are less compact than the static 
ones. They have larger masses, radii and momenta of inertia at less central density 
such that for suitably chosen configurations ·a deconfinement transition· fo the interior 
can occur upon ~pin-down> 

In Fig. 3 we show the critical regions of the phase transition in the inner structure 
of the star configuration as well as the equatorial and polar radii in the plane of angular 
velocity n versus distance from the center of the star. It is obvious that with the increase 
of the angular velocity the star is deformating its shape. The maximal excentricities of 
the configurations with Nn = 1.3 N0 , Nn = 1.55 N0 and.Nn = 1.8 N0 arc t(Omax) = 
0. 760~, t(Omax) = 0.7655 and t(Omax) = 0.7659, respectively. Due to the changes of the 
central density the quark core could disappear above a critical angular velocity. 

In Fig. 4 we display the dependence of the moment of inertia on the angular velocity 
for configurations with the same total baryon number N 8 = 1.55 N0 together with the 
different contributions to the total change of the moment of inertia. As it is shown 
the most important contributions come from the mass redistribution and thP shape 
deformation. The relativistic contributions due to field and rotational energ~· ar<' kss 
important. In the same Fig. 4 we show the decrease of the spherical moment of inPrlia 
due to the decrease of the central density for high angular velocities which I.P!Hls to 
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partially ·compensate the further increase of the total moment of inertia for large !1. 
There is no dramatic change in the slope of J(O) at Ocrit = 2.77 kHz. 

Fig. 5 shows the dependence of the moment of inertia as a function of the angular 
velocity. It is demonstrated that the behavior of I(O) for a given total number of 
baryons NB strongly depends on the presence of a pure quark matter core in the center 
of the star. If the core does already exist or it does not appear when the angular 
velocity increases up to the maximum value Omax then the second order derivative 
of the moment of inertia 1(0) does not change its sign. For the configuration with 
N 

8 
= 1.55 N0 the critical value for the occurence of the sign change is Ocrit = 2. 77 kHz 

while for Nn = 1.8 N0 it is close to Omax = 6.6 kHz. 
In order to point out possible observable consequences of such' a characteristic be

haviour of J(O, N 8 ) we consider two possible scenarios for changes in the pulsar timing: 
(A) dipole radiation and the resulting dependence of the braking index on the angular 
velocity as suggested in Ref. [2] and (B) mass accretion onto rapidly rotating neutron 

stars. 

A. Dipole radiation 

Due to the energy loss by dipole radiation the star has to spin-down and the resulting 
change of the angular velocity can be parametrized by a power law · 

~ = -Kon(nJ-1 
!1 , 

(4.1) 

where K is a constant and n(O) is the braking inde~ 

n o 3I'o + 1"02 

n(O) = (p = 3 - 2I + l'!t , (4.2) 

where we used the notation I' = (8I(O,Nn)/80)1Nn=const, with the corresponding 
definition of I", see also (2]. 

In Fig. 6 we display the result for the braking index. n(O) for a set of configl)rations 
with fixed total baryon numbers ranging· from Nn = L55 N0 up to Nn == 1.9 N0 , 

the region where during the spin-down evolution a quark matter core could occur for 
our model EOS. We observe that only for configurations within the interval of total 
baryon numbers 1.4 ::S; N8 /N0 ::S; 1.9 a quark matter core occurs during the spin-down 
as a consequence of the increasing central density, see also Fig. 3, and the braking 
index shows variations. The critical angular velocity Ocrit(Nn) for the appearance of 
a quark matter core can be found from the minimum of the braking index Eq. (4.2). 
As can be seen from Fig. 6, all configurations with a quark matter core have braking 
indices n(O) < 3 and braking indices significantly larger than 3 can be considered as 
precursors of the deconfinement transition. The magnitude of the jump in n(O) during 
the transition to the quark core regime is a measure for the size of the quark core. 

Is it feasible to observe such a jump within a reasonable time interval? 
It would be sufficient to observe the maximum of the braking index nmax in order 

to infer not only the onset of deconfinement from the fact that n(O) =fa 3 but also the 

14 

150.-~-.--~--.-~-r-~-.--~--.-.--,-~-,---,--.--,-~-,---,--,-, 

140 

130 

N8=1.3 N0 N8=1.55N0 
N8=1.8 N0 

.. -···· _ _.,,.,,,,,__..--

120 

-- with phase transition 
······---- without phase transftion ___ _ 

.r 11 o t- t . . .. ----------~----------·· 
~ r ·-·········-····· 

0 

~ 100 

90 

80 

t 1 
~uark core f quarkcore :t noom~~ I I l.n~ 

ncril 

0 2 4 6 0 2 4 6 0 2 4 6 
O[kHz) O(kHz) O[kHz) 

FIG. 5. Momentum of inertia as a function of angular velocity with (solid lines) and with
out ( dashed lines) deconfinement phase transition for fixed total baryon number NB/ N 0 = J .3 
(left panel), Nn/N0 = 1.55 (middle panel), Nn/N0 = 1.8 (right panel). ,· 

15 



11 

9 

7 

5 
NJN0= 

g 3 
C 

-1 

-3 

-5 
0 

I 1.78 
" ,, 

1.75 . I 

:: I 

i\ I 
17 : : I 

1.65 : ,: 

I' i ,' 

' 

·1\1 \ 
1.6 , \ ,: I . ---·==q~~~B:~ : ........... . 

'\} \ j, I \ 2.14 

2 4 
Q(kHz] 

\i \ :\ 
V 11\ 1.85 

~ I \ ,, ' ,, ; 
( I 
'. 

1.8 

6 8 

FIG. 6. Braking index due to dipole radiation from fastly rotating isolated pulsars as a 
function of the angular velocity. The minima of n(!l) indicate the appearance/disappearance 

of quark matter cores. 

16 

1.5 

1 
0::::-

~ 0.5 'ti 

! 
0 ;:::: 

~ -0.5 'ti 

~ -1 

-1.5 l J[M0km']= 

10 

8 
I 

700 800 
900 

-···· ···--
'N 6 
J: 
~ 
C 4 

300 

2 200 

100 

0 
I 

1 1.2 1.4 1.6 1.8 2 2.2 2.4 

NJNo 

FIG. 7. Total baryon number dependence of the spin-down rate n;n in units of the baryon 
number accretion rate (Ny/Ny) and the corresponding angular velocity (lower.panel) for 
different (conserved) total angular momenta J[M0km2] = 100,200, ... , 1400. The suggested 
signal for a deconfinement transition in rapidly rotating neutron stars with baryon number 
accretion is a transition from a spin-down to a spin-up regime, i.e. a zero in the spin-down 

rate. 

17 



size of the quark core to be developed during further spin-down. Our calculations show 
that a significant enhancement of the breaking index does only occur for pulsars with 
periods P < 1.5 ms (corresponding to fl > 4 kHz) which, however, have not been 
observed in nature. 

B. Mass accretion 

A higher spin-down rate might be possible for rotating neutron stars with mass 
accretion, where at high rotation frequency the angular momentum transfer from ac
creting matter and the influence of magnetic fields can be neglected [18] such that the 
evolution of the angular velocity is determined by the dependence of the moment of 
inertia on the total mass, i.e. baryon number, 

g = - ( ~B d~B) IJ=constz: ' (4.3) 

where J = I fl = const has been assumed. In Fig. 7 we consider the change of the 
pulsar timing due to mass accretion with a constant accretion rate N 8 / N 8 for fixed total 
angular momentum as a function of the total baryon number. Here the change from 
spin-down to spin-up behaviour during the pulsar evolution signals the deconfinement 
transition. When the pulsar has developed a quark matter core then the change of 
the moment of inertia due to further mass accretion is negligible and does no' longer 
influence on the pulsar timing. However, in this quark matter core regime the transfer 
of angular momentum from the accreting rriatter might dominate and can lead to a 
continuation of the spin-up. It is interesting to investigate in future research. whether 
e.g. low-mass X-ray binaries with mass accretion for which recently quasi~periodic 
brightness oscillations (QPO's) with frequencies up to ~ 1200 Hz have been observed 
[3] might be discussed as possible candidates for rapidly rotating neutron stars for which 
consequences of the transition to the quark core regime due to mass accretion might be 
observed. · 

V. CONCLUSIONS 

On the example of the deconfinement transition from hadronic to quark matter 
we have demonstrated that the rotational characteristics of neutron stars (braking in
dex, spin-down rate) are sensitive to changes of their inner structure and can thus be 
investigated in order to detect structural phase transitions. 

The theoretical basis for the present work was a perturbation method for the solution 
of the Einstein equations for axial symmetry which allows to calculate the contribution 
of different rotational effects to the change of the moment of inertia. This quantity can 
be used as a tool for the investigation of the changes in the rotation timing for different 
scenarios of the neutron star evolution. 

The deviation of the braking index from the value n = 3 (magnetic dipole radiation) 
as a function of the angular velocity has been suggested as a possible signal for the 
deconfinemnt transition and the occurence of a quark matter core in pulsars. We have 
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reinvestigated this signal within our approach and could show that the magnitude of 
this deviation is correlated with the size· of the quark core. 

For neutron stars with mass accretion we have suggested that under the assumption 
of total angular momentum conservation a flip from spin-down to spin-up behaviour 
signals the appearence of a quark matter core. A more detailed investigation is necessary 
in order identify possible candidates of rotating compact objects with mass accretion 
(sec e.g. [3]) for which the suggested deconfinement signal could be relevant. 
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APPENDIX A: FUNCTIONS FOR THE CALCULATION OF l:!.I 

In the integral representations for the contributions to the correction of the moment 
of inertia we have introduced the set of functions <1>1(r), fi(r), U1(r) for l = 0, 2. They 
can all be expressed by the solutions of the zeroth and first order equations and by the 
unknown functions H0(r), L2(r) and S2(r), where 

and 

<l>o(r) = -Ho(r) + K(r) + <1>(0), 

<l>2(r) = -H2(r) - K(r), 

H2(r) = B2 L2(r) + S2(r) 

f0 (r) = [-1 + 81rG(p<0l + 1o<0l)r2
) H0 (r) + [1 - l61rG(p<0l + E(0l)r2) I<(r) 

2 4(dqo(r))2 -A<•>-v<•> 16 G 2 ( ) 
-:{ ~ e - 1r rp0 r, 

h(r) = - [1 + 41rG(p<0l + 1o<0l)r2
) H2(r) - [1 + 81rG(p<0l + E(0l)r2) I<(r) 

+ 1 4(dqo(r))2 -A<•>-v<•>+8 G 2 () :t ~ e 1r rp2 r, 

2 2 - 2 (0) K(r) = 3r (qo(r) + fl) e-v . 

(Al) 

(A2) 

. (A3) 

(A4) 

(A5) 

(A6) 

The integration constants <1>(0), B2 could be defined by the continuity conditions 
with the external solutions for the functions <1>0 (r) and <1>2{r), sec Refs. [4,5]. 

The functions Uo(r) and U2(r) one can define by integrating the following equations 

dUo 1 dK(r) dH0(r) 1 dv<0> . - = -(Ho(r) - fo(r) + K(r)) - -- + --+ --(H0 (r) - J0 (r) - /\ (r)), 
dr r dr dr 2 dr 

dU2 1 dK(r) . dH2(r) 1 dv<0> 
~ = -;:(H2(r) + h(r) + K(r)) + ~ +-;;;:- + 2~(H2 (r) - h(r) + I<(r)) . (Ai) 
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For the unknown functions H0 (r), L2 (r) and S2(r) there are second order differential 
equations which can be found in Ref. (5]), and which we do not repeat here. 
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