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1. Introduction 
The Hamiltonian mechanics (HM) is in the ground of mathematical de­

scription of the physical theories [l]. But HM is in a sense blind, e.g., it does 
not make difference between two opposites: the ergodic Hamiltonian systems 
(with just one integral of motion) and integrable Hamiltonian systems (with 
maximal number of the integrals of motion). 

By our proposal [2] Nambu's mechanics (NM) [3, 4] is proper generalization 
of the HM, which makes difference between dynamical systems with different 
numbers of integrals of motion explicit. 

In this paper* we investigate the integrals of motion and correspond­
ing structures which are an important step in the general program [2] of the 
Nam bu-Poisson formulation of the theory of the dynamical systems. In Sec.2 of 
this paper we consider the Hamiltonian extension [5] of the general dynamical 
system (1). In Sec.3 we consider the Lagrangian and Hamiltonian dynamics 
of the geodesic motion of the point particles and construct polynomial in the 
momentum integrals of motion using Killing-tensor structures. In Sec.4 we 
introduce Modified Bochner- Killing-Yano structures which defines the inte­
grals of motion of the Hamiltonian extension of the general dynamical systems. 
In Sec.5 we present our conclusions. 

2. Hamiltonization of the general dynamical systems 
Let us consider a general dynamical system described by the following 

system of the ordinary differential equations [6] 

Xn = fn(x), 1 :Sn :SN, 

where some components of the state vector x may be Grassmann valued [7], 
others take value from some number fields, real, complex or p-adic [8] and Xn 
stands for the total derivative with respect to the parameter t. 

When the number of the degrees of freedom is even, 1 :S n :S 2M, and 

8Ho 
fn(x) = Enm-

8
, 1 :S n,m :S 2M, 

Xm 

the system (1) is Hamiltonian one and can be put in the form 

Xn = {xn, Ho}o, 

where the Poisson bracket is defined as 
;- ➔ 

{A B} 8A 8B = A_q_" _E_B , o=Enm 8 B B '-nm8 , 
Xn Xm Xn Xm 

• The results of this paper were presented on the Workshop "Supersymmetry and 
Quantum Symmetries", Dubna, 27-31 July, 1999. 
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and (the Einstein's) summation rule under repeated indices has been used 
(throughout this work). 

Let us consider the following Lagrangian 

L = (in - fn(x))ij;n (:j) 

and the corresponding equations of motion 

Xn = fn(x), 
· 8fm 

7Pn = --a 7Pm• Xn (G) 

The system ( 6) extends the general system ( 1) by linear equation for the vari­
ables ij;. The extended system can be put in the Hamiltonian form [9, .5] 

Xn = {xn, Hi}1, 
ifn = { 7Pn, Hi}1, (7) 

where first level (order) Hamiltonian is 

H1 = fn(x)ij;n (8) 

and (first level) bracket is defined as 

a a _ a a )B. 
{ A, B}i = A( 8xn 87j;n 8ij;n 8xn (9) 

Note that when the Grassmann grading, [7] of the conjugated variables :z:n and 
7Pn 

{xn,7Pmh = Jnm (10) 

are different, the bracket (9) is known as Buttin's bracket [10]. 

3. Geodesic motion of the point particles and integrals of motion 
Geodesic motion of the particles maybe described by the following action 

functional 
2 

S = j L(lxl)ds, 

where 

I• 12 ·a· b X = gabX X 

and gab is metric tensor. The corresponding Euler-Lagrange ~quatio11 

:!_ 8L _ 8L _ O 
dt(8xJ 8xa - ' 

2 

(11) 

(12) 

( I ;3) 

:,.. 

F• 

gives the extremal trajectories of the variation of the action ( 11) 

2 . 

JS= f ds( 8L - .!!_( 8~ ))Jxa + ( a~. Jxa)2 
8xa ds 8xa 8xa 1 

1 

with fixed ends, Jxa(l) = Jxa(2) = 0, and have the form 

Xa + fb):bxe = 0, 

where 
dxa 

xa= ds 
is the proper time derivative, 

ds 2 = gabdxa d:i:b 

gives the geodesic interval and 

fbe = gad(gdb,c + gde,b - gbc,d) 

is the Chistoffel's symbols. 

(14) 

(1.5) 

(16) 

(17) 

( 18) 

Usually considered forms of the Lagrangian are L = Iii or ½l,i-1 2 • The first 
one gives the reparametrization invariant action, the second one is easy for 
Hamiltonian formulation [11]. In the following we restrict ourselves by the last 
form of the Lagrangian. 

Corresponding Hamiltonian 

H = PaXa - L 

1S 

l ab 
H = 2,g PaPb, 

where the momentum is 
8L ·b 

Pa = i)i;a = gabX 

and gab is the inverse metric tensor, 

gaegcb = Jb­

The Hamilton's equations of motion are 

· a { a H} ab X = X , 0 = g Pb, 
. 1 ale 

Pa = {Pa, H}o = - 2 B,ra PbPe, 
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where the Poisson bracket is 

8A 8B 8A 8B +- --+ +- --+ 
{A,B}o = -

8 
a -

8 
- -

8 
-
8 

a= A(8x•8p. - op.ox•)B 
X Pa Pa X 
+- ➔ 

= A Bzn €nm 8z= B, 

and with the unifying variables Zn 

Zn = Xn, Zn+N = Pn, l :'Sn :'S N 

the Hamilton's equations of motion (23) takes the form (1 ). 
Integrals of motion, H(x, x ), fulfil the following equation 

where 

if= (xa_i_ + ia~)H 
axa f)xa 

- ( • a a ra . b • e a ) H 
- X 8xa - beX X axa . 

= xa'vaH = Pa 'vaH = 0, 

d •a't""7 't""7a - = X Va= Pa V , 
ds 

. 8 b ·e 8 . 
'va = 8xa - raeX 8:i:b" 

For the linear in x integrals 

Hi= Ka(x)xa = Kapa 

we have 

H
. _ ·a't""7 H _ 8Kb ·a ·b ''( re •a ·b 

1 - X Va 1 - -
8 

X X - r e abX X 
Xa 

= (Ka,b - Ker~b)xaxb 

K •a•b l(K T/ )·a·b = a·bX X = - a·b + Hb·a X X 
t 2 , ' 

K ·a ·b 0 = (a;b)X X = . 

(24) 

(2.j) 

(26) 

(27) 

(28) 

(29) 

(30) 

So, from the expression (30), we see one-to-one correspondence between the 
expression of the first order integrals of the motion (29) and the nontrivial 
solutions of the following equation for the so-called Killing vector Ka 

K(a;b) = 0. (31) 

For quadratic in x integrals 

H2 = Kab(x)xaxb, (32) 

4 

I 

) 

we have 

H. (}' T.' rd F rd ) . a • b • e 
2 = iab,e - 11db ae - liad be X X X 

}' •a•b•e l(l{ [{ }' )·a·b·e = 1.ab;eX X X = J ab;e + be;a + 1.ea;b X X X 

F •a•b·e 0 = 1\(ab;e)X X X = . (33) 

So, we have one-to-one correspondence between the existence of the second 
order integrals of motion (32) and the nontrivial solutions of the following 
equation for the Killing tensor I<ab 

I<(ab;e) = 0. 

Higher order Killing tensors I<a 1a2 ... an fulfil the equation 

J{(a1a2 ... an;a) = 0 ' 

and give the following integrals of motion 

H F ( ) · a1 · a2 · an ira1a2 ... a"( ) n = l1.a1a2 ... an XX X ... X = 11 X Pa1Pa2•·•Pan• 

In fact, 

H. •a't""7 H ''( •a1 •a2 ·a ·a 
n = X Va n = r (a1a2 ... an;a)X X ... X "X 

_ 't""7aH _ l{(a1a2 ... an;a)p p p p _ 0 - Pa V n - a1 a2 ... an a - • 

Note that, there is always the second order Killing tensor 

I<ab = 9ab 

and the corresponding integral of motion, Hamiltonian, H0 , 

2Ho = 9abXaXb. 

4. Modified Bochner-Killing-Yano (MBKY) structures 

(34) 

(35) 

(36) 

(37) 

. (38) 

(39) 

Now we return to our extended system (6) and formulate conditions for the 
integrals of motion H ( x, 1P) 

H=Ho(x)+Hi+ ... +HN, (40) 

where 
Hn = Ak1k2 ••• kn(x)1Pk1 1Pk2 ••·1PkN, 1 :'Sn :'SN (41) 

and we are assuming Grassmann valued 1Pn· For integrals (40) we have 

N N N 

if= {L Hn,Hi} = L{Hn,Hi} = L ifn = 0. (42) 
n=O n=O n=O 
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In particular for Hamiltonian systems (2), zeroth, Ho and first level // 1 (S) 
Hamiltonians are integrals of motion. Now we see, that each term in the sum 
( 40) must be conserved separately. 

For n = 0 
Ho = Ho,dk = 0, ( 43) 

which reduce to the condition (27), in the case of the geodesic motion of 
the particle (23) and define corresponding modifications of the poly11uu1i,il 
integrals of motion (36). 

For 1 :::; n :::; N we have 

Hn = Ak1k2.,,kn1Pk11Pk2•••1PkN + Ak1k2.,,kn~k11Pk2•·•1PkN + ••• + Ak,k2.,,kn1fk,V'k2···'0kN 

= (Ak1k2.,.kn,kfk - Akk2.,.knfk1,k - Ak,k ... knfk2,k-

••• - Ak, ... kn-1kfkn,k)1Pk11fk2•••1PkN (t[4) 

and there is one-to-one correspondence between the existence of the integrals 
( 41) and the existence of the nontrivial solutions of the following equations 

Ak1k2.,.kn,kfk - Akk2.,,knfk,,k - Ak,k.,.knfk2,k­

••• - Ak,.,.kn-1kfkn,k = 0. 

For n = 1 the system ( 45) gives 

Ak,,dk -Adk,,k = 0 

and this equation has at list one solution, Ak = fk• 

(45) 

( 46) 

The system ( 45) defines a Generalization of the Bochner-Killing-Yano struc­
tures of the geodesic motion of the point particle, for the case of the general 
( 1) ( and extended ( 6)) dynamical systems. 

The structures defined by the system ( 45) we will call the Modified I3ochner­
Killing-Yano structures or MBKY structures for short. 

5. Conclusions 
The Modified Bochner-Killing-Yano structures (equations) ( 45) are natural 

generalization of the Killing(-Yano) structures of the geodesic dynamics of the 
relativistic (spinning) particles, [12] and we hope give an useful tool of the 
investigation of any dynamical system (1 ). Some applications of this formalism 
see in [17]. 

The method of Hamiltonization of this paper is applicable also to the in­
finite dimensional systems (partial differential equations). As au exam pie, let 
us consider [15] many-field Korteveg-de Vries (KdV) equations [16] 

i _ i i j k v; - Vxxx + ajkV Vx · ( 47) 

Corresponding Lagrangian is 

L _ .,. ("i vi i vjvk) 
- 4.f"i Vt - xxx - ajk x , ('18) 
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momentum is 

P- iJL 
- iJ"v;i = 1/;;, 

Hamiltonian is 

H - .,. (Vi + i VjVk) - o/i xxx aik x , 

the extended system of the equation of motion is 

lli - yi + i Vj"k 
vt - xxx aik vx, 

k . 
1Pit = 1Pixxx + aij \/3 ~'kx, 

the ( fundamental bracket) is 

{V;(t,x),1Pi(t,y)} = ojo(x -y), 
. +- -+ +- ➔ 

J o o o o {A,B} = dxA( . -- - -- . )B. 
oV•(t, x) 01/;;(t, x) o?j,i(t, ;i:) oV•(t, ;r) 

(49) 

(50) 

(51) 

(52) 

The work on the applications of this formalism for se\-eral dynamical sys­
tems is in progress [17]. 
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For any finite dimensional dynamical system we define a modified Bochner­
Killing-Yano structures, which are a natural modification of the corresponding 
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