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1 Introduction 

To our best knowledge, the electromagnetic field (EMF) arising from the motion of elec
tric and magnetic dipoles in medium was first considered by Frank in 1942 [l}. He solved 
Maxwell's equations in the laboratory frame (LF) with electric and magnetic polarizations 
obtained from the corresponding polarizations in the rest frame of a moving dipole by 
the Lorentz transformations. It was, therefore, suggested there that transformations la.we 
between electric ·and magnetic moments moving in medium are the same as in vacuum 
(see, e.g., [2] where the nice exposition of transformation properties of the polariza.bil
ities in two reference frames is given). The magnetic dipole considered in [1] was an 
elementary (i.e., infinetisimally small) current loop. Formulae describing the intensity 
radiation for a moving magnetic dipole did not satisfy Frank, as the intensity radiation 
did not disappear for the case when the dipole velocity coincided with the phase velocity 
in medium (the vanishing of the above radiation is intuitively expected and is satisfied, 
e.g., for a moving electric dipole). 
10 yea.rs later, in 1952, another Frank's publication [3] on the same subject appeared. 
In it, he treated the magnetic dipole as consisting of two magnetic poles and obtained a 
correct expression (in the: sense mentioned above) for the intensity radiation of a mag
netic dipole moving in medium. To reconcile the results of [ll and [3] Frank suggested 
that transformation laws between the electric and magnetic moment moving in medium 
should differ from that in vacuum. 
This Frank guess has been confirmed by Ginzburg [4] who, starting with the Maxwell 
equations in a moving medium and writing the corresponding constitutive relations be
tween the EMF strengths and inductions, obtained the correct vector of magnetic polar
ization. 
In 1984, two further publications by Frank (5] and Ginzburg [6] appeared. The difference 
between [1] and [3] was attributed to different definitions of magnetic dipoles used there: 
the electric current magnetic dipole and magnetic dipole composed of magnetic poles was 
used in [1] and [3], resp. These two models of magnetic dipole possess different proper
ties as to their interactions with magnetic medium ([7]). At present, both experiment 
and theory definitely support that magnetic moments of elementary particles are of the 
electric-current type (8,9]. 
In Ref. [10], the radiation of toroidal moments (i.e., the elementary (infinesimally small) 
toroidal solenoids (TS)) was considered. It was shown that the EMF of the TS moving in 
medium extends beyond its boundaries. This seemed to be surprising since the EMF of 
TS resting either in medium (or vacuum) or moving in vacuum is confined to its interior. 
In one of the latest life-time publications [11], Frank returned to the initial premise ([1]) 
that the transformation laws between the dipole electric and magnetic moments moving 
in medium should be the same as in vacuum. 

The goal of this consideration is to obtain exact EMF potentials and strengths for the 
point-like electric and magnetic dipoles and elementary TS moving in a non-dispersive 
medium with an arbitrary velocity II which may be greater or smaller than the light 
velocity in medium c,.. The method is in a stragbtforwa.rd solution of the wave equations 
for the EMF potentials with charge-current densities in their r.h.s. and in a subsequent 
evaluation of the EMF strengths. 
The question arises why not to use Frank's idea for the evaluation of EMF of the moving 



dipole. In our translation from Russian, it may be formulated as follows ((3J, p. 190): 

It is suggested that a moving electric dipole Pi is equivalent to some dipoles at 
rest, namely, to the electric p1 and magnetic m1 placed at the point coinciding 
with the instantaneous position of a moving dipole. The same is suggested 
for a magnetic dipole. 

The reason for not using the transformation formulae for the electric and magnetic 
dipole moments moving in media is that there are different formulations of the moving 
media electrodynamics leading to different transformation laws for electric and magnetic 
polarizabilities and, therefore, for the electric and magnetic moments ( which are the space 
integrals of polarizabilities). The nice brief exposition of the moving media electrody
namics may be found in [12,13]. 
Even more confusing is the. situation with toroidal moments (see Refs. [14-17J for their 
definition) for which the transformations formulae a.re not known. 

The idea of this treatment is exactly opposite to Frank's idea: Evaluating the EMF 
produced by moving dipoles and elementary toroidal solenoids in the r, t representation, 
we try to identify their electromagnetic moments and obtain their transformation laws. 
Earlier, the EMF of electric and magnetic dipoles moving in medium was found in Refs. 
[1-6, IO, 18- 20] yet in the w representation. The sole exception is Ref. (10] where the 
scalar electric potential for elementary TS with its symmetry. axis directed along the 
motion axis was obtained in configuration r, t space. 
The plan of this exposition is as follows. In section 2, which is essentia.lly a quintessence of 
Refs. [21], we give the necessary mathematical details which will he used in a subsequent 
exposition. In section 3, we find the EMF of the magnetic moment moving in a non
dispersive medium with an arbitrary velocity (which may b.e greater or sma.ller the light 
velocity in medium) and with different orientations relative to the motion axis. The exact 
EMFs of elementary TS and the electric dipole are presented in Sects. 4 and 5, resp. The 
EMFs of moving dipoles evaluated according to Frank's prescription are compared with 
the exact ones in Sect. 6. Short discussion of the results obtained is given in Sect. 7. 

Where the obtained exact expressions for EMF's can be applied to? First, any particle 
having either electric or magnetic dipole moments should radiate when its velocity exceeds 
the light velocity in medium. Then, exact results obtained here. sh9w how the arising 
EMF's are distributed in space-time. Second, EMF's obtained in Sect. 4 can be observed 
in neutrino experiments. As far as we know, the neutrino possesses both dipole and 
toroidal magnetic moments ([22-251). In the massless limit only the toroidal moment 
survives. This is valid, in particular, for Majorana neutrino. 

2 Mathematical preliminairies: equivalent · sources 
of electromagnetic field 

As we have mentioned, this section is essentia.lly an extract of Refs. [21]. It is needed for 
the understanding of subsequent exposition. 
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2.1 A pedagogical example: circular current 

According to the Ampere hypothesis, the distribution of magnetic dipoles M(r) is equiva
lent to the current distribution J(r) = curlM(r). For example, a circular current flowing 

in the z = 0 plane 
J = Jn~5(p - d)5(z) (2.1) 

is equivalent to the magnetization ( see Fig. 1) 

M = In8(d - f )5(.i:) (2.2} 

dilferent from zero in the same plane a~d directed a.long its normal it ( 8(2:) is a step 
function). When the radius d of the circumference along which the current flows tends 
to zero, the current J-hecomes ill-defined ( it is not clear what does the vector rt~ mean 
at the origin). On the other hand, the vector ·M is still•well-defined. In this limit, 
the elementary current (2.1) turns out to be equivalent to the magnetic dipole oriented 

norma.lly to the plane of this current: 

Ai= 1-rrrfn53(r'J, W(r'J = 5(p)5(z)/21rp} -(2;3) 

and 
l = 11rrf curl(n53(r)) (2.4) 

Equations (2.3) and (2.4} define the magnetization and current density corresponding to 
the elementary magnetic dipole. · · · ' ·· ·, 

. ·' 
2.2 The elementary toroidal solenoid 

The case next in complexity is the P?loidal current flowing in the winding of TS (Fig.2): 
" ., ', -~ ~ ~ 

.., . ·.: g·c: _o(R- il> 
J = --n.; - . 

,: A1r , d;t- Rcost/J . ,. 

The coordinates R, tp and <P are related to the Cartesian ones as· follows: 

(2.5). 

x = (d+ Rcost/J)cos<P, y = (d+ Rcos,P)sin·<P, z = Rsint/J. (2.6) 

The condition R;; R defines.the ~m:face of a particular torus (Fig. 3). For R fixed and 
t/J, <P varying, the points z, y, z given by (2.6) fill the surface of torus (p - d)2 + z2 = R2

• 

The choice Jin the form (2.5} is ·convenient, because in the static case a magnetic field 
JJ equals g / p inside the toruf! and vanishes outside it. In the static case, g may be also 
expressed either through the magnetic flux <) penetrating th~, torus or through the total 
number N of turns in toroidal winding and the current J in a particular tum; 

~ 2Nl 
g= 27r(d-,/cP-R2(7' 

·we ~rite out differential op~rato~ cliv and curz'in R, ,JJ; and <P coordinat~: 

- 1 a-··_ . a - o-
divA = _( - )[-R(d+Rcos!/J)AJi + ,,.,.(d+ Rcoa!/J)A.; + ,,..1.RA1J, 

Rd+ Rcostp oR ' '·· ·, Uy, U'f' 
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- 1 8 - o -
(curlA)n = - - [,,"'(RA+)- ,,_,_(d+ RcosiJ,)A1], 

R(d+Rcost/J)vy, vy, 

- 1 o o -
(curlA)1 = iaiJ, - oR(RA,;)], 

- 1 8 - 8An 
(curlA)+= - [--(d+RcosiJ,)A1- "'"']. 

d+Rcos1{JoR Vy, (2.7) 

As divJ = O, the current J can be presented as curl of a. certain vector M: 

J = curlM. (2.8) 

Or, in a manifest form: 

gc o(R- R) _ 1 [.!!_(d R- · ·'·)M _ oMriJ - - - - + COSy, ,j1 • 41rd+Rcos1{J d+Rcost/J 8R · o<fi 

Due to the a.xial symmetry of the problem, the term involving ef, differentiation drops 
out, and one gets 

gc o(R- .fl 1 a -_ = _ -(d+ Rcos1{J)M1. 
41rd+Rcost/J d+Rcos1{J8R 

Contracting by the factor d + Reos iJ, one has 

gc - a - . 
--a(R- R) = --..-(d + Rcos1/J)M1. 

41r · .• 8R 

It follows from this that _ 

M<il = gc 0(R_- R)
1 41rd+ Rcost/J 

i.e., M1 is confined to the interior of the torus (Fig. 4). 
We rewrite M1 in cylindrical coordinates: 

gc I. 
M1 = -e[R- v(p- d)2 + z2]. 41rp 

(2.9) 

(2.10) 

Since div.M = 0, the magnetization vector M can in its tum be presented as a curl of a 
certain vector 'f. It turns out that only the z component of 'f differs from zero: 

gc . rm-;; d- ✓R2 - z2 
T, = --(0(d- v IP - z2 - p)ln ~+ 

~ d+ R2-~ 

. r=--=- p 
+e(d + ✓R2 - z2 

- p)0(p- d+ ✓R2- z2)1n ~]- (2.11) 
d+ R2 -z2 

Thus, T, differs from zero in two space regions: 
a) Inside the torus hole defined as O :5 p :5 d- ✓w- z2 , where T, does not depend on 
p: 

T, = _gc In d-./KI=--zi 
41r d+ ✓R2-z2· 
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{2.12) 

b) Inside the torus itself (d.- ✓R2 - z2 :5 p :5 d + ✓R2 - z2 ) where 

•. gc. . p 
T, = --In--~-=. 

41r d+ ✓R2 -z2 
(2.13) 

In other space regions, T, = 0. , 
Now let the minor radius R of a. torus tend to.zero (this c~rresponds to an infinitely 

thin torus). Then, the second term in (2.11) drops out, while the first one reduces to 

For infinitesimal R 

Therefore, in this limit, 

g C . r.;;,--;; 
T. ➔ -0(d-p)v R2-z2• • 21rd • 

1 
✓R2 - z2 ➔ -1rR2o(z). 

2 

j = curlcurlT, 
gcR2 .. 

T = n,-o(z)0(d - p). 
4d 

{2.14) 

(2.15) 

i.e., the vector Tis confined to the equatorial plane of a torus and perpendicular to it. 
Let now d ➔ 0 (in addition to R ➔ 0). In this limit, 

1 d 
-8(d - p) ➔ -o(p) 
d 2p 

and the current of an elementary ( i.e., infinitely small) TS is 

j = curlcurlT, ~ 1 2 3 . 
J = -1rcgdR o (r)n~. 

4 
(2.16} 

Then, the elementary current .flowing in the winding of the elementary TS is given by 

i1 = f cur1<2>(no3(r)) (2.17) 

where curl<2> = curlcurl, n means the unit vector normal to the equatorial plane of 
TS and f = 1rcgdR2 /4. 

Physically, Eqs. (2.5), (2.8) and (2.15)-(2.17) mean that the poloidal current J given 
by Eq.(2.5) is equivalent ·(i.e., produces the same magnetic field) to the toroidal tube 
with the magnetization M defined by (2.9) and to the toroidization 'f given by (2.11). 
This illustrates Fig. 4. 

Another remarkable property of these configurations is thafthey interact m,the same 
way with the time-dependent magnetic or electric field {[21]}: For example, the usual 
current loop interacts with an external magnetic field in . the same way a.s the magnetic 
dipole orthogonal to it. The poloida.I current shown in the upper part of Fig. 4, the mag
netized ring co~ponding to the magnetization M in its middle part and the toroidal 
distribution T in its lower part, all of them interact in the same way with the exter
nal electromagnetic field. Obviously, the equivalence between current distributions and 
magneiiza.tions (toroidizations) is a straightforward generalization of the original Ampere 
hypothesis. · 

In what follows, we need the Lorentz transformation formulae for the charge-current 
densities and for electromagnetic strengths. They may be found in any textbook on 
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electrodynamics (see, e.g., [26,271). Let p' and j• be charge and current densities in the 
rest frame S' which moves with a constant velocity v relative to the laboratory frame 
(LF) S. Then, 

p = "'f(p' + ffi' /c), ; = 'Y(I' + vp') (2.18). 

Here 'Y = (1- tp)-1/'l, iJ = v/c. If there is no charge density in S', then 
~ .. "'I ' . 

p = 'Y/JJ /c, J = 'YJ. (2.19) 

If there is no current density in S', then 

p = -yp', J = -yvp'. (2.20) 

Let E, D, ii, i1 and E', D', ii•, B' be electromagnetic strengths and inductions in the LF 
and in S', resp. Then, 

e = -y(E' - t x il'> - r 
1
iJ(ftE'>, iJ =..,en·+ t x E'>- ....:LiJcftil'>, -y+ -y+l 

jj = -y(D' -P xii') - ....:Lt(PD'), ii= -y(il' + p x D')- _I_if(Pil'). (2.21) 
· -y+l · -y+l ·.· 

We need also constituitive relations ([131) in the reference frame which moves with the 
velocity v relative to the laboratory frame (in the latter the surrounding matter is at 
rest) 

D' = 
1 
~ IP,. {€[E'(l - /P) + P(PE')(l - n

2
)] + iJ ~ il'(1 - n2

)}, 

B' = 
1 
~ IP,. {µ[ii'(l - /32

) + iJ(pD')(l - n2
)] - p x E'(l - n2

)}, (2.22) 

where /3,. = v/c,., c,. = c/n is the light velocity in medium, n = ..,fiji is its refractive 
index,·€ and µ are electric permittivity and magnetic permeability, resp. 
For the sake of completeness, we write out Maxwell equations and wave equations for 
the electromagnetic potentials corresponding to charge p(r, t) and current J(r, t) densities 
imbedded into a nondispersive medium with constant € and µ: 

divD = 4n-p, D = €E, divil = 0, iJ = µii, 

~ 1oil ii 1oii 4~ .. 
curll!i = --- curl = --+ -J 

Cot' COt C 
1 

jj - ;; 1 ax - f.µa~ = curlA, J!, = -grad~ - -;;"at• divA +-;;"at= 0, 

1 a2 
· 4~ 1 a2 - 4~µ ... 

(6 - --)~ = --p0 ,. (6 - --)A= --J. (2.23) 
C~8t2 € 

1 ~ot2 C 

In what follows, by the term 'magnetic moment' we mean the magn~tic moment 
carried by an infinitesimal circular loop. The alternative to this is the magnetic moment 
compOBed of two magnetic poles. We have mentioned, these tw~ different realizations of 
magnetic moments differently interact with magnetic media. 

We also use the fields of electric p and magnetic m dipoles which rest at the origin 
([271) 

E=-P +3/'ff 
,-3 r& I 
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jj m Jm =--+3rr~ r& • (2.24) 

.n, 

3 Electromagnetic field of moving point-like current 

loop 

3.1 The velocity is along the loop axis 

Consider a conducting loop C moving uniformly in a nondispersive medium with the 
velocity v directed along the loop axis. Let in this loop a constant current / flows. In 
the reference frame attached to the moving loop, the current density is equal to 

J = lfi.,;o(p' - d)o(z'), ·p' = Jx12 + yl2. 

In accordance with (2.19), one gets in the LF 

j = lfi,;o(p - d)o(-y(z - vt)) = !_fi,;o(p - d)o(z - vt). 
'Y 

Here fi,; = fiv cos ¢i - fi., sin </i, -y = 1 / ..;r:::7JI. Since the current direction is perpendic
ular to the velocity, no charge density arises in the LF. 
The solu,tion of Eq.(2.23) for elect~magnetic potentials is given by 

~ =; f ½Po,.(r',t')o(t' - t+ ~)dV'dt', 

X = ~ J ½J(r',t')o(t' -t + ~)dV'dt', R = !r-r'I (3.1) 

Like for a charge at rest, the current j may be expressed through the magnetization 

j = curlM. (3.2) 

The magnetization M is perpendicular to the plane of a current loop: 

I ... 
Mz = ...!!.e(d - p)o(z - vt). 

'Y 

Substituting this into (3.1) and integrating by parts, one finds 

- ·µ I 1 R -A= -curl -Ro(t' - t+ -)MdV'dt. 
C C,. 

The electric scalar potential is zero. 
Now let the loop radius d tend to zero. Then (21], 

a k~d2 0(d- p) ➔ ~a-o(x)o(y) and M •. ➔ --o(x)o(y)o(z - vt) 
. 'Y-

Substituting this into (3.4) and integrating over the space variables one gets 

A+= _µlo~d2 8cx 
C"'( 8p' 
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(3.3) 

(3.4) 

(3.5) 



where 

a= I ½o(t' - t + R/c..)dt', R = ✓p'l + (z - vt')2 • (3.6) 

This integral can be taken in a closed form (see, e.g. [28]): 

l 2 . 
a= - for v < c.. and a= -0(vt- z-ph,.) for v > c,.. (3.7) 

rm rm 

Here r,,. = [(z - vt)2 + p2(1 - f,~)]112
, -y,. = ll - .B~l-112, ,8,. = v/c,.. The equality 

vt - z - p/-y,. = 0 defines the surface of the so-called Cherenkov cone attached to the 
moving magnetic dipole. Therefore, for ,8,. < l, a differs from zero everywhere, while 
for P,. > l it differs from zero only inside the Cherenkov cone where vt - z - p/-y,. > 0. 
Performing differentiation in (3.5), one gets 

A = µm(l - .8°;.)p for a < a and + 3 . ~ ~ .. -yrm 

2µm(l - .8°;.)p 2µm 
A+= 3 0(vt- z - Ph .. )+ --o(vt - z - Ph .. ). (3.8) 

-yr m -y-y,.r,,. 

for ,8,. > l. Here m = lo1rcl2 /c. Therefore, for /J,. < l, A+ differs from zero everywhere 
vanishing in the 0 = 1r /2 plane (p = r sin 0) and decreasing like r-2 at large distances. 
For ,8,. > 1, A+ vanishes outside the Cherenkov cone, being infinite on its surface and 
falling as r-

2 
inside it. Electromagnetic field strengths are obtained by differentiating 

·A+: 
E - µ/Jm IJ'la ,,---

'Y ozoy' 
E,, = _µ/Jm 82

a 
'Y ozox' 

B.,=E a2a 
1 ozox' 

B _ µm 82ci 
II - 7 oz8y 1 

E.,=O, 

B µm IJ'la .. = --[~ - (l - .82)-] 
'Y " {)z'l ' 

~ l)'l l)'l ( 2) l)'l = 8x2 + 8y2 + 1 - /3,. 8z2 • 

The action of~ and ~ on a gives for /3,. < l: 

(3.9) 

. ~a= -4d(.x)o(y)o(z - vt), (l -.82)1J'la = _ l -/3";.[l - 3(z- vt)
2
]- 41r 03(r) . 

" 8z'l r;!. r;. 3 

Here a
3
(r) = o(x)o(y)o(z - vt). These relations result from the identity (see, e.g.,[291) 

lJ'l 1 l z;x; 41r 3 --- = --(o, · - 3-)- -a,;o (r). fJx;Bx; r r 3 1 r 2 3 (3.10} 

Higher derivatives of 1/r are obtained by differentiatilJg (3.10). 
For /3,. < l, the EMF strengths of a moving point-like current loop are given by 

E,. = 3mµf3r,. y(z - vt) 
'Y r6 , 

E, = -3m{,µ Yn y(z - vt) 
'Y r5 . ' 
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I , 

-~ 

B 
,-y;; x(z - vt) B 

3 
,-y;; y(z - vt) ., = 3mµ-

5 
, 11 = mµ 

5 
, 

'Y r 'Y r 

B,= mµ{831r83(r)- 'Y;[l-31~(z-t)2]}, (3.11) 
'Y r r 

where m = /0 1rcl2/c, r2 = x2 + y2 + (z - vt)2Yn, ,P(r) = o(x)o(y)o(z - vt). In what 
follows, in order not to overload exposition, we drop the a-functions terms corresponding 
to the current position of a moving dipole. They are easily restored from Eq.(3.10). 
It is seen that iJ in (3.11) strongly resembles. the field of magnetic dipole. On the other 
hand, the electric field E having only two Cartesian components, cannot be reduced to 
the field of electric dipole. 

We conclude: for fJ,. < 1, the EMF strengths differ- from zero everywhere, falling 
like r-3 at large distances. For {J,. > 1, they equal zero outside the Cherenkov cone 
(vt - z - p/-y,. < 0), infinite on its surface, and fall like r-3 inside the Cherenkov cone 
( vt - z - Phn > 0). As a result, only the moving EMF singularity coinciding with the 
Cherenkov cone will be observed in the wave wne. 
In the rest frame of the magnetic dipole, the EMF is given by 

E' = 0, B; = 3mµ1;! :r'z' 
-y3 -;:;s, 

B; = 3 mµ-y;! y' z' 
-y3 -;:;s, B

, 'Y _;i ,i 
• = -rnµ-" (1- 3 :.!!!_z 

-yr'3 12 r'l ) ' 

H
, _ 

3 
'Yn x'z' H' _ 

3 
'Yn y'z' - m-- - m--

~ 'Y r'5 , Y --y r's , 

2 f.! 

n; = -m~(l - 3 'Y,. .:_) 
-yr'3 12 rri ' 

D' = 3m(n2 - 1)--y;;fiy'z' D' = -3m(n2 - l)-r.;/3 x'z' 
"' 1 r's' 11 1 r's' 

(3.12) 

where rri = (xri + yri) + Ynzri/y and x' = x, y' = y, z' = -y(z - vt). Since in 
this reference frame the medium has the velocity -u, the familiar constituitive relations 
B' = µfl', D' = tE' are not longer valid. Instead, Eqs.(2.22) should be used. 
In vacuum, Eqs.(3.11) and (3.12) reduce to 

E., = 3mYy(z - vt) 
rg ' 

E~ = -3m-y2x(z - vt) 
rs , 

0 

' 
H = - m[t - 3 y(z - vt)2] 

~ 3 2 ' ro ro 
(3.13) 

E' = o, 
x'z' n; = 3m-;:;s, 

, y'z' ,... m zri 
H11 = 3m-;,s, H,::::: - r'3 (t - 3 r,2 ), (3.14) 

where r~ = y(z - vt)2 + x2 + y2 and rri = xri + yri + ;;:ri. Equations (3.13) and (3.14) 
are connected by the Lorentz transformation. 

3.2 The velocity is in the plane of loop 

Let a circular loop move in the direction perpendicular to the symmetry axis (say, along 
the x axis, see Fig.5,b ). Then, in LF, one. gets 

j,, = -l05(z).YJo(p1 - d), 
. (x - vt)'Y 

J11 =lo5(z) . d 5(pi-d), 

9 

YV'Y 
Pct=-~~rj-~pi-~

&d 



Here p1 = [(:x: - vt)2 ,y2 + y2
] 112 • The charge density arises because on a part of the loop, 

the current has a non-zero projection on the direction of motion. It is easy to check that 

j,. = lo-yo(z) ~ M., j./1 = -/o¾o(z) ! M., Pei.= lo v; o(z) ~ M., 

where M. = 0(d - p1). In the limit of an infinitesimal loop, 

M. = 0(d - P1) ➔ o(:x: - vt)o(y)1rd2 /-y. 

For the electromagnetic potentials, one easily finds 

Here 

<I>= m/38a1 
f By' 

oa, 
A,.=mµBy' Au= - mµ8a1 

-y2 a;· 

cr1 = / dt' ~I o(t' - t + Rif cn), R, = [(:x: - vt')2 + y2 + z2]1/2. 

Again, this integral can be taken in a closed form: 

1 
cr1 = W for /3 < /3.,. and 

rm 

2 1 ~ 
a,= we(vt - :X: - -yy2 + z2) for /3 > /3,.. 

rm 'Yn 

Here r!,!l = [(:r: - vt)2 + (y2 + z2)(1 - ,8~)]1/2. Therefore, 

<I> - - m,B y (l - p2) A - -m y (l - R2) 
- ~(I ) 3 n ' " - µ( (1))3 /Jn • € rm rm 

mµ:x:- vt 
Au=~ (r!.!>p 

for ,B,. < 1 and 

(3.15) 

(3.16} 

(3.17) 

m/J y 2 1 2m/3 y . 1 ~ 
<l> = -2--(1)-(l -/J,.)9(vt- :c- -)- - 1 o(vt- :c - -yy2 + z2), 

f (rm )3 'Yn €'Yn r~)~ 'Yn 

y ; 1 2mµ y 1 ~ 
A,,= -2mµ~(1-,B,.)9(vt-:x: - -)- - I o(vt- :x: - -yy2 + z2), 

(rm )3 'Yn 'Yn r~)H'+'? 'Yn 

2mµ :x: - vt 2mµ 1 l ~ Au= ---+ --o(vt - :X: - -yy2 + z2). 
-y2 (ri!J)3 . -y2 ri!> -y,. 

(3.18) 

Electromagnetic field strengths are given by 

E 
m/J a2a ,. = --(1 - n 2

)--
1 

€ , a:x:av' 
E = _ mfJ (a2a, + n2 

B2cr1) 
U € iJy2 -f iJ:x:2 1 

E. = _ m/J B2a1 · 
e oz8y' 

mµ a2a, 82a1 1 B2a1 82cr1 
B,. = ~ 8z8:c' Bu= mµ8z8y' B,, = -mµ('Y2 8:c2 + iJy2 ). (3.19) 

For /J,. < 1, the EMF falls like r-3 at large distances. For /J,. > 1, the EMF strengths 
vanish outside the Cherenkov cone (vt-:c - ..!...~ < 0), they decrease like r-3 at 

'T~ 
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• 

i" 

~ 

large distances inside the Cherenkov cone ( vt- :x: - ..!...~ > 0), and they are infinite 
on the Cherenkov cone. Thus, in . the wave zone th~ electomagnetic field is confined to 
the Cherenkov cone (vt - :x: - ..!...~ = 0) where it is infinite. 
We write out EMF in the manilest form for ,B,. < l: 

E., = -3mt(l _ n2)-y: (:r: - vt)y 
€ n r~ , 

fJ yz 
E. = -3m;-y,. r'5, 

E = m,8-y,. {(l - 31[_) + n2 -y; [l - 3,/:c - vt)
2 

]}, 
u cr13 r'2 ·P " r12 

Yn (:x: - vt)z yz 
B., = 3mµ 

2 5 
, B!/ = 3mµ-y,. --;-, 

-y r' r'" 

B. = mµ-y,. {(1 - 3 y2) + -y;[l - 3~ (:c - vt)2 ]}, 
r13 r12 -f " r12 

where r12 = y2 + z2 + (:x: - vt)2-y;. For the motion in vacuum, this reduces to 

E.,=0, E, = ..:.3 m/3-y yz 
C rr' 

z2 
m/3-y(l - 32), E = - 3 r1 u cr1 

(3.20) 

*-~ p 1 ~ H., = 3m-y 
5 

, H11 = 3m-y5 , H, = -m-y3 (1 - 32 ) (3.21) 
~ ~ ~ ~-

Here rf = y2 + z2 + (:c - vt)2-y2. Again, these expressions may be obtained by applying 
a suitable Lorentz transformation to EMF strengths in the dipole rest frame. 

4 Electromagnetic field of a moving point-like 
toroidal solenoid 

Consider the poloidal current (Fig.2) flowing on the surface of a torus 

(p - d)2 + z2 = m 
( Ro and dare the minor and large radii of torus). It is convenient to introduce coordinates 
p = d+ Reos t/J, z = Rain t/J (Fig. 3). ln these coordinates, the poloidal current flowing 
on the torus surface is given by 

.., . o(Ro- R) _ 
J = Jo d + Ro cos t/J Tl,/,· 

Here ii,p = n. cos ,p - iip sin 1" is the vector lying on the torus surface and defining the 

current direction,R = J(p - d)2 + z2. · The cylindrical components of J are 

. o(Ro - R) cost/J, Jp = 
j.=Jod+Rocost/J 

11 

o(Ro - R) sin t/J. 
d+ Rocost/J 



4.1 The velocity is along the torus axis 

Let this current distribution move uniformly along the z axis (directed along the torus 
symmetry axis) with the velocity v (Fig. Sa). In the LF the nonvanishing charge and 
current components are 

Pei.= io,Pp-/o(Ro - R2), jp = -io,z -Dvt o(Ro- R2), 
cp,UJ P•UJ 

j. = io,PP~d o(Ro - Jl.i). (4.1) 

Here /l.i = J(p - d)2 + (z - vt)2,2. These components may be represented in the form 

. l 8 . 1 BM~ /3 8 ;. = --
8 

(pM~). Jp = - .:i. -
8

, Pe1i. = --
8 

(pM~)- (4.2) 
p p -,- z cp p 

Here 

M~ = -ioie(Ro - R). 
p 

The Cartesian components of M are 

M., = io, ~ 0(Ro - R), Mp= -jo, ~ 0(Ro - R). 
p p 

Let the minor radius Ro tend to zero. Then, 

and 

~------- 1rm 
0[Ro - /(p - d')2 + (z - vt)2,2] ➔ -o(p ·_ ti)o(z - vt) 

'Y 

io 2 8 io 2 8 
M,. = --;r ~ By 0(d - p)o(z - vt), My= -;r~ ax 0(d - p)o(z - vt). 

Therefore, 
. 1 BMv jo1rR°fJ 82 

J., = --- = -----0(d - p)5(z - vt), 
12 Bz 12d 8z8x 

. 1 BM,. io1rR°fJ a2 
J = --= -----0(d - p)5(z - vt) 
r 12 oz 12d 8z8y ' 

. BM, BM,. · io1rl1Ji 82 82 

1• - ax - By - d (8x2 + 8y2 )e(d - p)o(z - vt), 

/3 BMu oM,. /3j0 1rR°fJ a2 82 

Pei. = -(- - -) = --(-+ -)0(d - p)5(z - vt). 
C ax oy cd 8x2 8y2 

Let the major torus radius also tend to zero. Then, 

0(d - p) = 1rd2o(x)5(y) 

and 

(4.3) 

(4.4) 

(4.5) 

J,. = 
io7r2 RJid a2 . io1r RJid a2 T 8z8x 5(x)5(y)o(z - vt), )9 = -~ Bzoy o(x)5(y)5(z - vt), 
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., 

j. = jo1r2 RM(::2 + ::2 )5(x)o(y)5(z - vt), 

(4.6) /3jo1r2 R°fJd 82 82 

Pei.= :....:..;...----'"-(-
0 2 

+ -
8 2

)5(x)5(y)5(z - vt). 
C X y 

From this one easily obtains the electromagnetic potentials 

flmt 2 82 1 mtµ 8
2 

4'=-[l:i.-(1-/3 )-c. · A =---er 
c " OZ2 1 

"' T OZOX 
1 

mtµ 82 • 2 82 

A, =--~-a a t¥, A, = miµ[l:i. - (1 - /3,.)-a 2la, (4.7) 
,- z y z 

where a is the same as in Eqs. (3.6) and (3. 7) and mt = 1r
2 iod(<.U c. Being written in a 

manifest form, the electromagnetic potentials are 

/Jm1 
2 

l (z - vt)2 _ 2 l (z - vt)2 

ct,= -(1 - /3,.) 3 (1 - 3 
2 

], A, - µmi(l - /3,.)3 [1 - 3 2 ], 
£ rm rm rm rm 

A,,,= _3m1µ(l -/32)x(z - vt) 
1

2 n 5 I rm 

A,= _3m1~(1- 1P)y(z - vt) 
c-y• n r~ 

for f],. < 1 and 

ti2 (z - vt)2 

ct,= 2f:lmt {~[I_ 3(1 _ /3~) 2 · J0(vt - z - pf,,.) 
c r~ · rm 

+2(1- fl~)45(vt - z - pf,,.)+ _!_[~5(vt - z - pf,,.) - -
1
-5(vt - z - pf,,.)]}, 

,,.r,.,. rm 'Y,. 'YnP 

1 - {32 (z - vt)2 

A.= 2µmt{ ~[l - 3(1- /3~) 2 J0(vt - z - pf,,.) 
rm rm 

2 p 11· 1 +2(1- f:/,.)-
3 

5(vt - z - pf,,.)+ -[-5(vt - z - pf,,.)- -5(vt - z - pf,,.)]}, 
,,.rm rm ~ ·'YnP . 

2m1µp 2 z - vt · 
Ap = ---;:z[3(1 - /3,.) r~ 0(vt - z - pf,,.) 

1 z - vt 2 1 • +
3
(-- + 1- {J,.)cS(vt - z - pf,,.)+ --cS(vt- z - pf,,.)]. (4.8) 

rm P rmP'Yn 

for f],. > 1 (the dot abov~:delta functio~:~ieans a derivative over its argument). Earlier, 
the scalar electric potential cit for {J,. < l was found in Ref.(10]. 
The _electromagnetic field strengths are equal to · 

~[ 2 a2& ~ 1 a2& . E,. = -- ti.+ (n -1)-]-, E = --[ti.+ (n -1)-J-, 
<: 8z2 ox v c {)z2 8y 

E, = /Jm1(n2 - l)[l:i. + (fl~ - l)a{)22]8at\ 
f . z z 

[ 
2 2 ) 82 aa [ · · 2( 2 ) ()2 Joa 

B,. = m1µ ti.+ fJ (n - l 8z2] 8y' . By = -m1µ ti.+ fJ n - 1 8z2 ox' 
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B. = O, 
a2 a2 2 a2 

~ = {)z2 + {)y2 + (1 - fln) {}z2. (4.9) 

For fln < 1, the EMF falls like r-4 at large distances. For fln > 1, the EMF field strengths 
equal zero outside the Cherenkov cone; inside this cone, they fall like r-4 for r ➔ oo and 
they are infinite on the Cherenkov cone. 
We write out the EMF in the manifest form for fl,. < 1: 

E., = - .Bmt 3x (n2 - 1)1'.3(1.:.. 5 rn(z - vt)2 J 
e r5 " r2 ' 

E = _ .Bmt 3y(n2 _ 1),.,3[l - 5 rn(z - vt)
2J 

I/ € r5 In r2 I 

E. = _.Bmt(n2 _ l)[3(z- vt) _,3(l - 5 rn(z - vt)2)J 
e rsln r:Z ' 

B., = miµ 3y 1:.,B:z(n2 - 1)(1 - 5 rn(z - vt)2 J 
r5 n r2 I 

Bv = -mi/x ,821;,,(n:z - 1)(1 - 5 ~(z - vt):z 1 
r 5 r2 J , B. = o. (4.10) 

It is seen that the electric field of an elementary toroidal solenoid moving in the non
dispersive medium strongly resembles the field of an electric quadrupole. As the magnetic 
field in (4.10) has only the¢ component, it cannot be reduced to the field of a magnetic 
quadrupole. Conditionally, it may be called the field of the moving toroidal moment. 
The electromagnetic strengths and inductions in the reference frame, where the toroidal 
dipole is at rest and the medium moves with the velocity -ii, are equal to 

B' = mn,82 3( :z -1):z3y'(1 - 5 rnz12) 
" e 'Yn n r's ,y2r12 , 

B' = - m1'Yp2,.,3(n2 - 1):z3x'(1 - 5 rnz12) B'z = o D' = o 
11 e '" r•s ,y2r12 • , , 

E'. mt'Y.B 2 3x'( rnz
12

) r.,1 fflt'Y/3( 2) 3y'< rnz12) 
:r. = --(1 - n )'Y,.15 1 - 5 A.2 12 I I:,11 = -- l - n 'Yn s 1 - 5212 I 

1: r 1 r 1: r' -yr 

mtfJ 2 3 Jz' . z12 I 2 3 3:c' rnz12 C. = -(1 - n hn ~(l - 5 A.2 12 ), D,. = -,Bmn(n - I)-y,.-5 (1 - 5 ....2 
12

), 
e tyr:,- 1 r r' 1 r 

DI ,8 ( 2 ) 33y'( rnz12) D' ( 2 )%3z'( 5Ynzl2) ( ) 
11 = - fflt'Y n -1-y,.15 1-5212 , • = -.Bmt n -1 - 15 3- A.2 12 4.11. 

r -yr· -yr 1 r 

Here r12 = (:r:12 + y12) + z12r,Jy. It is seen that D• differs from zero only at the toroidal 
dipole position (the term with c5 function is omitted), while B', D' and E' differ from 
zero everywhere. In this reference frame there is no relations B' = µH', D' = eE' which 
are valid only in the reference frame where medium is at rest. Instead, Eq. (2.22) should 
be used. 

From the inspection of Eqs. (4.9)-(4.11) we conclude: 
i) For a TS being at rest either in vacuum or medium, the EMF differs from zero only 
inside the TS. 
ii) For a TS moving in vacuum with a constant velocity, EMF differs from zero only inside 
the TS. Withot any calculations this can be proved by applying the Lorentz transforma
tion to the EMF strengths of a TS at rest. Since this transformation is linear and since 
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I 
l 
,1 

·-J 
! 
l 

I 

L\ 
·1 

EMF strengths vanish for a TS at rest, they vanish for a moving TS as well. 
iii) Eqs. ( 4.9)-( 4.11) tell us that EMF of a TS moving in medium differs from zero both 
inside and outside the TS. At first glance this seems to be incorrect! In fact, let TS 
initially be at rest in medium. Let's pass to the Lorentz reference frame (LRF) in which 
TS' velocity is v. In this frame the EMF strengths vanish outside the TS. Both the TS 
and medium move with the velocity V relative this frame. However, Eqs. (4.9)-(4.11) 
are valid in the frame relative to which the medium is at rest while a TS moves with 
the velocity v. Therefore, these reference frames are not equivalent. There is no Lorentz 
transformation relating them. These important facts were established earlier in the w 
representation in Ref. (lOJ. 

4.2 The velocity is perpendicular to the torus axis 

Let a toroidal solenoid move in medium with the velocity perpendicular to the torus 
symmetry axis. For definiteness, let the TS move along the x axis. Then, in the LF 

iovr z(x - vt) i(R1 - Ro), 
Pch = - c2Ro PT 

. . r z(x - vt) o(R1 - Ro), 
J., = -Jo flo Pi 

. . zyo(R1-Ro . . P1-do(R+1-Ro) 
J11 = -Jo 2 r,_ , J• =Jo-- r,_ • 

P1 ''-0 Pl ''-0 

Here 
Pl = Jex - vt)2'Y2 + y2, R1 = J(P1 - d)2 + z2. 

It is easy to check that 

where 

. oM'V . 8M., 
1==-az• 111 =az• 

. 1 8M11 8M., 
J,,=-----f OX oy I 

Pch = _{!_ 8Mv Caz• 

:c - vt 
M11 = -ior-2-8(Ro- R1), 

P1 
M., = io ~a(Ro - R1), 

P1 
M.=O. 

Let the minor radius Ro of a torus tend to zero. Then, 

0(Ro - R1) = 7r~o(p1 - d)o(z) 

and 
71'ma 

M,. = -io7 oy 0(d- P1)o(z), 

Therefore, 

.Bio71'm ...!!:._0(d- P1)o(z), 
Pch = - cd oxoz 

71'm a 
M11 = io7 ox 0(d - P1)o(z). 

. io7rm ...!!:._0(d - P1)o(z), 
J,. = --d-8:r:oz 

. io1rm ...!!:._0(d- P1)o(z), 
111 = --d-8y8z 
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. iorr m /fl . iorr m /fl 
J. = d-y2 ax2 0(d - p1)o(z) + -d-{)y2 0(d- p1)o(z). 

Now we let the major radius d go to ~ro. Then, 

1rcP 
0(d - p1) = -· -o(x - vt)o(y), 

'Y . Pc1,.= /3io1r
2
dllJi ~o(x -.vt)o(y)c5(z), 

c-y oxoz 

j.,= 
iorr2dllJi lfl . iorr2dllJi a2 

--{) {) o(x - vt)o(y)o(z), Jr= '-------'-a {) o(x - vt)o(y)o(z), 
'Y XZ 'Y yz 

i rr2dm a2 j rr2dm a2 

i. = 0 -f axi(x - vt)o(v)o(z) + 0 
,., av2 o(x - vt)o(y)o(z). 

As a result, we arrive at the following electromagnetic potentials: 

,J? = _f3mt ,)2 
-:;;-axazai, 

A., = - mtµ a2 
-::;-axazai, 

miµ 82 m1µ IP miµ {)2 
A.,= 0 0 '-"I, A. - ....3 0 2Ct1 + i) 2<\'1, (4.13) 

'Y yz f X 'Y y 

where a 1 is given by (3.17). In the manifest form, EMF potentials are given by 

4-> = _ 3/3mt (:c - vt)z 
er--r~ r;. , 

A,, = _ 3µmt (x - vt)z 
'Y'); r;. , 

Ay = _Jµmt yz 
'Y'Y~ r;,' 

mtµl x2 ·1 y2
· 

A.= -[A.2 3 (1- 32) + A.2~ (1- 32 ~)]. 
"Y -1 rm rm -1n m m 1n, 

Electromagnetic field strengths are 

E _ f3mt ( 2) fJ3c-,1 
---1-n -

" 'Y€ ox2oz' 
E = f3mt(l _ n2) a3a1 , 

V '"f€ OXOyoz 

/3m1 2 /fl &2 
- ] oa1 µm, - 2 2 /fl oa1 

E, = -[(n -1)(-
0 2 

+ -
0 2

) + L.\ -
0

, B,, = -[L\ + /3 (n - 1)-0 2]-0 , 
'"f€ X !/ X ')' X y 

µm,[- 2 2 ) 02 ]oa1 - 2 o2 /P. o2 
B.,=--L\+(3(n -1-

02
-
0

, B,=O, L.\=(1-/3.,.)-B2 +-B2 +-02 . (4.14) 
'Y X X X Y Z 

It is seen that electromagnetic field strengths equal zero outside the Cherenkov cone, fall 
like ;-4 at large distances inside this cone, and are infinite on the Cherenkov cone. 
Since for ,8.,. < 1, 2:i.a1 = -4rro(x-vt)o(y)o(z), one may drop 2:i. operators in (4.14). This 
confirms the previous result that EMF goes beyond a TS moving in medium. 

5 Electromagnetic field of a moving point-like elec
tric dipole 

Consider an electric dipole consisting of point electric charges: 

Pd= e[c53(r + an) - o3(r - an)]. 
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Here r defines the dipole center-of-mass, 2a is the distance between charges and vector 
n defines the dipole orientation. Let the dipole move uniformly alon·g the z axis. Then, 

Pd= e-y{o(x +an,,)8(y+ an.,).S[(z - vt)'Y + an,]- o(x - an,,)8(y- an.,)o[(z - vt)'Y- an,]}, 

j, = "Pd.· 

Let the distance between charges tend to zero. Then, 

Pd= 2ea(iW)o(x)o(y)o(z - vt), 

Here 

(n\7) = n,.v,. + n,v., + ;n,v., 
The electromagnetic potentials are equal to 

j. = VPJ• 

B 
v'; =Bx;. 

2ea ~ 
<f?= -(nv)a, 

€ 
A. = 2eaµf3(nV)a, (5.1) 

where <Y is the same as in (3.7). In the manifest form, the electromagnetic potentials are 

4-> = _ 2ea J1 - {J';.€r3 (iir), A,=-

(nr) = xn:z; + yn., + n,(z - vt) ...;r:::-p'I 
1 - fl;.), 

for (3,. < 1 and 

Zeaµ · .(nr), 
J1 - {J';.€r3. 

(z - vt)2 

r2 = x2 + !12 + 1 - fJ?. 

4-> = 4ea(nr) R err , A. = 4eaµ~(ii.r) R 
r1 

for /3,. > 1. Here 

1 ~ r2 ~ R = [ ~e(vt - z - p fl;. - 1) - ..lo(vt - z - p /3~ - l)], and 
vfJ?.-1 . ·. P 

2 (z - vt)1 2 r, = -p 
fl;. - 1 

The nonvanishing electromagnetic field strengths are 

Zea {) _,.:; Zea {) - · 2ea 2 o _,.:; 
E., = ---(nv)a, E., = ---(nv)a, E, = --(1 -/3,.)-(nv)n, 

€ ox € By £ oz 

(5.2) 

(5.3) 

B,, = 2eaµ(3{)
0 

(nV)a, B11 = -2eaµ(3{)
0 

(ri'.V)a-. (5.4) 
y X 

It is seen that electromagnetic field strengths vanish outside the Cherenkov cone, 
inside this cone they fall like r-3 at large distances, and they are infinite on the Cherenkov 
cone. 
We limit ourselves to the /3,. < 1 case. The EMF is equal to 

2ea ,.,,,. [ 3 x (-.-.] E = -- n,.-. - nr1 , 
:z: £ r' r2 

E = Zea 'Yn [n., - 3l.(nr)], 
N € r3 r2 
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2ea")'"[ z-vt(-::'1] B R 1( Y(-::'1] E. = - 3 n, - 3")'--
2

- nr,, :z: = -2eaµp")'n- nv - 32 nr1 , 
• t")' r r r3 r 

B11 = 2eaµ/J")' .. :
3

[n., - 3 ;
2
(iir)J, B. = 0 (5.5). 

In the reference frame where the electric dipole is at rest 

I 

2ea(l - n
2

)P1'1'n l (n -3!...(iir')J. B'= ,3 11 r12 :z: € r n; = 
I 

2ea(l - n
2
)/h1'n. _!_[n _ 3..:_(rir')J, 

t3 "' r'l F. r 

"" 2 1' l ' 3 x' (--')] E' 2 1' l [ 3 y' (--')} .c,,, = ea--;tn,, - 12 nr , 11 = ea-13 n 11 - 12 nr , 
")'nf r' r . 1'nf r r 

r.,1 _ 2 "fn 1 [ 3 z' (--')J H' _ O D' _ 2ea_'Yn I [ 3 x' (--')] .c,_ - ea-- n, - - nr - - --- n., - - nr 
z "f€ rl3 rt2 • , - "' "f€ r'3 r'l , 

D, = 2ea-yn _!_[ _ 3£(--')] D' = 2 .I!:....[ _ 3i_(--')J v 
13 

n11 12 
nr , , ea 13 n, 

3 
nr . 

-yer r -yr r' 
(5.6) 

We see that E resembles the field of electric dipole, while H, having only two Cartesian 
components, cannot be interpreted as a field of magnetic dipole. 
For the vector ,i oriented a.long the motion axis, orie gets 

E., = -6ea"f! x(z - vt) 
'Yff" , 

Ev= -6ea"f~y(z - vt) 
-yers • 

E. = 2eaf-y"(1- 3 ,fn(z - vt)2 )] 
f ·r3 r2 • ' 

B,,, = 6µ/3ea'Y! y(z - vt) 
-yr6 , 

By= -6µ/J ea-fn, x(z - vt) 
-yr6 I 

(5.7) 

where r 2 = x2 + y2 + (z - vt)2 --,; is the same as in (3.7). 
For the vector ii perpendicular to the motion axis (say, ii is in the x direction), the field 
strengths are 

2 . xy 
2ea 1'n [l _ 3~] E

11 
= -6ea-y,.-

5
, E - -- ' 2, Er ,,- E rs r 

E. = -6ea"f,. x(z - vt) 
Er5 1 

, 2 

B,,, = 6eaµ"f,./Jx~, By= 2eaµ{J
7;[1- 3\]. 

r r r 
(5.8) 

6 Electromagnetic field of induced dipole moments 

Now we apply the formalis~ developed by Frank to evaluate the EMF of moving magnetic 
and electric dipoles. 

6.1 - Electromagnetic field of moving magnetic dipole 

Accordi~g to Refs. [i-3, 5-11], the moving magneti~ dipole nt'' creates the following 
magnetic m and electric p dipole moments in the LF: 

m = m' - (1 - J1 - /fl)iJ(iJm.')/v2
, ii,= (PX m'), p = iJ/c. (6.1) 
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For the m' directed along the motion axis, (6.1) passes into 

m:z:=m11 =0, m.=m=m'/'Y, p=O. (6.2) 

The EMF of induced dipoles (6.2) being at rest in the instantaneous position of the 
moving magnetic dipole (this is essentially Frank's prescription) is given by 

~ = O B,l = "fX(z - vt) B,l = 3 'YY(Z - vt) B,l = _ c.!..- 3r(z - vt):1) 
c,d. ' " 3m r& , • m rs , • m r3 r5 . 

• (6.3) 
Here r = [x2 +y2 +r(z-vt)2J112

• By comparing (6.3) with (3.11), we conclude that the 
magnetic field of a moving point-like current loop resembles (but not coincides with) that 
of a magnetic dipole. The nontrivial 'Yn dependence in (3.11) tells us that the magnetic 
field of a moving magnetic dipole cannot be obtained by the simple Frank's prescription 
(6.1). 
Further, Frank's receipt (6.2) gives a zero electric field, while the exact electric field (3.11) 
differs from zero. Another way to see this is to write out the electric field created by 
the electric dipole p which is at f!!5t in the instantaneous position of a moving magnetic 
dipole: 

(E ) l 
3 

:cp., + YP11 + "f(Z - vt)p, 
d. :z: = -sP:z: + :c 5 ' r r , 

(E) = _..!_ + 3 :cp:z: + yp11 + -y(z - vt)p. 
d. 11 r3P11 Y r5 • 

(E) _ _ _!_ + 3 :cp., + yp11 + -y(z - vt)p,. (
6 4

) 
tl , - r3P• ')'Z rs , · 

where r2 = :i:
2 + y2 + (z - vt)2-y2. The exact electric field of a moving point-like current 

loop has only the¢, component (see (3.11)). It is easy to check that it is impossible to 
choosep:z:,Pv,P• in (6.4) in such a way as to vanish simultaneously Ep and E:r, This means 
thatthe electric field (3.11) produced by a moving magnetic dipole cannot be associated 
with the field of the induced electric dipole. 
For the m' perpendicular to the motion axis (for definiteness, let the motion and sym
metry axes be along the x and z axes, resp.) Then, Eq.(6.1) gives 

_m., = m 11 = O,m,. = m = m', p11 = -{Jm. 

The EMF generated by this dipole moment is 

y(:c - vt) {Jm y2 

(Etl)., = -3Pm"f 5 
, (Ed)u = -

3 
- 3/Jm-;-, 

, r r ru 
yz 

(Etl),. = -3/Jm-;;, 
r 

*-~ F m ~ (Btl)s = 3"fm 5 , (Btl)v = 3"fm-5 , (Bd.),. = - 3 + 3m5 . 
r r r r (6.5) 

These expressions slightly resemble the exact ones (3.20), but not reduce to them (again, 
due to the nontrivial "fn dependence in (3.20)). 
The situation remains essentially the same if instead of p given by (6.1), the modified 
Frank' formula ([31) 

p= n:i(/3 x m'), n2 = Eµ (6.6} 
is used. 
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6.2 Electromagnetic field of moving electric dipole 

According to ·Frank, a moving electric dipole fr creates the following magnetic r,1 and 
electric p dipole moments in the LF: 

p= p - {l - J1 -fJ2)v(iip)/v2
, m = -iJ X p. (6.7) 

For fr aligned along the motion axis z this reduces to 

Pr= Pv = 0, p, = p'/-y, m = 0. (6.8) 

The EMF of induced dipoles (6.8) being at rest in the instant position of the moving 
electric dipole is given by 

E - x-y(z - vt) 
:i; - p_.:....;'---~ - I rs , 

Ey = py-y(z - vt) 
r5 ' 

E, = _.E._ + 3 Y(z - vt)" 
r3 p r5 , B = 0. (6.9) 

By comparing this with (5.7), we conclude that the electric field (6.9) of an induced 
electric dipole resembles (but not reduces to) the exact electric field (5.7) of a moving 
electric dipole. On the other hand, the magnetic field vanishes for the induced magnetic 
moment (6.8) contrary to the exact magnetic field (5.7) of the moving electric dipole. 
The latter cannot be attributed to the magnetic dipole. 
For the electric dipole oriented perpendicularly (say, in the x direction) to the motion 
direction z, one obtains from ( 6. 7) for the non-vanishing components of induced dipole 
moments 

p,, =p=p', my= -f3p. 

The corresponding EMF is 

p x2 
E,, = - 3 + 3p2 , 

r r 

xy 
E, =3p~, 

xy 
B., = -3/3p--;-, ru 

f3p y2 
B~ = 3 - 3j3p6 , 

r r 

E, = 3p x-y(z - vt) 
rs , 

B, = -3/3py-y(z - vt) 
r5 

(6.10) 

(6.11) 

By comparing this with (5.8) we conclude that the electric field of an induced dipole 
moment resembles the exact electric field (5.8) of a moving electric dipole. On the other 
hand, there are three components of the magnetic field of the induced moment {6.10) and 
only two exact nonvanishing components in (5.8). Therefore, the exact magnetic field 
(5.8) of a moving el'&tric dipole cannot be attributed to the induced magnetic dipole 
(6.10).· ' 

7 Discussion and Conclusion 

The exact results presented in sects. 3-5 confirm the nontrivial Frank's thought that 

Radiations of magnetic and electric dipoles should have the same angular 
distributions as they are due to the interference of waves which do not depend 
on the particle nature. 
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(Our translation from Ref. (3J, p.191 ). In fact, from comparison of Eqs. (3.11) with (5. 7) 
we conclude that: 
i) For /3,. < l the magnetic (electric) field of a moving magnetic dipole is of the same 
functional form as the electric (magnetic) field of a moving electric dipole. 
ii) For /3,. > 1, the same Cherenkov singularity is produced by moving electric and mag
netic dipole moments: the EMFs produced by them vanish outside the Cherenkov cone 
and coincide with each other (with the interchange E <==> fl, similarly to the {J,. < 1 
case) inside it. 
However, the arising electromagnetic fields ca:nnot be obtained with the use of simplified 
Frank's prescriptions (6.1),(6.6) and (6.7). 

It should be mentioned that electromagnetic fields originating from an arbitrary mo
tion of magnetic and electric dipoles were obtained earlier in a number of papers ([30-341). 
The nice review of these attempts may be found in Ref. [35J. Electromagnetic fields ob
tained there were expressed in terms of the so-called retarded times. However, to express 
the retarded time through the measurable laboratory time is not trivial task at all even 
for the simplest motion laws. In this paper we succeeded to do this for the point-like mag
netic and electric dipoles and toroidal dipole noving uniformly in a nondispersive medium. 

We briefly summarize the main results obtained: 
l. The exact electromagnetic fields of point-like electric and magnetic dipoles moving 
in a non-dispersive medium are obtained. In accordance. with Frank's prediction, they 
produce the s~e electromagnetic fields (with the interchange E <=> fl). 
However, the formalism of induced electric and magnetic moments suggested by Frank, 
does not describe properly the exact electromagnetic fields mentioned above. 
2. The exact electromagnetic field of a point-like toroidal solenoid moving in a n_ondisper
sive medium is obtained. For the elementary TS' velocity smaller than the light velocity 
in medium, the electric field of moving TS is similar to the field of an electric quadrupole. 
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Fig.I: The circular current J is equivalent to the magnetization perpendicular to the the 
current plane. 

z 

Fig.2: The poloidal current flowing on the torus surface. 
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0 I :v:• l•X 

Fig.3: The coordinates R, t/J parametrizing the torus. 

0 D 

} 

([QI I I I [J) 
T 

Fig.4: The poloidal current J flowing on the torus surface is equivalent to the magne
tization M confined to the interior of the torus and to the toroidization 1' directed along 
the torus symmetry axis. 
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+ 

b 

V 

Fig.5: a.) There is no induced charge density when the symmetry a.xis of the current 
loop is a.long the velocity; 
b) The induced charge density a.rises whei°i the symm~try a.xis of the current loop is per
pendicular to the velocity. 

+ 
+ 

+ 
V 0 D V 

+ 

a b 

Fig.6: The induced charge densities for the cases when the symmetry axes of a. moving 
toroidal solenoid a.re along the velocity (a.) or perpendicular to it (b). 
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' ' ' 

0 
Fig.7: A moving electric dipole with arbitrary orientation relative to its velocity. 
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