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0 HeKOTOpbJX CBOI!CTB8X npellCTBBneHHit KOH<IJOpMHOI! cynepanre5pbl 
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Aneva V.L., Mikhov S.G., Stoyanov D.T. E2 - 9885 
On Some Properties of the Conformal Superalgebra 

Representations 

Reducibility of the previously found representations 
of the conformal superalgebra for arbitrary Lorentz 
structure is examined. It is shown that irreducible sub
spaces arise provided certain relations between the 
parameters characterizing the given representation take 
place. The global transformations generated by the con
sidered superalgebra are found. 

The investigation has been performed at the 
Laboratory of Theoretical Physics, JINR. 
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I. In the present paper we examine some 
properties of the conformal superalgebra 

' representations proposed in 11/ . We recall 
that the generators of the conformal super
algebra are realized as differential ope
rators in a space of functions of the variab
les x

11
, 0~ , ~~*.The explicit form of the 

generators is the following: 
" .1 A - " ; } " :J 

P - u s + 0 
( 0 iJ ) 1 - 0 

( 0 u ) 0 ( , p (J ) =-1--, = I y -+- , =I y --:=- +I Xy--+ , 
11 iJx a JO a a ()~ a iJU a 

11 

• ~ o ( rJ () (, + o o d t: -: fl o (J J 
l'111v=.:..llv+l x/L_o _ v -xv-0-;;-J y a/Lv Y-:-+-s y ollvy-0-' 

rJx iJx rJO d~ 

fJ =-ild 
JL a 

+X--+ 
iJxiL 

1 + J - d l! -10---~-. 
2 ;w+ a~-

J 11 
+ rJ 

-z+O --+~ 
au+ 

-_, 
()~ ( 1 .1) 

- a 
Kll = 2x"':l/LV+ il<2~x/1 -x2g !lV) a: v- o+y o y!Ly o a~+ + 

+ 2x <d+ l.o + a 
11 2 ao+ -

1 - a 
-~ --)-
2 a~-

v [ + a ~:- a 1 - 2x () yoa Yo + s yoa yo __ I 
/lV ~ /lV a~- ' 

11v - v + a - - - a 
S = -8i:l (a ~) -8(y () ) -v-(8d-12,z)~ -8~ y0~ (y0

-), 
" 

a /lV a a ax a a~-'a 

*In what follows we use the notations 
introduced in paper / 1/. 
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4 

"' "' 
T+=x (yfls-> -8i2 (aflvo~ +<8d+12z)tJ+_ 

a 11 a fll! a a 

+ + oa +-a - 80 y 0 0 (y -) -1&1 ( - . 
ao+ a a ac;-

Here 2 11v are the matrices of the generators 
of the finite-dimensional irreducible repre
sentation of the Lorentz-group,d and z -
complex numbers. 

In papers /1,2/ it was shown that in the 
cases of scalar and spinor representations 
provided certain relations between d and z 
hold the representation space contains in
variant subspaces. These are the following: 

a) the subspace of functions independent 
o f c;: ( t he s e r e p r e s en t at i o n s a r e o f t en c a 11 e d 
chiral). 

b)The subspace of functions linear in(-. 
a 

In Section 2 we derive the conditions 
under which the results obtained in these 
papers are generalized to the case of simila1 
conformal superalgebra representations but 
with arbitrary Lorentz structure. 

In Section 3 we discuss the problem about 
the global transformation generated by the 
considered superalgebra. We also introduce 
a generalization of the well-known from the 
conformal symmetry k-inversion to the case 
of conformal superalgebra. 

2. Consider a superfield, characterized 
by a set of Lorentz indices which transform 
according to a finite dimensional irredu
cible representation of the Lorentz group 
rmn (see for instance /3/ ). It is conve
nient to realize the finite dimensional 
representation of the Lorentz group in the 
space of spinor s 'Ul ll P. P. l symmet-

al'"ap ~"l'"fJq 

metric under all permutations within the 
sets of ~ndices la 1 ... apl~/3 1 ... ~q I. ~s is well 
known th1s representat1on lS equ1valent to 
the irreducible representation of the Lo
rentz group r ..1!... ..i.. So we consider a super-

field 2' 2 

+ -
'l11 !1{3 R.}"''UI JIP.l<x,O,(), a 1 ... a ; I"'~" a ;fJ 11 a a ( 2 . 1 ) 

p q p q 

where Ia l=la 1 ... apl and 1{3ql=l{3 1 ... {:3ql 
complete~y symmetrized sets of indices 

<1 - i Y s> a. o 'lila < -o I oll 13 I = 0 
I p q • 

i = 1, ... , p 

<1+ irs>{3.8 'llla llf3 (-i)lol = 0 
I p q 

i = 1, ... , q 

are 
and 

Hereafter we use the following notations: 

lap(-DI = la1 ... a i- 1• a i+l , ••• ,ap I 

Ia (-i)lyl=la1 ... ai-1 ,y,ai+1•••.,apl p . 

l/3 (-j)l = l/31 ••• /3. 1 ,/3. + 1, .... /3 I 
q J- J q 

I /3 q (-j >lSI = I /3 1 ••• /3 i _ 1 • o, /3 i + 1 , ... , /3 q I • 

For the given superfield the matrix of the fi
nite dimensional representation of the Lo
rentz group I is the direct sum of 
th t 

. . fll! . 
e ma r 1 c e s ICT fll! , 1 • e. , ( 2 . 2 ) 

p p q 
(I )I , II a P., l = i I (u ) , II B . , + i I (u )R R'II o ,. 

flll a p ,a p ,... q ""q k= 1 p.v ~ ak j fo k ~') k= 1 fll! 'K'Kjfok at j 

The power decomposition with respect 
the following form (see Appendix A): 

to e- has 
a 

+ - + 1 q -
'UI JIP.}(x,O .~ )=~~'Ia l!P.I(x,O )+-Ixla ll/3 (-k)~/3 + ap ~"q p ~"q' qk=l p q k 
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q 

+ 1_ ~ <Ptvll"' ( k)l (a ~l"' +ell! II"' I (x,e+)~-Yo~- = 
qk=l ap t-'q- pv 1'-'k ap 1'-'q 

+ 1 q -
= '~'Ia 11{3 l(x,e) + -q ~ Xla ll{:l (-k)l ~ f3 + 

p q k=l p q k 
( 2. 3) 

+ - -
+2R\a 1\{3 ,8l(yo~)8 +cilia 11{3 l(x,e )~Yo~ · 

p q p q 

We use here the following identities: 

A.p o A.p 
¢{apll{3q(-k)l = Rlapll{3q(-k)\y8l (y a )yo (2.4 

Rlapll{3q(-k)\oyl = ~ k~l ¢1~11{3q(-k)fl1vy 0 (1+iy5)y8 
Let us introduce the notions of diagonal, 
raizing and reducing operators with respect 
t o f.-, as i n pap e r I 2/ : ,.. 

a) We call an operator A diagonal, if in 
the decomposition 

A 1 p -

A'lllapllf3ql ='~'fapllpql + qk:
1
Xlapllf3q(-k)l ~{3k + 

1 ~ ¢'111/ ( t:-) ffi' t:-ot:-
+ -q k-=:1 Ia 11{3 (--k)l ap.v s f3 + 'l' Ia 11{:3 l s Y s ' 

- p q k p q 

'I'' is expressed by 'I' only; x' and ¢' by x 
and¢ respectively,Aand cll'by ell only. 

( 2. 5) 

b) The operator A is a reducing one if ln 
the decomposition (2.5)W' is expressed by 
X and ¢ only; x' and ¢' by ell only and ell'= 0. 

c) We call the operator raizing if in the 
decomposition (2. 5) 'I''= 0; ; x' and¢' are 
expressed by '1', and ell', by x and ¢.It is evi
dent that both subspaces of functions inde
pendent of f- and of those which are only 

a 

6 

linear in ~a should be invariant under 
the action of all generators, which do not 
contain raising operators. Having in mind 
the explici"t for ... of ... theAge .. nerat,_~rs .. ::e see 
that for M 

11
v , ll , P 11 , D , K 11 , S a , T a 

these subspaces are invariant. It is just 
the generators §~ and i'~ that spoil this 
invariance since they contain raising terms, 
too. It is easy to see that in fact it is 
enough to examine the generator s- only. a 

In accordance with the decomposition 
(2.3) it is convenient to consider the action 
of the generator ~~ on the various terms 
in this decomposition separately. We have 
therefore: 

A- v + a 
[SA]{ 'l\{3 "''l'l'l 'l{~'<'l=S(y e )A--'I'Ia ll"' l + ap,ap q•t-' q ap 1'-'q axv p t-'q 

-p+q+l4 3 q 
+ (-1} -(3q+d--2 z> ~ '~'Ia 11{3 (-k )\ A l 

q k=l p q f.{3k+ (2.6) 

r+ q + l 4 3 q 11ll p ( t: ) 
+(-1 - (q- d+ -z) ~ (a ) A '~'Ia 11{3 (-k)\ p l a11v s {3k' 

q 2 k =l p q 

1 q -

u3~Jiap,a;llf3q,{:l~l <IL::/Ia~Hf3~<-k~~f3k + 

q jll! - -
+ ~ ¢la'H ~'<'{--k~(a v~ ) r:u l -

k = l p t-' q /l ~'-'k 

q - -
= £_(_1)p+q(q-d+ ~ z)~ Xlall{3 (-k)((l+iy5){3 A~ yo~ + 

q k=l p . q k ( 2 • 7 ) 
2 p+q+l 3 q pv o( . ) t:-ot:-

+ -q (-1> (qtd+2- 2z~=l¢1a lV1(-k)!';tJ' 1+IY5 {3kA s y s + 
p q 

1'+ a 11i ~::-
+ 8(y e )a axv q k=1XIapl\{3q(-k)l"'{3k + 

q 11v (a ~-) I . 
+ ~ ¢\a 1!{:3 (-k)l p.v f3k. 

k=l p q 

7 



It is not necessary to consider the action 
""- . . of SA on the last term of the decompos1.t1.on 

(2.3). 
These equalities show that if we set equal 

tn zero certain structures in the decomposi
tion (2.3) and coefficients in the right
hand sides of (2.6) and (2.7) we can provide 
the appearance of invariant subspaces. Thus, 
for instance we see that if the following 
equalities: 

j1V -
c/>la H,B (-k) I = 

0 ' 
p q 

cl>l a It ,8 I = O ' 
p q 

3 d- q- -z = 0 
2 ' 

(2.8) 

A 

take place the action of the generator S ~ 
on the superfield 'Uia 11,8 1 (which_according 
to (2. 8) is a linear Pfun~tion of { ) gi-
ves no rise to terms quadratic in t~i.e., 
~-Yoe-. At the same time it is easy to see 
that the second term in the r.h.s. of (2.6) 
does not appear, We stress that such a term 
does not exist in 'Uia II,Bql provided 
equalities (2.8 ,hold. That is why we say 
that the set of superfield with decomposi
tion (2.3), for which the conditions (2.8) 
take place, form an invariant subspace, in 
which a certain representation of our su
peralgebra acts. 

We can consider also other possibilities 
in a similar way. All the results which we 
can obtain by this procedure can be summa
rized in the following theorem: 

Given representation of the conformal 
superalgebra characterized by the numbers 
p,, q,, d and z contains invariant sub spaces 
in the following cases: 

8 

~) q=O, d=.lz and p arbitrary* (see 
Remark a) 2 

+ - + 
'llla l<x,e .~ ) ='~'Ia l(x,e) 

p p 

b) q=0,d+2=~z,p-arbitrary* (see Remark a) 
+ - + -

'llla l<x,e .~)='Pia l(x,e )+Gia };o(yo~) 
p 3 p p 

c) d-q=2z,p-arbitrary 

'l1 
+- +-1 -

Ia 1!{3 l(x,e .~ )='Pia j!Q }(x,e )+-~ Xla 11{3 (-k)l ~{3 p q p !{J q q k-1 p q k 

d ) q = 1, d + 3= ~ z, p - arbitrary 

'llla 1 . 13<x,e+,~} = 'l'la }·{3 (x,e~ + ¢1'; I <x,e+Ha,v ~l{3 
p ' p ' p r 

Remarks: a) The above considerations concern 
the case q,tO. We insist on the 
fact, that the results are gene
ralized to the case q=O without 
any modifications. This is readily 
proved by the explicit calcula
tions. 

b) It seems that under the condition 
3 d + 3q = --z 
2 

+ - + 
'llla 11{3 I (x,e , ~) = '~'Ia 11{3 I (x,e ) + 

p q p q 

1 ~ lllJ + ( /:-) + - -
+ -- k c/>la 11{3 (-k)l (x,e) 0 v "' {3 +cl>la 11{3 l<x,e )~Yo~ 

q p q 11 k p q " 

forms an invariant subspace, too. But T-a 

contains the reducing operator (y
0 a~-)a and 

therefore gives rise to the structure rE. ..s.=l. 
- - 2' 2 

via ct>la lip I ~yo~ . 
p q . . 

It seems somewhat aston1.sh1.ng that the 
conditions under which the representation 
space contains invariant subspaces do not 
depend on p. The latter is a corollary of 
the character of the considered representa-

9 



tions. If in addition to the given repre
sentations we consider the "conjugate" ones 
(see paper /2/ ) then the symmetry with res
pect to p and q is restored. In paper /2/ 
ex~mples of the above representation were 
considered. Here we give one more example, 
namely the vector superfield V~ In the 
latter case p = q =1 and 

+ - 11 + -
'l!a;tfx,e ,~ ) = V (x, e, ~ )y

11 
y 0 (1 + iy )af3 

11 + - 1 + - 11 af3 
V (X, 61 , ~ ) = - B 'lJ a; ,8( X, 61 , t ) y 0 y ( 1 - i y 5) 

with the following invariant subspaces: 

11 +- 11 + +!1- 3 
V (x,61 ,t )=~A (x, 61 )+'1'0 (x,e )(y t )0 with fr--1=-z 

2 
11 +- 11 + +Ilk-. 

W <x,e ,t )=B (x,e )+(\r0<x,e )(y y y0 ~\;5wlthdt3=tz. 

Thus we see that the vector superfield cannot 
contain invariant subspaces of the chiral 
type. The latter shows that the chiral 
superfields only are not sufficient to des
cribe all representations with simplest 
Lorentz structures. 

3. In this section the problem on the 
global transformations generated by our 
superalgebra is discussed. As is well-known, 
if V is a representation of a given group 
acti~g in the space of the field operators 'll, 
then 

V _
1 

'l1 (x, ... ) V 
g 

= T 'l1 (x, ... ) , 
g ( 3. l ) 

where T is a representation of the same group 
in the ~pace of functions of just the same 
variables that the field 'l1 depends on. To 
each generator 0 of the superalgebra (1.~) 
a one-parameter finite transformation eiaO 

10 

corresponds which is an element of the repre
sentation Tg.We find here explicitly these 
elements. 

But instead of eq. (1.1) we use here new 
expressions for the superalgebra generators 
which are obtained from the old ones by 
the substutution 

+ + A -

TJ = e + <xt ) ' a a a 
( 3. 2) 

t'- = t 
a a 

In this way we find 
A+ • o a --,-. 0 a 8 = I(y --) , 1 = I(y --) 

a a + a a at:- a 
A TJ C, 

D . J . c-o o a 
=-I---Ic, y y y --, 

11 a xll 11 a.,.,+ 

MA ~ •1 a J + o o a t:-:;P o a , 
=k +I x.---x--- TJ y a v ---c, r a y --1, 

!111 1111 1'- J xll ·v a x11 /111' a.,.,+ !111 a~-

A a a 1 + a _ a 1, 
D = -H- + xll __ +-[TJ -- ~ -- 1, 

ak a x 11 2 a.,.,+ a~ -

KA ~~~ • 1< 2 > a 2 a 1 . +,p o a 
11 

= 2x ""/ll! +I 2x11~- x g 1111 -- + x11 - -ITJ r y11 y --, 
ax11 ak ae-

rAI • a + a c- a =-I-+TJ --+c,--, 
aA. aT/+ ae-

A _ /111 - II + a II " - a s = -8ii (a e) + 8(y TJ ) - - 8(y xt ) --
a /111 a a ax II a ax II 

a a - -- a -+a 
-(8- -12i-)t -8t Y0 t (y0

-) -lGt' TJ -
ak aA. a at- a a a.,., + 

"' + /111 + Jl II II /1-. -
T a=-8ii 1111(a TJ )a -8ii 1111[(x y -x yJt ]"+ 

11 



8(" .v +) a (8 a 12. a ) + 8 + o +< o a ) + . x r TJ a --v + - + . 1- TJa - TJ y TJ y -+ a -
ax ak a>.. aTJ( 3 • 3 ) 

-16TJ +.;-_a_- 8(y~ -) [(2x x - x 2g >~+ 2x .iL]. 
a a.;- a !l 1/ fll/ ax v !l ak 

A 

We note here that the operator Pll has ob
tained an additional term acting on the 
Grassman variables. Therefore this represen
tation is evidently not the physical one. 
But on the other hand most of the generators 
are essentially simplified which justifies 
the use of such a representation. We exploit 
it in what follows since all the results 
can be reexpressed in terms of the physical 
representation due to the nondegeneracy 
o f t he sub s t i t u t i o n ( 3 . 2 ) • Be s i d e s , i n t he 
expressions (3.3) we turn back to the va-
r i a b l e s k and >.. i n a c c or dan c e w i t h pap e r /I I 
substituting d and z by _j}_ and il_, res-

ak a>.. 
pectively. Therefore the superfield ~ be
comes a function of two more variables k 
and ~ so that the representations with givend 
and z have to be separated at the end 
according to the equation: 

q i + - dk - iA z q I + t: - ) 
u(x,7] ,( ,k,A)=e u(d,z)(x,T) ,c, • ( 3 • 4) 

We first of all find the finite transforma
tions of the arguments (xll,TJ~ ,.;~ ,k,A) but we 
write out only the ones corresponding to the 
generators S ~ and 1;. The rest of the trans
formations are either well-known (see for 
instance/4, 5 / ) or they can be obtained tri-
vially from the corresponding generators. 

A A+ .A _ 

(For example Pll, Sa, T a evidently gene-
rate translations and so on). Using the 

12 

1 

I 

\ 

' 

explicit form of the onerators §-. ~ a 
it is not difficult to obtain the 

and f ~ 
follovring 

relations: 
a) for 

X -+ ( 1 

""· --sa 
- - --If.! 

+ 16if3 y 0 
( ) 

l' - - - + 
f! 

x
11

A fL ({3 , ( ) + 8i{i }P y11 77 

( ::3 • 5) + 
fla ___ _ + TJ a 

-~ 

( 1 + 16i{:3 y0
( ) 

-- -
(· ·•( +8i(y 0

( {l, 
a a a 

-
k ·• k - 8i f3 y 0

.; + 32{3 y 
0 f3 r; y 

0 r; ' 
A ., A - 12(3 ·-y~ ( - _ J8if3 -yo f3- (-yo~

where the matrlx 

v - - 11 - Jl --- - -- - - v 
A ({3 . ( ) ~~ 0 + 16i{3 y0 a ~ - 48{) y 0 {3 I; y0~ (J 

/l ' fL /l /l 

(see Appendix B) belongs to a finite dimen
sional representation of the Lorentz group. 

. A 

b) F'or 'f + ,,Te have 
a 

y fl 1- c fly 7. 
X ·> --------

fL {J (y' C) 

+ ~ . + + + 
7] a -• TJ a + 8J TJ yo 7) fl a ' 

+ + --1 -
( a . ' ( 1 ~ 16i f3 yo 1 ) ( a ' ( 3 • 7 ) 

+ I· + A - + + + + 
k -> kr-8i~ Y0

T) -lGi/3 y 0 x( -32/J y 0 (5 1] Y 0 7J-

·- 128{3+-y 0 {3+17+ y 0 :(-+ 64x 2{3+y 0 {3+(-y 0 (-, 

+ + + + + + 
A ... A -- 12 p y 0 TJ - 48i {:5 y 0 p T) y 0 '7 ' 

where c , y and p(y,c) are determined in the 
• /L /l follow1ng way 

13 



+ + lh 
y = (1 + 16i(:3 y 0 TJ ) 
ll 

v + + 
X A ((:3 'TJ ) ' v ll 

+ 
ell= 8i(:3 YoYp.~ ( 3. 8) 

p (y' c) = 1 + 2 y. c + y 2 c 2. 

Let us consider now functions of these va
riables. Substituting the argument transfor
mations from formulae (3.5) and (3.7) into 
the function 'lJ<x,7]+,~ -, k, ,\) and separating 
t he fa c t or e dk - ih we f i n d for the s c alar 
superfield: 

ifr yeS- 'lJ f + t:, e ( d, z X, 7] , <, I 

l 3 
-- .!..( d- -z) - - -lh v - -

=<1+ 16if:3 y 0~ ) 2 2 'll(l )~(1+ 16i,B y0~ ) x A (,6 ,~ )+ , ,z -v p. 

- + - - -1 + - - - -
+8ij.:l Y0 Yp.77 ,(1+16if:3 y 0~) 77a•~a+8i~ Y 0 ~ f:3a I, 

+ o.f+ + /:-) 
e i .6 Y 11 ( d, 0< x, 7] , s 

l 3 
= (1+ 16i {3+yo1) +)2 (d+ 2z) 

-d y + c y 2 
P (y, C )'lJ( d z) f:E __ _L_, 7] + + 

' p(y,c) a 

(3.10) 
g· + 0 + r.;.+ (1 16"{3+ 0 +)-1 t:-1 + 17] y 7] ~'-'a' + 1 y 7] "'a • 

In the case of a superfield of arbitrary 
Lorentz structure it is necessary to sepa-

- "- + "+ 
rate from the exponents e i{3 y"S and eif3 Y' T 

all multiplicative terms which do not con
tain derivatives. Such terms are evidently 
finite-dimensional matrices. So we find: 

14 

"-
i{3- yos ) AB (e W As(f:3-,~-)e i{:3-yos,-

' (3.11) 

{3 + o'"+ {3+ o'",+ 
(ei y T )AB = WAc:£f3+,7]+)KCB(y,c)ei y T ,(3.12) 

where ·E;~- and f~+denote these terms in the 
generators which are homogeneous functions 
of the derivatives with respect to all the 
arguments. (~ v ).AB are matrices of the gene-
rators of the lin1te dimensional irreducible 
representation of the Lorentz group, y and c 
are given by eq_. (3.8) and the matricfes WA: 
and K A B have the following form: 

- - - p.v -
WAB((:3 .~ ) =OAB +B(~p.v)AB(:3 yoa ~ + 

- p.v - - ,\p -
+ 32(~p.v~,\p)AB(:3 yoa e {3 yoa ~ •( 3.13) 

K A B (y' c) 
ll v 

= 0 AB+ 16(~p.v)AB Y c + 

+ 128 (~ p.v ~ ,\p ) A B yfl/c vc P. 

In order to write the final result for the 
matrices WAB and KA 8 it is necessary to cal
culate the action of the matrices 

- p.v - - ,\p - p. ,\ v p 
.(~v~,\p) AB({3 you ~ )({3 yoa e ) and (~v~,\p)AB y y c c 

on the superfield. For this purpose it is con
venient to use the realization of the finite
dimensional irreducible Lorentz group repre-
s en t at i on i n t he s p i nor spa c e 'lJ !a I! {3 1 • 

p q 
We recall +hat in this case the matrices 
~ 11 v act on the field 'lJ !a 11 {3 1 in the 

p q 

fo2.lowing way: 

15 



(L', fl~' ) lo. a' ll{3 {3' l 'lllu.' ll{3' l = 
p' p q' 'I p C{ 

? q 

= i 2:, (a jlV) a o 'lila (-k)O ll {3 l + i }: (af1V 
k =1 k ::> q k = l 

( 3. 11~) 
) {3ko 'U laPHf3q(-k)Ol' 

After some calculation it is not difficult 
to verify the below written final relations; 

" l a a 'll 0 P 'f ,(3 'i; )=ol a a 'll P w l + 
p' p fJq•~-'q p' p fJq'~-'q 

- flV -

f- 8(}2 )!a a'llP r~'l {3 you (, - ( ' 
f1 p' p fJq>fJ,l 3.15, 

'l - - - -
-8:{(ql-2k'31 'lz: o1r~ (~k) P'(-k)lU-iy )p P' {3 y

0

{3 (, y
0

/; "' 
ap,a p k""l 1-''1 , t-' q 5 t-'k t-' k 

q 
= ola ,a, l n, exp 15 (u ~l!J) {3 {1,' {3-yoaflY (,-I ' 

p p k:o" k .'< 

-1- + 
Vila a'l!P 8'1({3 ,TJ) = 8 !a a'llP P'l + 

p' p_ t-'<f' q p' p t-'q' t-'q 

' ) + o f1V + 
+ B(}:, I 'l!B P 'I {3 Y a TJ -p.v ap,a P , q't-' '1 

( 3 '16: 

8 ( 
") P, ( 1 . ) p 1- Op + ·f 0 + 

- P pl-~olB wt 2., 8l (-1) '(-k)l L~lYs 't-' Y tJ TJ Y TJ = 
, q' f-'q k=l ap K ,ap a~r_a ~ 

p + J-!V + 
=O 1{3 {3' ln cxpl8<a1w) a a,' {3 y

0
u TJ l, 

q q k=l k !(. 

( 3 ,J.I 
Kl '1!{3 {3'l(y,c)=ot 'liP P'l+ ap,ap - q• q crp,a p tJq•t-'•1 

+y 11cv [ol/3 ,{3'1~ ola (~--k),a'(-k)\(Yft Yv)a, a' + 
q q k=l p p j{ k. 

a A 
+ 0{a a, l :£ 01 p (-k) P1-k)l(Y,,Yv)f3 B, ] + 32[ (~11'\ ~ v )la a, 11{:3 ff:l"" p p' t-'q . •t-'q r k_l k P P q q 

p+ q p + q + 2 v 2 
- -- -----01 '11{3 {3' l g ]yty c = 2 2 a ,a 1 cf q J-!V 

p+q p p 

=;-2-(y,cdi(o ,-ryllcv<r: y) ,)rt (0Rf3'+yvcv<xy )PR'). 
16 k=l akak f1 v akak k=l IK k 1-' v fJ)(""k 

Let us consider some examples. 
a) For the case of spinor superfield 

(spin 1/2) eqs. (3.15)-(3.17) give: 

' - - - J-!11 - - - - -
·WaJ3(f3 ,( )=Batp-8i (a/lJaf3f3 ~a ( -2~ y 0 {3 ( y 0

( U-iy5)af3, 

u: rij:l+ -i,. !:> 8i( ) ~+ o /l11 + '>Aj:l+ o~+ +,p +(1 ·• ·)-- · 
'"aP't-' •TJ J=oaf3+ a/lll af3t-' Y a TJ -..,.,._.. Y t-' TJ r TJ +lYs af3• · 

(3.18) 
-~ 1-' v K ~(y,c) = p (y,c)[o p+ y c (y y ) P]. 

at-' at-' 1-' 11 at-' 

(3.19) 

b) For the vector superfield we have ana
logously 

11-- 11--11 - v-
AI-'(f3 ,() = Wll (f3 ,( )=8/l+ 16if3 y 0 all ( - (3.20) 

- 48f3-yof3_(_yo(-o;, 

II + + .II + + II • + 0 V + 
A /l (f3 , TJ ) = W /l ({3 , TJ ) = o /l + l61 f3 y a /l. TJ -

48 ~+ oj:l+ + o +l:>v 
- t-' y t-' TJ y TJ Dfl t 

p -1 p p p p 
KA (y, c) = p (y,c){BA +2(yAc -y cA+y.co A)+ 

- }<2yAy P- y 
2o{ >c 

2 1. 

(3.21) 

We note that it is possible to generalize 
the well-known from conformal symmetry 
transformation R-inversion to the case of 
conformal supersymmetry. For this purpose we 
should consider simultaneously the algebra 
(1.1) and its "conjugated". Let us make 
a substit~tion, which we denote (for con
venience unly) as H-operation 
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H X 
X ->Y =___H_, 

11 11 x2 

e+~e'+=- -1-<~e-) 
a a x 2 a' 

e- ~ e, -= _ _1_ <~ e +) ( 3 • 2 2) 
a a x 2 a' 

- - " + -
f, _.f.'=<xf,) + (}' a a a a 

+ + " - + 
f, _.f.' =<xf,) +e. a a a a 

The inverse transformation has the form: 

H y 
Y -+ X = ...:.J!:._ 
'11 11 2 y 

'J , - n e - 1 < " o , +- e ' + H e + 1 <" e ,...,) ( ) 
L -> =-- Y } , -> =- -- Y ' 3 o 23 

a a y2 a a a y2 a 

c ~f.+=<~ f.'-) + o '~ f.' -1!. f.-= <~f.,+) +e-. 
a a a a a a a a 

Now let JR be the algebra generators after 
R -inversion. The automorphism 

JR _!!. J 
in our case has the form: 

AR A 
p = K 

11 fl ' 
A R A 

D =- D, 

A R .. 

M 11v - Ml1v ' 
" R ,. 
K = p ' 

11 11 (3.24) 
~ ±R "± 
Ta = Sa' 

"+R A+ S- = T-
a a ' 

,. R " n =-II 

Using the above defined H-operation it is 
possible to combine eqs. (3.24) and to ob
tain the final formula for the R-inversion 
in the case of conformal superalgebra 

J 
R R -
~ J = HJH, (3.25) 

whereJ are generators of the representation 
"conjugate" to (l.l). 

The authors would like to thank A.N.Tavk
helidze for interest in the work. 
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APPENDIX A 

The most general expansion of the super-
field 'lila II,B l(x,e+,f,l (see formula 2.3) 

p q 
i n power s o f f,- h a s t he form : 

a 
+ - + 

'l.Jia li,B fx,e 'f, ) =IV Ia ll{-:l 1<x,e ) + 
p q p q (A.l) 

+ - + - -
+Ria ll,B lo (x,e )(yof, )8 + ¢Ia II,B 1<x,e) f. yof, • 

p q p q 

where l. .. l denotes, as in the text above 
total symmetrization over the spinor indices. 
The index o in RIa li,B 10 is of the same 

p q 
t y p e a s t he in d i c e s I ,B q l , but i s not s y mm e t-
rized with the latter ones. Therefore the 
structure R belongs to a reducible repre
sentation of the Lorentz group. We decom
pose the structure R into irreducible Lo-
rentz structures. 

+ 1 q -
Ria II,B lo <x,e) = -l X Ia H,B (-k) I f. ,B + 

p q q k=l p q k (A. 2) 

+ ~ i ¢1:; H,B q (-k) l (al1v f,-) ,Bk' 

where 

( a)Yo 
X ll = R I [ ) y ' Ia {3 (-k) l a II,B (-k) ylo 

(A. 3) 
p q p q 

111! 
¢ Ia ll ,B (- k ) l 

p q 

R I a P l! ,B q ( -k ) I yo l ( Y a a 11v ) yo (A. 4) 

and they belong to the irreducible represen-
tations r E. q-1 and r ..£.... q+l, respectively. 

I 
.. 2'_2_ 2' 2_ • 

t lS lmportant for us to have an lnverse 
formula to formula (A.4) as it turns out 
to be convenient sometimes to deal with the 
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totally symmetrized quantity R1 11{3 ol· 
ap q 

For this purpose it is enough to multiply 
both s ide s o f e q . ( A . 4 ) by a v y 0 (1 + i y J ,$; , 

. • ll k d"' then symmetr1ze w1th respect to an make 
use of the following identity: 

~ [yoallv <1-iy5)]{3 o [allvyo(1+ iy5)]y8 

k (A.5) 

=<l+iys)~ <l+iys)o - ~yo<l-iys)Roy 0<l+iy >.~· 
1-'kY P 2 ~ r" 

As a result we have 

Ria lip (-k)ypl = -
1
- ! ¢1~ 11{3 (-k)} aiLv yo<l+ i Ys) yp• (A • 6) 

p q 2q k=l p q 

In calculating the action of the generator 
s~ on the superfield it is convenient to use 
the following identities which can be £ound 

by the general method of expanding an arbit
rary spinor in covariant Lorentz structures 

p !lll -
(a ~LV) {3k\l'la 11{3 (-k) p I (a ( ) A 

p q (A. 7) 
3 -p 

= 4\l'lap llf3q (-k) pI (yo() Y
0

(1 + iys) {3k A-

- 21 '~'Ia 11{3 (-k)p l (yoa/W~-)P(aiLvY 0){3 A • 
p q k 

- 1 q 1 -p 
wla 11{3 I (A= -qk!l!TWia 11{3.(-k) tlyO') Y

0
(1+iys)a A+ 

p q = p q w ·k 

+ ~ wla 11{3 (-k) p I (yoa/W ~-)p (u/lV y
0

){3 A I' (A. 8) 
p q k 

(allv ~la(allv>py= [yo<l+iys)]f3a(yo(-)Y-; <1-iys)fjy.;~. , 

(A. 9) 

The same procedure gives the possibility to 
obtain two more identities: 
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p f.ll/ -
(a f.lll ) A WI a ll {1 ( -k ) p I ( a ~ ) {-3 k 

p q 

=-~W{a llp (~k)pl (yo,(/ yo<l+iys){-3 A- (A.lO) 
4 p q k 

- ~WI a ll /) (-k)p l (yOaf.lll~ -) P(af.ll/ yo) {1kA' 
p q 

- 1 -p . (A.ll) 
W{ap Hf)q(-k}A l ~ f3k = -4 W{ap llf-3J-k)pl( Y0

.; ) Y
0
(1+ Iys)f3k A + 

+ 12\l'la l!f:3 (-k)pl(yoaf.lll C!P(af.LVyo) f:3 A. 
p q k 

It is easily seen that eqs. (A.lO) and (A.ll) 
can be solved with respect to the structure 
in their right-hand sides. Then we have 

Wla ll{-3 (-k.)pl(yo,;-) PyoO+iy) f:3 A =-Wia !1{:3 (-k)Al,; ~·-. 
p q k p q k 

p fl.ll -

- (fll/ ) A 'VIa l! f:l ( -k ) pI (a .; ) f:l k ' 
(A.l2) 

p q 

ojlv- P o 3 "-
'ilia 11{1 (-k )p l(y ,; ) (af.LV Y )/) A= 2\l'la ll/1 (-k)Al ?;f:l -

p q k p q k 

} pI ( f.LV /: l 
-2(~Lv)A J!{apllf:3q(-k)pla s {1k' (A.l3) 

Substituting (A.l2) and (A.l3) in (A.7) and 
(A.8) and taking their sum with the proper 
coefficients we find formula (2.6). To obtain 
the expression (2.7) one has to use eq. (A.9). 

APPENDIX B 

Let a. ( i= 1,2,3) be the Pauli matrices. 
I 

As is well known, they satisfy the following 
commutation and anticommutation relations, 
respectively: 
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[ a i ' a k] = 2c ikf a f ' 

I a i , a k l = 2 8 ik. 

( B .l ) 

An arbitrary 2x2-matrix and in particular 
a unitary one can be decomposed in terms of 
ai and the unit matrix: 

'U (a) = 
1 l ) ====-<1+ -a.a . . 

2 J J 
(B. 2) y'1 + a2 

4 

As is known, the matrices 'lJ(a) belong to SU(2) 
and using eqs. (B.2) and (B.l) it is easy 
to find the multiplication law of the pa
rameters a . • Taking the product 

J 

'lHa. )'lj({i .) = 'lJ((afi).) 
J J J 

we obtain: 

1 
a j + f3 j - -2£ jkf ak f3 f 

1 1--(a.(-3.) 
(a{3) j 

(B. 3) 

4 J J 
. • IH' 1 r 11 v] 

Let us now conslder the matrlces a =-;rY ,y , 
where the yl1 are the Dirac matrices in MaJo
rana representation. In particular we are 
interested in ai 0 <1-iy 5 )=Si. It can be shown 
that these matrices satisfy commutation and 
anticommutation relations analogous to (B.l): 

0 k f 
[S 1 

, S ] = 2ic ikf S 
(B. 4) 

Is i s k l = < 1 - i y ) o ik 
' 5 

The relations (B.4) and (B.l) are practical
ly the same since in the subspace where S1

acl 

th~ matri::: ~ {1- iy
5

) plays the role of the 
unlt matrlx. Therefore 
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1 i 0 

V (a) = --=--( 1 + -2 a 0 S 1 
) ( B • 5 ) 

2 I 

yl+ !:____ 
4 

have just the properties of the matrices 'll 
in (B.2). In particular they also form a 
representation of the group SU(2) and what 
is most important the multiplication law of 
their parameters is the same as (B.3). Let 
us now consider the case when the parameters 
of V(a) have for example, the following form: 

a. =N(fj-y 0 ai
0
,(), (B.6) 

I 

where (-3- is the spinor parameter of the global 
§- -transformation, N - an arbitrary number 
and (--grassmann variable which transforms 
according to 

(--> (- + 8ij:l-~-y 0 ( 

(see (3.5)). 
" Under the action of 

the parameter ai in the 
If we perform a global 

the s--transformation 
form (B.6) change, too. 
s- -transformation 

with a parameter {:3-, we obtain 
l 

a:= N({3-y 0aio~-) + 8iN{3-y 0 a io(3;~ Y0~-. (B. r: 
Using now eq. (B.3) it is easy to show the 
following relation: 

(a l a') i = N ( (3- + (3;) yo a i o ~ -, ~B. 8) 

where ali =Nf3;y 0ai
0

~-. 
Let ~a)be an arbitrary finite representa

tion of the group SU(2) We substitute in 
T (a) the par am e t e r s a i from ( B. 6 ) . After 
that T(a) become functions of the grassmann 
variables (3- and~-: 

T(a) '= r{(3-. ~-). 
Let e T be an arbitrary element in the space 
of the representation T(a): 

e T '= T(a) e T '= r{(3-, ~-) e T : 
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Performing another transformation with 
a parameter {-J~on the element e'': we have 

T" , , T , T 
e =T(a

1
.)1(a.)e ~T((a 1 a ).)e, 
I I I 

where a' and a 1 are determined from eqs. (B. I) 
and ( B. 9 ) , respectively . Due to e q. ( B. 8 ) 
we obtain che following relation: 

r (J-l~, I; -)r (f-J ~ I; -+ 8i p-I; -y 0 I;-) = r({3 ;+ {:5 -, I;-) • ( B. l 0 ) 

The matrices (3.16) for different irredu
cible ~pvcoincide with the discussed here 
matrices r. In particular, the matrix J\vfl 

which enters into the transformation law of 
x~ is a realization of the vector repre
sentation of the group SU(2), and the matrix 
WAR which appears in the transformation law 

of spinor superfields is identical with the 
c o n s i d e r e d h e r e mat r i x V (a ) • 
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