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1. Introduction 

Conformally invariant field theories are of ~se ir. a wiue r~€e 

of phenomena. Conformal models in two dimensions are of par:~c~~ar 

interest as they constitute a field-theoretical bas~s of s:riL€S a~i 

superstrings. They describe poasible string compact~f~cat~:~s, p~

vide explicit field realizations of Virasoro and 8~per-'iirasoro a~

gebras, make it easy to establish a correspondence tetweer. t~e str~L~ 

theory and the d=2 statistical systems, etc./1/. The gec~etr~c s:r~c
~ure of these models is expected to encode the c~erecter~st~c :ea:~

res of the geometry underlying string ar.d s~perstri~€ ~y~e=~os 9~~ 

so it deserves thorough analysis. 
Many aspects of d=2 field theory are weI: =o~e~:e~ :y ~ts Q=1 

prototype, that is the quantum mechanica. In partic~lar, t~e :~eor:es 

of a point particle and a superparticle were intensively s"~~:et for 
the last years, with focusing on their si~ilarities with t~e str~~€ 

and superstring theories. A good deal of a t t en t i or. was pa i c to 9.;.per

symmetric quantum mechanics which has intere9tir.~ applioa:ior.a ~~ ~:5 

own right/2/. In view of the important role of cor.forsal f~eli t~eo~; 
it aeems instructive to apply to studying confcrmal/J/ ar.c 9"_i=erc=~:'=::-
mal /4,5/ mechanics as theae provide the s Lmp Les t exar::pleso:' 5_0:-. 

theory. They reveal amusing analogies with the special class 0: c.=2 
conformal mode ls, the Liouville and aupe r-d.Lcuv i.'-'- e C;-,8a. The La t t e r 
have profound implications in string and superstri~~ theories/f,i/ 

and enjoy remarkable geometric properties, such as full ~r.tegratility. 

In the pioneer paper by de Alfaro, Pub i.n i and F~rla~/3/ 89 "el~ 
as in the auoae quen t papers/4, 5/ devoted to supe reynce t ri c vs r s ~ ::-.9 

of conformal mechanics the wain emphasis was made or; ::;"';'9::-.t"=-=ec":-.=i
cal aspects of these models (apec t.rum , the s t r-uc t ur-e 0: ::lilter': space, 
etc.). At the sar.1e time, their geometric basics were no': ur.derst:o~ 

in full generality even at the classical level. Suoh an ur.derstanc.i~€ 

might be conducive Doth to achieving a deeper insight ir.to the geo
metry of d=2 conforDal theories (e.g., the Liouville and auper-Liou
ville ones) and to cor:structing higher :. Buperextensior.s of cor> 
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formal mechanics1). Up to now, only the N=2 and N-4 superconformal me

chanics have been constructed /4,5/. A manifestly invariant superfield 

off-shell formulation was given only for N=2 case/4/ . 
In the preserrt and f'o r-thcomrng papers we propose a universal geo

metric framework for treating conformal mechanics and its superconfor
mal extensions. These systems will be shown to be related to the geo
desic motion on group manifolds of d=1 conformal and superconformal 
groups. The baa i e of our consideration is the covariant reduction me
thod developed earlier by two of us / 81 in application to the d=2 Liou
ville-type systems. It proved to oe an effective tool for algoritrLrnic 
construction of hiGher N superextensions of the Liouville equation 
and was recently used to set up a new wide class of d=2 superconfor
mal sigma-models with the Wess-Zumino action/ 9,10/. Geometrically, this 
method amounts to singling out certain finite-dimensional geodesic hy
persurface6 in infinite-dimensional coset manifolds of d=2 conformal 
and superconformal groups. 'l'he Liouville and super-Liouville equations 
naturally emerge as the IUOSt essential conditions among those speci
fying these bypersurfaces. To put the method in force, one merely needs 
to know the structure relations of the corresponding d.2 Buperconfor
mal algebra. 

The equations of conformal and Buperconforlllal mechaulcs are gene
rated when applying the same techniques to th., Rroup spaceB of d.1 
conformal and superconformal r;roupB. These groups are finite dlluenslo
nal so all the things go simpler than in the d=2 case. This makes it 
possi ble to understand more clearly the geome tric meantng of covarlaut 

reduction. 
In the present paper we give an account of our approach by lIHl 

nLmp.Lnn t nxample of booonic (N=O) conformal mechanics. Our cono.ldel'lI 
tl.o n wlLl btl purely classic. Su pe r-ey rnme tric case will be treated 11J 
L1,,, t'o r-Lhoorn l np; pap" I' who r-e we will coua t r-uc t off-ahell superfi.~ld 

fonnu.llltlono of N=4 nup or-conforma.I InHCh1U11co. 

'I'ho IIIUtto,' .Is OJ'I':u"lz",\ IW tol t own, III ~;I'(,t. ? wo interpret COIl

I""'IIIIII lII"c1l1ln.lC(l ill t a rmu or ClI,'tHn'n 1-1'01"'" on tho paramoter (II"'"'' 

or <1.1 o'H,I""'lInd !',I'''''I' :;(J(1.2) H"hoiu,:l. \,,, /I k t nd or oovariant rtldllo
1.I"1l. In :;uo\'. WI' ,'xplllin th.. 1',"OII",tl'1" Illuiulinv. or 1.1110 pr-o o ed u r-o 

/II lit I,,'''VII 1.I,"t til" '"I'lIll.lon or "onl'ot'II,"1 IIlnnlllllll"n <I"finea B Olfl011 or 

v.",,,lulllo .. 0" Lh.. ,',"0"1' '"lullrol". 11 n Imp l o K""IIIf1 I. 1'10 me Llrod or 1nt61'.""

------ -_.~ ..~.- .~._---_._-. 

1)	 n,v N wn III'UIII 1,lltt I H1111 ht'l- or I'ufd UldllHl' IJ.'1IU:q,•.t,uI'n. 

ting this equation is also presented. It admits a straightforward 
extension to more complicated cases inclUding the supersymmetric one. 

In the Appendix we establish the relation with the customary 
description of geodesics in terms of the metric on the manifold. 

2.	 Conformal mechanics and the nonlinear realization 

of group 80(1.2) 

We begin with recalling the basics of conformal mechanics. It 

is defined by the equation 131 (We consider the one-component case) 

l	 (2.1)~ (t) ::::: ,('LS~ )[fl z: cm- J l ~J:: UnO 

which follows from the action 

(I - ! J' . 2. - rJ [ i\2.] ::: em -J ..)	 - ~~ Jt [(g) gz (2.2) 

The system (2.1). (?2) respects invariance unde r- transformations 
of the d.1 conformal group SO(1,;» 

~t -..:c a ... tt+ ce =.}(t.) 
(?.j ) 

"'f Ct )=f jet) 
whero albiC- B.I'O, r-oa pec t.t ve Iy , l.nf'illttl1HllIIol pu ramo t.eru o l' d.1 tnlll 

a La t Lon (L.), dllatatioldLu)atl<l cont'o rmu.t !Jooot(/".) • 'l'ho ",f' 

n"ratoro L.; 1'01'111 t.ue a11';"hra SO(1.;') ,-'> S eC',It)! 

. l	 t., , L",]-" (n-m)L"."" I rl tn . J, OJ i C'.~ ) 
l 

('I'll" u l rnp l en L t'1I111'1IHtllltUt..I0U o f L.n III v i a I'UIIII 111111.1'1011'1. 

L,; 1 ('(I ~ i. r-) ,to i r l i, '1'11111 no t.u tl nr: ,1"'IIOII"!"'HI,u,, t.hn L 

sot i .:-) l e a fLn l t.e-edLme nnLoneI pt'otuI.Yl'" "I' d~:' nUll 1""'1118 1 (I.". Vlr'u

uo ro ) ,,1~,.. IJl'1l (1lI,,1 on tu ru l n t,o 1.1," l u t.t.u r: UII U IIII1X 11111.1 (lIlI,,,Iv."iJl'II). 

(1111' .111l1 IH to "ollAt" til" II,YIII.t"/I (:'.1), C'.:') t.o 1.111' ,~""I/I .. I.I'Y 01' 

1I:I'Ulll' :IlJ(l.,'). It wIlli,,, 1I0Ilynul,,"1. to "lit""", I.IIlI 1",t1lowllll', pll"/I 

lII"t,'I:lulioli or till" 1',"0111'1 

4.-. 1/1,1;,.,., I'll/It 

, 
'(('X'l

" 
X'JTI) c (' r«	 ( .: ." ) 

NOIIIIII"'" :J/.I(l,:') 1.I'/lIIr,I"O"lIIl1l.lolIlI III 1.1", "pIli''' ,d" 1''''l"tltllul.'l("U ft 4'( III't1 

I "dll,,,,,1 hy l n lL /1"111.11'11,,,,1.1"'"1 "I" f',I""'p ~l I Pllll'lt' (,I. I,)• 

I "", I:Ie. ( (/ I t; C ) ,'I ( .,J 
" ) ,1/ ( ~,1 k \I), ( " ." ).:01 
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bxi Q -e- /;Xi + c~t)2.:= 5(XL) 

[xl. f f(x i ) - f' (Xi) X~ (2.1) 

bX~ :: .f'(Xi). 

, 3 

It is seen that 'Xi and lX transform just as the quantities t 

and g in eqe , (2.3). In what follows, this will allow us to idenU

fy both sets. The property that the line submanifold {Xl} is closed 

under the action of SO(1,2) ie related to the fact that Xl paramet

rizes the left coeet of 30(1,2) over the SUbgroup with generators 

L.1 , L 0 • • 

The local geometric properties of group manifold {XL) are 

specified by the left-invariant Cartan 1-forms: 

(2.8)r J J ~ ::: ~<..J" L" 

_ Xl 

uri::: e dx i 

(2.9)WO d.x3 - 2x2.Jx1
 

w'l eX ·\ Jx 2. + (x.l)\Jx1
]
 

will ch are nothing else than the SO(1,2) convariant differen t lale or
 

eoo rd Lne t ea , The invariant line element dS l 
is constructed from
 

tileD" f'o rma , Representing L Il by Pauli matrices and choosing an apl>


r'olll'1atu normalization, JS2 can be written as
 

JS 2 :: _ tr~(rld~~-ld~) :::2c..T'c.iJ+
1 - ff uJ "I.iJ ° =

(;>.10) 

2LJ1",Jt,i - } (Jx,l)2. + 2x2.jx 1dx 3 :: 

~f,.i ,/y,i.J X 
j 

I,ft t.. un !lOW 1,1" II I. 1r,V ,.1 tllll t lmet 
, und c orra Lde I' an ft,'liI ,, wi 1.11
 

,." I'V o u rv e
 I u I y"l . 
Y' I X J ( , ) r' I I ( I ) , C'. I 1 ) ." 

Now the group 30(1,2) is parametrized by the time t and tm Goldstone 

fields r.2.(i:) , ::c3 (t ) which specify the embedding of the curve in [x"J 
and correspond to the oonformal boost and dilatation, respectively. 
Thus we are left with the nonlinear realization/11-131 of d.. 1 confor

mal group. At this stage, it is convenient to pass to the quantities 

with physical dimension ([i]=Un,[X'J:::c.m-1,ll;lj::C.tn C 
), making use of 

the automorphism of the algebra (2.4) L-1----"';-.fL.j ,L.1 --r 'L ,H 

Lo~ Lo where of is an arbitrary constant (it can 'be damenaf.onf'uL}, 

So far, our consideration was purely kinemstical; the t -depen

dence of fields Xl-(t) ,;X)(l) was unrestricted. Just as in the case of 

nonlinear realization of the d=2 conformal group lei, the dynamics 

arises as a result of imposing the covariant reduction conditione on 

coordinates jL ) X 2( !:» X~(t) ] • This reduction proceeds in [';eneral
/ 8 

as follows • One sets equal to zero all the Cartan fonns except for 

those belonging to some e ubaLge b r-a of the initial a Lge br'a , In the d ..2 

case such a auua.l.ge br-a was chosen to be either SO (1 ,2) or the al/',e bra 

of d ..2 Poincare group. ~'or the co r.re s pond i nr; dila ton field there ap

peared, respectively, e Lther the Liouville equa t i on OJ' the free JrlaSB

less one. In the pr-eae n t case, we will pe r-I'o rrn tile r-educ t l on to a eub

algebra with the on" f~cnerator 

l (<>.1;»Ro ::: L. 1 + rn L +1- ' 

Una may oheek that t n I.s ¥.cnllrator co rr-o s pondn to cornpac t SO{;·) OllIJ

a1p;ebr's of 50 (1,<». 'l'hua we Impoue tho COlli' I, r-n l n 1./1 

Ir 1

d ~ ~/d ~R . LW Ro U.1 j) 

t hn L nmoun t to the au t or 1'1'8fr'" e qua t I orlf' 

)lI -'~7 = x~ ( Ii )c•. () J :x: ~
 
'" l I
 (,'. H) 

i' , 'Tl~U) j ~ 
.x: l t (I.J)l ( I,)I•. n"'? 

jill II' fl"ltt olltl itl l\l!ltHlIutlclJl, It C~()VUI·IUIII.I.v I'KIJI't111I1t1t1 ttlll l~(JldntuIHt 

fLn l d .)(,J M" I.loll do rLv u t.Lv o 01' (,Ioll ,111/\(,011, l.l'I','"I,.v I'llullzlllfi. l.h o III 

VI1""" 1111'.1',11 1'10,,111,,11,,1101,/ 
14/ . Il1dlllld. It 1'11110"1" 1"'1111' 1.1," l,'nll"I'''''II'Il 

1.111" IllWIl C'.7) I.IouI. • J 1.,'/1,,,,1'11"1111' .1""1. "" ! 'w I • "II ""1,,,1.\1.,,11,,,, 

HI' tlln flJC111'f'tutlQII 1'01' ).J Into 1Hl.C'.lIlt.) Ulft l u l.Lo r l'UI'lll1lflJt . . 
f •T' ~f;(W·,)J . I",' ~ C'. \'. ) 

"1101,,11 lit nAn' I,V I't~Ct,,.,;III:t.tld un 1.11" n'lllnf,IIJII III l'llIlIlq'IIIUI 111t~nl"U11l\1I 

C'. 1 ) "1'1.,,,' \d""l.lr,VIIl", SO) f')' r UJ,~" .,,'. 

~, 
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Thus, we have derived eq.(2.1), starting with the group space of 

SO(1,2) where 30(1,2) is realized tr,y left shifts and further constrai

ning covariant differentials of coordinates by eqs. (2.14). The geo

metric meaning of this procedure will be clarified in Sect. 3. Here 

we would like to note that one might choose a more general combina

tion of SO(l.2) generators than in eq. (2.12) 

(2.16)Ro L-1. +-mlL+i -T2ol.Lo· 

Then, instead of eqs.(2.15), one would have the more general set of 

equations 

l • _x3 
(a)u)0 ecia> ="""> ~ X"' ::. XZ- +.,( e 

(2.14')
_2X 3 

lLJH = m'2.LJ-l ~ X2 +- (XZ-)2. ;: m ( (b) 

Substitution of eq.(2.14'a) into (2.14'b) yields again eq. (2.15), 

now with h11 = ':;:; 2 - 0(2 I 

_2X
I 

x~ +- ~ (XJ)l Z(mZ_oll)e (2.17) 

So, for J.l.< fil2 we have the a t.andar-d conformal rae chan Loa while for 

d.,2..>rn< we ("et the "hyperbolic" vera ion of eq.(;>.n / 3/ • i"oral.2.:::m~ 
the equation reduces to the free one. These three different e I t.ua t Lone 

correspond to three po s s Lbl,e nonequivalent covariant reductiollB of 

lho men I I'o Ld {X'j. indeed, it La a a ImpLe exercise to check that tho 

,;OIWI'Htorn (?16) with the parameters m2. , cJ..2.. varying within the 

ahov o t.Ill'n" dome Lne cannot be related to each other by any SO(1.;') 

.'0 t.1ILI 011 and 80 belong to different orb! t8 in the group space of 

:;lI(l,;'). r",tually, the term-L.oin Ro can alwaYB be removed b,V U 

pl'O"".' :!u(l.") ro ta t i on : 

-i..J.L'L «:':-v c' •11\)~n - L t 1 (r):;z_J,/.) L,; e Ro 

t l ru I umlllllll.l1 1.0 " c' "11/1 \'U/1 I. l'11~h t BIIi ft of ~(X1.1 X 2, X~) tilt 

Lai. L .j 
~ Ct' I, ,t, 

I 
t' I) (J(T 1 ' .. ~ 

} 
~.I) {' _,<>. ' c·.1") 

'r:1 _.1 t IJl f 
t· • 

III \.",·ltll' "f )"'. I • l,l. t.lln nt,t (;'.14') I""k" ,1'lI'lt ali (<-,.14). 

wi \.11 ti,' ,,,I .~I • Illfl'".·",,\. t,VI"'" "r ""V,,,·I ..nt. "",\",,1.1"0 Ul'I' I,ll"" 

fllllJlHitUl.ud wlUI 1.I11'UIl 1IIIIIIHjllivuluIll 4'lIn tllllllllUlliHlul ltllllalV,t>lll'flil r r l" 

_~, ' ( I ." ) I 

L_ 1 + m2.L a ) L_1. -m 2 LH ) L_~ . (2.20 ) 

Recall that the first sUbalgebra isSO(2) while the second one is 

Jo(1,1). As will be shown in Sect. 3, these three patterns correspond 

to three nonequivalent classes of geodesics on 30(1,2). 

To close this Section, we present a simple invariant first-order 

action for the system (2.14) in terms of differential 1-forms (2.9) 

=:3 := ~1. ~ [w+ l + m1.w-1 
] 

e (2.21 ) 

(Xl?] + m'l.(x~(t)}=- ~ j Jt [ eX ~w LX2 (t) + 

Varying X 2 yields eq. (2.14a). Inserting this constraint back into 

eq. (2.14b) brings the latter into the standard second-order f'o rrn 

(2.1) (with J(t) := e~X3(t) ). 

J. Geometric interpretation 

Let us explain the r;eome tr ic mean.iru; of conn t r-af.n to U .14). We 

will d Le c uaa the reduction to so (2) suual/-,;uurll (:'.12), k oo pLng ill 

mlnd t uo relation (2. 11l) and tho fac t t.na t U,e I~etl" I'a t.o I'll of 0 the I' 

poua l b.Le I'Odl~ction auba Lge In-au (liutod in "'1.L'.10» follow f r-om 
2Ro (;-'.1?) e l t hc r- by nu bn t l Lu t.Lon m ........ m 0" hy pu tt Lng tn = O •
 

Dlfferontial I'o rmu (f'.C). lltl1111': oov a rf ant d Lf'f'n r-on tJ al a of 

:;O(l,;»-oool'dln/lteu x- , n pno l f'y J n fLu lt.o u l mnI nlilftn of ·x L /lloll,.~ t;t",(W 

l nde pnnden L dlT'l'lollolfl liltT'J. '['lUI oonn Lr-a l nt u (;'.14) ...",t)'lol. llll" 
mo t l on to 1.11" ah t t' t 810n/l; /l CII'",," f;""O,'ut"d by tI,O ,'I~;II1. no t l on of' 

1.I1,,11ll.1n Hllbv.rollp with Kono,'ato(' Ro • l ndo od , no l v l ng (l'I.(?l.!) I'o r 

~Il (I J X1(/),XI(t)) ,wo find t ha L lh" 1II0"\' I~Olu"'f11 no l u tf ou I" 

,'T(/)(I.,.rnll.• ) 
~1I/. (I "r l) X I) = ~J o ( C j. r'. C I) (J ( I. I ) 

"ho,'" (" fl"O Intev,ratloll O"'It'I.""I." "'"l 
.' '(I )d't e . .J / ( \. ~' ) 

I \, Itt '''U',V 1.0 u,'~~"o \'11/11, "'1.( \.1) (1,,1'1,,'"1 II ",'''I<"I,W\O "" \'h" '"It

'i1l'ol/l/ Til. Il Iii kIIOW1/ 1',1 I.lin I l.Iw jI,ll>ldllllk III>ll.loll 0.' tI,,, 00,,,".01' 
1',"0"1' umn l r>lld" III v,nll'"'"I.,"l I ,,V I,ll" ,'I,')I\' "nl.!oll or th.. g,'OI'!, 0" \,h.. 

(lunnt uIOlIItUIl.n. In tho I·~r·otlll IIp.OU t "tI,V Hllnll nlUllltHl1. "l, ..olrl,." u 

~."IIII. wllnlltUl nom" fJ;(-todt1tJlc V,I·llffH. '1 1 1111 ",olld,'ul" ':IN II wlltIJ ... lit l'n'11.ur'nd 

b,Y mu l t.Lp lv l ujr t.h l .. fl • .,,1 .,1"",n,,1 I ""It, III" 1'1/,111 bV Itll "1,""",,,- ,01' 'HI,,· 

b 



tain abelian subgroup having as the group parameter the natural para eiCtLt eLC·Lo•meter along the curve (the group is assumed to be taken in the expo D.4 )jo
nential parametrization).The choice of this subgroup fixes the tan

Substituting into eq.D.1) the expression for 9R (t) X 2
} Xl)gent to the geodesic at the origin. Thus, the geodesic on a group 

(2.5) one finds space is completely defined by choosing an initial group element and 

some one-parameter subgroup acting on the former element from the 

right. 

The formula (3.1) ideally fits in this general scheme. To prove 

that the SO(l,2)-element (3.1) defines a geodesic, we merely need to 

show the identity of 1: with the natural parameter S • Inserting 

eqs.(2.14) into the definition (2.10) and taking account of eq.(3.2) 

one gets _ 2X 3 

cis 2. = 2 m 'l u) - f uJ - i = 2m'le (Jt)2.::: 
0.3) 

2 inl. (d1:)'Z. =.'"'7 :;::. f2' rrv 

i.e. 7: actually coincides with & (up to a constant shift and 

rescaling). 

Expression (J.l) provides the general solution to the constra

ints (2.14) and, hence, to the conf'orma I mechanics equation (2.15) 

(or (2.1)) which is equivalent to the set (2.14). So we have shown 

that this equation describes a class of geodesics on the group 

SO(1 ,2), wi th chaos Lng the coo rdina te .x:1. ::: i 88 a parame tel' along 

the geodesic. For these geodesics dS Z,/, 0 , so they can be called 

"Ume-like" one s , Two other types of geodesics on 80(1,2), whioh are 

obtained by the reduction to two other eUbalgebras among thane iiated 

in (2.20), correspond, respectively, to dSl.<O anddS2.=:O.ThuB they 

B I'B "space-like" or "light-like". In the latter case (it is dosc d hod 

by till) free I'll... ::: 0 version of eq.(2.15» lsi cannot serve as an evo

l u t Lon parameter, while L or f still can. In the Appendix we llB

laid IBh tllll e x pLic Lt r-e Le t l on to a more familiar d e ac r Lp t Lon of 1':"0

donloll In t e rma or till' me t rl c 9'J introduced by eq.(2.10). 

'I'tll'! !';oomatl'te a ppr-oach allows us to render a transparent /II" an I III': 

to lho pr-ooud u i-e 01' IlIt"I';"lIl1l1f~ IIq.(2.1). I t is reduced now In l'IlI"

IIII': o u L tllIl IlX\>1l(:[I, "X 1"'''''" 101,,, fiJI' lh" o rl gLnu I val'iabioll [::r'1 III 

llll'IU" "I' eni t rl e a "I'll,,, ""-till,, J I IIIl1l,'l x (1.1). 'I'h.. oonn t ant I'lh,tlll' 

!f(} 1111 to l'lrW, IlItll "'1.( 1.1) .."lllalJ,V IIIVlllVlllt o n ly lwo [I<.1I1P"llll,,"1. 

Illt"I',I'atloll oonu t.un Lu wlll,,11 IJUI'IlUI .. ll'I~." L111' ",,,,,,1. ~1()(I.~')/:)()(:'). 'I'll" 
I~ 

t.h l I'd "Il" oan UIWM,V" lIt! ahtllll'lJ"d l u Lu II 1'",l,,1'l1l1 t.Lo n o f L • J I, In 

lHHlVttlll,1)1l tu (l.hUtlHH !Io .u 

1t C + ~ e 
c~

t9 (md'\ C3 D.5 ) 

::J:} - e
_ 

!!! Sth (2n,t')J 2 

C 30x":= - 2. en ~ (",'1:') 

that yields the explicit parametrization of geodesic in terms of pro

per time 'l:: (or S ). In accord with the geometric interpretation of 

eq.(J.l) given above, we have (the use was made of e q , D.J): 

Ji:. 1 c'f(s::.o)::::c i 
J$ Is::.o =(£m e 
dxz -c 

j 

xl(s::.o).::. 0 JS Is.::. o := :;. e ().6 ) 

dX1 

x 3 ( S =0) ::: C3 i5ILo:=:.Q 

whonclI it foliows that the cone t.an tu C1
) c ' pur-ame t r-Lze an Ln Lt La L 

pain t on tile KllodnB i c. We a Lao BOO tha t, up to fill une auen t 1al rOOC8

I Lng , the co up Ll ng e o na t.an t m d"rlllllC' tho componon t.a or tIlt. lan

I':tlllt veotor to tho II,lJOdllOio at thin point. 

lt ill • s ImpLe uxe t-o tee to e x t r-ac t f' r-om e qu , (.l.'.) thl! ~~l!1l6rBJ 

uoiutlon of 0'1.(2.1) 

!X1(f) -~----
l 

( J.I )J(0= e ::-1!A (J t ~ I)' I 11 '/Jlll' 

Wlllll'lt 

(' \ 

A ec J 

t-m,(c:IYt' 
c' 

I~ (,lln l{' . ( 1.11) 

All,V Utlllll' fo I'm or Lho lin 1u 1I lII' I" \',,,1'''.1,,,1 1,,, (I. 'l ) b.v 01 l'I"l" J'I" I I, IOil 

III' III t"lI,l'!t II Oil COllO Lan 1,0 • 

('II" rna,Y chock L1,,, L 1.1, •• fl,"II.,.'Il] I'" l u L]"" (1./) iu lnvttl'lttnl IUlI.1ul' 

1,10 .. a"ll"l1 or tI,o :.iOL')-""IiI',I'O"I' 1~1I1"",.ot,od I,,V 

f~ I JR L , -t ~) /\ '" I II (PI' / H
J

) I ' ( I.' I ) 'I 
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(J.1O)~~f(t) = !i~(t)s(t) -f~(t)g(t) =0, 

JR (l:):: a{i +2: i + A-l(mL-r BO!.)f..~ J (J.11) 

Thus, there occurs the dynamical spontaneous breaking of 30(1,2) to 

30(2) 0: R 131. This phenomenon has a simple interpretation in terms 

of geodesics. The generator P. is related to R.(2.12) via the 30(1,2)

rotation by the element ~o (J.4) 

R =A-1~oL L-~ + tnO!.L.!.] ~:4., 

30, the left action of exp { i Q RJ on~. (Xi, x2.) x,l) (3.1) merely 

resul ts in the shift of proper time 't: by an amount Q A-1 
, without 

affecti.ng the shape of geodesic, X':(1:')-?x~(t'-+aA-l). In other words, 

the left action of exp [ia RJ generates the shift along a g i ven geo

desic. The action of 3C(l,2)/SO(2) - transformations changes the integ

ration constants and so transforms one geodesic into another. 

It is worthwhile to note that the integration of eq.(2.1) can be 

aleo viewed as a reparametrization of the group apace of 30(1,2). In

deed, let us choose from the beginnlnl: a diffarell t. parametriza t.Lon of 

30(1,2) 

IL "L .t tl: t +rn1.L).
~ (x\ X Z; X:l) :: ~(CI) C~ Z) :: eLC!. f.LC u e" j 

'l'Iron "qs.(3.5) give the relation between the two equivalent par-arno L« 

d7,lJt!OIlB 01' 30(1,2). 'I'ho Cartan forma in this new par-amct r-Lz a t.Lon 

til'" all I'oLl owa 

_ C:l 
w· j e d C.1 CJJS (2 In t:) + 1. de:! sin (2.rnZ) + i. co" 

~ m2. 

·r' 
l,) II ~r\ e cl c' Sln (2m'l:') + dc3 CDS (2.m't) 

(' J l 
(1)1 /, tl"{,J '[' "C ,/1'1) 1 -COS(2tn7:)] _~i/'t)dc3Su,(2m(;)J 

lI"" III I ...", 1.11 III,,'"'''' 1.1", ,,,,,,,,I."llllIl.,, (;'.14) .111 uny pur-ame t.r-t vu t r ou, 

It, lu nart,V 1,(1 nlllH'h 1.11'11 III 1,111111" III' Ilnw v a rl n h l ou t.lltHlfl c unn t r-uj nt. .. 

un:) .'fHII1l1UI1 l.o 

I I./ (' I .1 (' 1 (' I r ",." ""11" 1.1111 1.11 (1.1.') 
.J'I· . J'I 

u 

IU 

Expressing Ct , . C' via original variables, one obtains two first 

integrals of eq.(2.1) (it is convenient to pass to the variables A 
and B given by ().8))2): 

AU;) ::: (~- t ~) l. + ~~2.·e j 
roll 
f~1: ().13), 

from the 

4. Conclusions 

In this paper we have demonstrated that the covariant reduction 

method proposed originally for unified r;eomctric description of the 

Liouville-type systems in two dimcIlsJolls / ll , 9/ , equally applIes to 

d.1 ay e t erna , i.e. the models of par-tLc l e 1II00hallicEI. '1'ho f'o unda t Lone 

of the method can be o Lnar-Ly unde rn t.ood wilon lookIng a t the d.1 CBBO. 

'l'Iiu simple oXllmpln we have anal,yzod h" I'll .1/1 <Ill til I J J B uron t.Ly of 11

Luu t r'a t Lv e ohar-ac t e r , t.houv,h Lt po r-ha pu wo,lld 110 01' DOl/Ill Ln t o reu t ltl 

""" Wlllll. oro t.he l rnpl Lo a tl t um of' t h l n r:llOIIl .. trl r: p Lc tu r« III ttw q uut r-« 

tum c ann , 'I'ho ao t uu I 110 WIll' of' tho c o vu rt un t l'OcJIICI.I"1I UPVI'olWlt wllJ 

hn dOlilollot,'alo<l In OUI' I'o rt.ho oml np; pUplll' wh"n. Utili tllollrllqulJ JLl 

Ilppll"d to N-4, d-1 nu pe roon I'o rmal 1',"""1' :;lI(l,l/:') to ()()II11ll"lOl /l 

lIIunll'''"t.I,V t nv n rt ... t L IIl'l"'I"rt,ll<l rO'1111i.lllt.I"1I 01' N.4 u u po r-oo n tu i-mu I 

lIlf'Johnulnn_ 
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'HlI'r'IIIl1"'IlII1t1fJ: lJ"1,Iltll.lulll "1.111 ln r r'''lIl<1. ".r", III 1.111. ,'nvlnw I,,V "1,,11"
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our approach the remaining potentials from this list (and, perhaps, 
to discover the unknown ones), starting with a nonlinear realization 
of an appropriate group and imposing the covariant reduction constra
ints on the relevant Cartan 1-forms. Also, it would be desirable to 
understand the relationship with the general method of integrating 
these systems which has been proposed by two authors cited above. 
The method is based on relating the equation associated with a given 
integrable potential to the free (or geodesic) motion on a certain 
higher dimensinnal auxiliary space. So it bears some formal analo
gies to ours. We would like to emphasize once again that the main me
rit of our scheme should be seen in its algorithmic character. One 
chooses the group and the covariant reduction subgroup (the latter 
can be in general nonabelian), after that all the things (deduoing 
the reLevant mechanical ey s tern and finding out its general solution) 
go strair;htforwardly. The question to be answered ie, of course, 
whether all the d=1 inter;rable systems can be obtained in this way. 

Now let us dwell on analogies with the Liouville equation which 
is the simplest d=2 comple te ly integrable sya tom. 'I'he ae analoe;ies arc 
far-reaching, despite the fact that in the Liouvilie case one deals 
wi th an infinite number of degrees of f r-eedoin , 'l'ho latter circumstance 
manifests itself in that one starts with the infinite-dimensional 
d.2 conformal group. Rea pe c t LveLy , there appca r infinitely many .Pfaff's 
oquations of the type (2.14a/13/. 

By the oe equations, the infinitely 
many fields parametrizing a coset of d.,2 conformal group are oxpres
sod v10 a single dilaton field. The latter is a direct allolo,.,; or fleld 

xYt) . The	 Liouville equation arises analogously to eq , (2.141». 'l'he 
d.2 counterpart of d=l reduction subale;ebra 50(2) is the suballl;el>ro 
:;0(1,2) of lhe d=2 conformal algebra. Hespectively, the Carlan I'o rrn 
n u r-vl v i ng lIle covariant reduction lives on that SO(1,2). As 0 COllll"

quunce o t' covariant r-e duc lion constraints and of the original Malll'" [' 

-C,lI'lnll o qua tiona, the r-erna i nLnp; form satisfies the n t and ar-d z" ro nlll' 

VIII.Il"" cr md l Lion t ha t, .,X\lI'''flfJCEl the fact of complete illl"l~r'ulti III.,Y o l' 
1.I'l! I.lollv 1110' e qu a L i o n , 

'1'111"1 ;{,III'O cu r-v a t urr l~(~Jld it j()llfl have no anaLor, in the dD1 t:utJtl 

Ill'{',nll"" (If	 l"l(~l{ (,1' LWll--rl1l'IIIII in (HlP d l ruonu i on , Howevo r, au wo 11I1Vfl 

Ilflf'lI, t.lln rl"ot-Il,'df'" ('()VIII-Iull\' l'udlH:tlllll co nu t r-a l n t.u can u Li Ll tHl 

Irnpl otno nl.od	 untl tlll'fllI Illlvn U 1.1'ItIItILH11'onL 1-I.UlIIIIULI'!C IlJf18111I1~~oIo 'I'Ju ur I L 

IIl1fllllll l.hn L	 t.hll C~IVHI·11I111. l,tl\llll·t.t~lIl ltt'.lHillll j 11IU,y Ilfl'l" n dtJepul" l'olnl,11111 

ttl 1.111' Olllll1t1liL Ill' Illl.tlj',I'Hllllil-.y 1.llltll 1,lltl ('rII/Vf1III,ltIIIUI uppr'oflcll IIUUClt! 

~111 Uln :t,IlI'II o u rv u t.u r-» lflpl 1I11l1l11,'il, 11111. II. WOldtl Ill! Itl llll."I'PIII. til nil 

1.111111 t.hl n llnlHlllHI tq ,",11111 Illlllj',,·uld., d:;;JI,1 I.IYI1l.{lIl1n 1'1 F81"t.1(~IlIIlI' I.ut 

,IIII'nl rlnlrl Iw,d,·III. WI1 l"III,ltll,I,llnl I.II"t I.bu 1.-'-I.IlJ' IiltHlt1111 UI'41 ""fljl 

I:l 

ciated with geodesic hypersurfaces in group manifolds of Kac-Moody 
groups/17/. 

As a final remark, we would like to stress that the results of 
this paper and of /8,9/ demonstrate a close relation between the d=2 

and d=1 LiOUVille-type systems on the one hand and the intrinsic geo
metry of d.2 and d=1 conformal groups on the other. Perhaps this fact 
deserves a special attention in view of recent growth of interest in 
the geometr,y of coset spaces of the d=2 conformal group in the con
text of string field theory /18,19/. A finite-dimensional toy model 

of the latter based on the group 30(1,2) was recently considered in 
/20/. 
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AppendiX.	 Relation to the standard description of geodesics 
on SO (1,2) 

We start with the metric 9~j defined by eq.(2.10) 

2 

0 i X ) 0 i 0 ) 
(A. 1 ) 

j 0 0	 1 - 2 (Xl)l 2Xl9lj JLJ
 
(
 Xl 0 -!.. (

.l-	 o 2X l -2 

'['h" r-qua t l on of I';(HJdulJ.lcEl co r-r-on pond Lng to t.h Ln ruu t r-I o 10 wrlllen ae 

x· + 1""0( X};r:1( ::: 0	 (II.;»<l 

. , I, v . .
d --,.,:x' _):.L (S) ~ .. l I ~ iJ :x~i) IJ;; 

" ' L
Illll'c, ,II( .,'u CI,l'I(ll,ol'l'" 1 (\'lfd'I'.IcltJllI.II c u t c u l n t.vd hy lh" IIlUlldltl'd 

"\111111 or 1l1"1II.1I1l fI,,,clIllnl,r·y. III "0 III I" JI II'II 1,11 , "'1.(11 • .') ""IIIUIIl" lo l.IlO 1I111. 
' 

:-1:: j x j:i ~ ~ (J	 (II) 

....' t2r l xl i:: 1 + Xl±l + 2 (Xl?:i,I.},' () (II) (i\. I) 

:x:, 2XJ x i - 2 r l i :! x 3 ::: O·	 (" ) 

I.., I, Ill' "IIt'w t.h a t any so I o t Lcn o !' "'1n. (:' .1~ ) 'HI! vn" 0(1'1. ( i\. I). 
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--

Making change of variables S-~ X i = I: in e qa , (A.3) and using e q , 

(3.3), it is easy to check that eq.(A.3a) is satisfied identically. 

The rest of eqs.(A.3) is checked by using repeatedly eqs.(Z.14). 

Conversely, one may get the set (2.14) as a result of partial 
integration of eqs.(A.3). 

Specializing to the "time-like" case dS'l;:oO , one readily 
obtains 

d~i Xl 
JS =-}i e 
'Xl £ x.3-J>le

-x3 

(A.4 )2	 3 
'", 4' 1. J. ,-2X

:L X	 ~ "t" ~ (:.x:'l) - - e.z I.f - 2.# 
where Jli ,jl. are integratIon constants and the derivatives are 

taken wi t.h reapect to t =x i • Upon identifying }R.=oI. , m 2:2f: 
these equations coincide with eqs.C2.14'), (2.17) and so are equiva

lent to eqs. (2. H). It is wo r-t.hw.i Lo to emphasize that the coupling 

constant ml- appears au an inLegt'ation c onu t au t in this scheme. 
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