


I. INTRODUCTION

The description of quark dynamics inside the hadrons remains an actual problem of the
clementary particle theory. The asymptotic freedom in the Quantum Chromodynamics
(QCD) enables one to investigate the quarks interaction at small distances by making
use of the standard perturbation theory. The quark dynamics at large distances (the
confinement region) lies beyond such calculations. For this purpose other approaches are
used: the phenomenological potential models [1], the string models [2], the bags models [3],
the lattice calculations [4], the explicit account of nontrivial QCD vacuum structure [5],
the variational perturbation theory [6].

Recently a new analytic approach to QCD has been proposed [7]. Its basic idea is
to combine the renormalization group (RG) summation with the analyticity requirement.
The essential merits of this approach are the following: absence of unphysical singularities
at any loop level, stability in the infrared (IR) region, stability with respect to loop correc-
tions, and extremely weak scheme dependence. The analytic approach has been applied
successfully to such problems as the 7 lepton decays, et e~-annihilation into hadrons, sum
rules (see [7] and references therein).

In the work [8] the analytic approach has been employed to the solution of the RG
equation. The analyticity requirement was imposed on the RG equation itself, before
deriving its solution. Solving the RG equation, analytized in the above-mentioned way,
one gets, at one-loop level, a new analytic running coupling [8], which possesses practically
the same appealing features as the Shirkov-Solovtsov running coupling [7] does. An
essential distinction, that will play a crucial role in the present paper, is the IR singularity
of the new analytic running coupling at the point ¢*> = 0.

In this paper we shall adhere to the model [5], [9] of obtaining the quark-antiquark
(¢q) potential by the Fourier transformation of the running coupling. However, the per-
turbative running coupling a,(q?) does not enable one to obtain the rising qg potential
without invoking additional assumptions [9].

The objective of this paper is to construct the quark-antiquark potential by making
use of the new analytic running coupling. This potential proves to be rising at large
distances (i.e., providing the quark confinement) and, at the same time, it incorporates
the asymptotic freedom at small distances. It is essential that for obtaining this potential
no any additional assumptions, lying beyond the standard RG method in the Quantum
Field Theory and the analyticity requirement, will be used.

The layout of the paper is as follows. In Sec. II the quark-antiquark potential, gen-
erated by the new analytic running coupling is derived by making use of the Fourier
transformation. Further the asymptotic behavior of the potential at large and small dis-
tances is investigated. In Sec. III the higher loop corrections and the scheme dependence
of the potential are discussed briefly. For practical purpose a simple approximate formula
for the potential is proposed which interpolates its infrared and ultraviolet asymptotics.
This formula is compared with the phenomenological Cornell potential. Proceeding from
this an estimation of the QCD parameter A is obtained. In the Conclusion (Sec. IV) the
obtained results are formulated in a compact way, and the further studies in this approach
are outlined.
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II. QUARK-ANTIQUARK POTENTIAL GENERATED BY THE NEW
ANALYTIC RUNNING COUPLING

We proceed from the standard expression [5], [9] for the qg potential in terms of the
running coupling a(q?)
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For the construction of the new interquark potential ¥V (r) we shall use the new
analytic running coupling {8]
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where 8y = 11 —2n;/3 is the first coefficient of the S-function. Upon the integration over
the angular variables and the substitution ¢/A — ¢, rA — R in Eq. (1) one gets
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is the dimensionless potential.
In order to perform the integration in Eq. (4) we consider the auxiliary function
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I(n,R) = al_lyr(r)1+ o et sin(qR) dq. (5)

. Here the parameter a is introduced for shifting the origin of the cut along the imaginary
axis Im ¢. It is obvious that
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For even n the integrand in Eq. (5) is an even function of ¢q. Therefore
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where
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The sign P means the principal value of the integral.

The function F(q) in Eq. (8) has the cuts (—ico, —iy/a], [i4/a,i00) and simple poles
at the points ¢ = F+/T—4a. Let us consider the integral of the function F along the
contour I' shown in Fig. 1. The function F(q) has no singularities inside the contour T,
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therefore §-F"dq = 0. Contribution to this integral of the semicircle of infinitely large
radius in upper half-plane (see Fig. 1) vanishes. Performing the integration along the two
semicircles c_ and ¢, of the vanishing radius and along the cut C on the imaginary axis,
we obtain
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Hence, for even n the function I(n, R) in Eq. (5) takes the form
1 .
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It is rather complicated to perform the integration in Eq. (11) explicitly. Therefore

we address the study of the asymptotics. First of all, we would like to know whether the

qq potential ¥V (1) in Eq. (3) provides the quark confinement. For the investigation of

the potential behavior at large distances it is enough to consider the asymptotic of the

function A(R,n) in Eq. (11) when R — oco. This function can be represented in the
following way
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At large R the basic contribution into Eq. (12) gives the integration over the small @
region. Let us transform N(R,n) identically:
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where L = n?/(4In*2). Neglecting the second term in the square brackets in Eq. (13),
we use the formula (4.361.2) from Ref. [10}:
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where v(p) is the so-called transcendental v-function [11]:
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Eventually, we obtain for R — oo
—n R'dl

Ny ~ & )[ n+/ ?:1] (16)



Taking into account Egs. (6), (10), and (16) one can present the quark-antiquark
potential (3) at large R in the following way:
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The behavior of the potential ¥ V(r) at r — oo is determined by the last term in Eq.
(17).! Integration of this term by parts gives
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In the limit B — oo Eq. (18) takes the form
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Therefore the quark-antiquark potential ¥V (r) proves to be rising at large distances
1 A '
Nv(r) ~ 8—7rA- LU (21)
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Thus the new analytic running coupling Ne,,(¢*) (see Eq. (2)) leads to the rising
quark-antiquark potential NV (r) which can, in principle, describe the quark confinement.

It is important to point out that the behavior of the potential ¥V () when r — 0 has
the standard form determined by the asymptotic freedom (e.g., see Ref. [9])

8w 1
N ~ A -
Vir) = 3ﬁ0A Arln(Ar)’ r=0. (22)

Unfortunately, it is impossible to obtain the explicit dependence ¥V (r) for the whole
region 0 < r < oo. A simple interpolating formula, which can be applied for the practical
use, will be given in the next section.

! It follows directly from the asymptotic of #(R) (see Ref. [11]), and from a simple reasoning.
Really, if R > 0 the term f(R) = e® —v(R) is nonnegative and f/(R) < 0. Hence, f(R) — const
when R — oo, and its contribution to ¥V (r) at large R is of 1/R-order.

III. DISCUSSION

Let us discuss briefly the higher loop contribution. One can show that the singularity
of i-loop analytic running coupling Neal)(¢?) at the point ¢ = 0 is of the universal type
at any loop level. Therefore, when ¢ — 0 we have Na®)(¢*) ~ Nall)(¢?) Ct, where C*
are constants. Taking into account that the maximal difference between Nead(¢?) and
Nall)(g?) is in the small ¢* region, we arrive at the following conclusion. The account of
the higher loop corrections leads to changing the slope of the q§ potential ¥V (r) when
r — 0o, This corresponds to a simple redefinition of the parameter A in Eq. (21) at the
higher loop levels.

As far as the scheme dependence of this approach, we have to point out the following.
It was shown in [8] that the solutions of the analytized RG equation at the higher loop
level have extremely weak scheme dependence. In particular, the solutions of the two-
loop RG equation with MS and MS schemes, are practically coinciding. Hence, at the
higher loop level (there is no scheme dependence at the one-loop level), the use of different
subtraction schemes leads to the slight variation of the ¢g potential.

Thus, neither higher loop corrections, nor scheme dependence can affect qualitatively
the result obtained in the previous section.

For the practical use of the new potential it is worth obtaining a simple explicit ex-
pression that approximates it sufficiently well. For this purpose one can use, for instance,
the approximating function

U(r) = 3%1\ [ﬁ (% + g) + 171]% (g + Rf1(2)>
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which has no any unphysical singularities and possesses the asymptotics (21) and (22).
This function is obtained by smooth sewing the asymptotics
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The formula (24) keeps explicitly the second leading term of the expansion (18),
f1(2) = 0.461. Some terms have been introduced into Eq. (23) only for eliminating the
singularity at the point R = 1. It should be mentioned here that the next terms in the
expansion (18) practically do not affect the shape of U(r). Of course, the function (23) is
not the unique interpolating function between asymptotics (24) and (25). Nevertheless,
the comparison of U(r) with the phenomenological potential

CV(r) = —%g + or 4+ const (26)

(the so-called Cornell potential [1]) shows their almost complete coincidence (see Fig. 2).
The fit has been performed with the use of the least square method in the physical meaning



region 0.1 < r < 1.0 fm [5]. The varied parameter in Eq. (23) is A. The possibility of I

shifting the potential “V(r) in Eq. (26) by a constant was also used. A rough estimation
of A in the course of this fitting gives A =~ 500 MeV. This is in agreement with the values
obtained earlier in the framework of the analytic approach to QCD [7].

IV. CONCLUSION

In the paper. the quark-antiquark potential is constructed by making use of the new
analytic running coupling in QCD. This running coupling arises under analytization of
the renormalization group equation before its solving. The rising behavior of the quark-
antiquark potential at large distances, which provides the quark confinement, is shown
explicitly. The key property of the new analytic running coupling, leading to the confining
potential, is its infrared singularity at the point g% = 0. At small distances, the standard
behavior of the potential, originated in the QCD asymptotic freedom, is revealed. It is
also demonstrated that neither higher loop corrections, nor scheme dependence can affect
qualitatively the obtained result. The estimation of the parameter A in this approach
gives a reasonable value, A ~ 500 MeV.

In further studies it would undoubtedly be interesting to consider in this approach the
dependence of the qq potential on the quark masses.
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FIG. 1. The integration contour I' in the complex ¢-plane. The notations are:

pr=—-1—-gqa, pp=+1~4a, G=i/a.
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FIG. 2. Comparison of the potential U(r) given by Eq. (23) (solid curve) with the phe-
nomenological Cornell potential (o), Eq. (26). The values of the parameters are: a = 0.39,
o = 0.182 GeV? [5], A = 530 MeV, n, = 5.
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IMoTteHuyan kBapk-aHTHKBapKOBOTO B3aMMOOEHCTBHS
B aHanMTHYecKoM noaxone B KXJI

INocTpoeH noreHuUan KBapK-aHTUKBAPKOBOTO B3AUMOASHCTBUS C UCNIONB30Ba-
HHEM HOBOH aHAJIMTUYECKOI KOHCTaHThl ¢BA3d B KXJI. DTa KOHCTAaHTa BO3HUKAET
[IPH aHYIMTH3ALUK PEHOPMIPYIIIIOBOrO ypaBHeHHs. B 1BHOM BuAE NPONEMOHCTPH-
pPOBaH POCT MOTCHLUMANA KBApK-aHTHKBAPKOBOTO B3aUMOACHcTBUS Ha Gonbluux
paccTosHHdX, YyTo obecneynBacT KOH(palfHMEHT KBapKOB. Ha MabIx paccTOSHMAX
HMEET MECTO CTaHOAapTHOE MOBEeAEeHHE 3TOTO NOTEHIHANIA, BBITEKAIONIEE H3 daCHMII-
torryeckoii ceobonst 8 KXJI. Cnenan BbiBOA O pONU BHICHIMX NETIEBBIX MONPABOK
H CXEMHO# 3aBHCHMOCTH JaHHOTO MOAXOAa.

Pabota BrinosnHeHa B Jlaboparopuu Teoperuyeckoit ¢usuxu um. H.H.Boronio-
6osa OHSIH.
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Quark-Antiquark Potential in the Analytic Approach to QCD

The quark-antiquark potential is constructed by making use of a new analytic
running coupling in QCD. This running coupling arises under analytization of the
renormalization group equation. The rising behavior of the quark-antiquark poten-
tial at large distances, which provides the quark confinement, is shown explicitly.
At small distances the standard behavior of this potential originated in the QCD
asymptotic freedom is revealed. The higher loop corrections and the scheme de-
pendence of the approach are briefly discussed.
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