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On the Statistical Theory of Hadron Multiple 
Production 

The basic investigations on the statistical theory 
of multiple particle pro·duction are surveyed. The problem 
is raised on the unambiguity of the general solution of the 
problem by basing on the principles of statistical physics. 
The necessi~y to take into account the one-dimensional and 
thermal expansion of a hadron cluster is proved, As a re
sult, a general relation for multiplicity has been ob
tained. 

The investigation has been performed at the 
Laboratory of Nuclear Problems, JINR. 
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I. STATE OF THE PROBLEM 

The idea of thermodynamic equilibrium of hadron 
radiation underlines the statistical theory of multiple 
particle production. There are deep physical reasons 
allowing one to expect a state close to statistical equilib
rium in the system of produced hadrons. 

The advantage of this idea is that it permits one to ob
tain the basic characteristics of the process without 
overcoming the difficulties of the quantum field theory of 
detailed description of multiple hadron production. The 
problem of statistical description of this process might 
seem to mean the simple application of the quantum theory 
of equilibrium radiation for the case of known hadron 
production. However, due to the microscopicity of the 
system under consideration unexpected difficulties ap
peared when fulfilling this programme which prevented 
obtaining the final and unambiguous solution of this prob
lem. To be true, despite the unacceptability on the whole 
of earlier obtained solutions even the first studies / 1 • 2 I 
on the statistical theory of multiple production have pro
vided the following important statements of the approach 
under development. 

1. The initial state of the system of particles produced 
in a collision has dimensions (in the c-system) about 
those of the Lorentz -cotracted nucleon V F (Fermi, 
1950). 

2. Only statistical equilibrium in the system expanded 
up to the critical volume V c (at which new hadron for-
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mation may be neglected) refers directly to the experi
mentally observed characteristics of freely dissipating 
particles (Pomeranchuk, 1953). 

The above statements are firmly established condi
tions of solving the problem of statistical equilibrium 
radiation of hadrons. The second condition determines 
unambiguously the mass composition of hadron radiation 
corresponding to the constant critical temperature T c- m. 
As for multiplicity and also energy and angular distribu
tions of particles, these characteristics of the process 
turn out to be also dependent on the manner of system 
expansion beginning from the initial volume V F up to 
the critical one V c· However, in numerous studies on the 
statistical theory of multiple production no unique solu
tion of the mechanism of the Lorentz-contracted cluster 
of hadron matter has been found. The <:tivergence of the 
results of the earlier proposed version of the theory is 
due to the choice of various but equally groundless 
schemes of the expansion of system primary volume. 

Thus, Pomeranchuk 121 has accepted the version of 
thermodynamic expansion of the system according to 
which this process occurs in all directions equally. The 
linear dependence of the mean multiplicity corresponding 
to this version upon energy in c.m.s. obviously contra
dicts experiment. But even without any experimental 
test one could see easily the groundlessness of the accep
ted assumption on the thermal system expansion. In the 
initial Lorentz-contracted volume of the nucleon it is 
impossible to reach the thermal equilibrium of hadrons 
whose dimensions exceed the longitudinal size of the 
initial system. 

Another extreme assumption of the mechanism of 
hadron cluster expansion has been accepted in Landau's 
hydrodynamic approach /3/. The isentropic one-dimen
sional expansion along the axis of primary particle col
lision occurs until the system reaches the critical volume 
at which particle interaction stops. According to Landau 
the thermal three-dimensional expansion of the system 
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starts at the stage of free particle dissipation. Later this 
groundlessness of Landau's neglection of medium 
viscosity * was marked. 

Another and the most important reason of the groun
lessness of the results obtained according to this theory 
is that the equations of relativistic hydrodynamics are ap
plied to the initially Lorentz-contracted microsystem 
ignoring the uncertainty principle. The groundlessness 
of such application of hydrodynamics was noted by D.I.Blok
hintsev as far back as 1956 141. Nevertheless, this prob
.lem was further developed without taking into account the 
requirements of the fundamental principle of modern phy
sics. This, e.g., concerns the versions of the hydrodynamic 
theory taking into account hadron medium viscosity. They 
eliminated the groundlessness of taking into consideration 
only the one-dimensional expansion of the system. Partial 

*Here we draw our attention to one more peculiarit~ 
of obtaining multiplicity according to Landau N- <2Ec> 7. 
(Fermi). This dependence has been obtained by means of 
the model taking .into consideration system cooling down 
to Pomeranchuk's critical temperature T"- m not only 
due to erroneous neglection of medium viscosity but to 
indirect assumption in Landau's investigation to prove 
which one should go beyond proper thermodynamics or 
hydrodynamics. The reversible hydrodynamic expansion 
of the system starts according to Landau immediately 
after the collision of primary particles. Therefore, ac
cording to the conventional thermodynamic theory this 
process should retain entropy of the intial system of two 
colliding particles. Landau takes the entropy S 
SF-<2Ec> 3/ 4 vi/4 • This entropy was obtained by Fermi 

from the conditions that all collision energy 2E c has 
been released in the volume of the Lorentz-contracted 
nucleon VF= V0 M/E c as statistically equilibrium hadron 
radiation. But this means that all the energy has been 
transferred to chaotic hadron motion and according to 
conventional thermodynamics after this no reversible 
one-dimensional expansion of the system can occur. 
Unfortunately, in numerous studies developing a hydro
dynamic approach a necessity to search for the substan
tiation of the indirect assumption has not been discussed. 
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energy dissipation meant that both one-dimensional expan
sion and three-dimensional one of the system should take 
place. For the multiplicity these versions of the hydro
dynamic approach gave results depending on the choice 
of the temperature dependence of the viscosity factor TJ • 

In particular, for TJ - T 3 the average multiplicity has 
been obtained to be proportional to (2Ec) 3/ 4 ,~ef/ 51 

The same result for multiplicity being in good agree
ment with the latest experimental data has been recently 
obtained by the authors of another modification of the 
hydrodynamic theory of multiple production /6/. The power 
dependence of N - (2E c ) 3/4 has been found by these 
authors by varying the square of sound velocity in the 
equation of state .. On the whole, the sufficiently extensive 
and prolonged development of this branch of hydrodyna
mics performed against the requirements of the funda
mental principle of uncertainty seems to be one of the 
greatest misunderstandings of modern theoretical physics. 
Sometimes such a retreat from the rigidity of the theore
tical description is excused by the advocates of the 
hydrodynamic branch be referring to the good agreement 
of the obtained results with experimental data. Thus, 
e.g., in one of the latestsurveys/7/ ithasbeenempha
sized that recent experimental data on multiple particle 
production confirm very well the prediction of hydrodyna
mic theory. However, the agreement of experiment with 
theoretical results is meant. But these results are not 
directly related with the accepted mechanism of hydro
dynamic expansion of the hadron system. The important 
characteristic of the process, namely, the temperature of 
the system of dissipating hadrons, which determines the 
mass composition of produced particles depends only 
on the choice of the critical volume but not on the accepted 
expansion mechanism. Therefore, the agreement with the 
experimentally found composition of particles confirms 
only Pomeranchuk's idea on the decisive importance of 
the statistical equilibrium in the final state of the system 
of the correctness of the choice of the critical volume. 

For the agreement of the theoretical dependence of 
multiplicity upon energy with experiment it is of crucial 
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importance to take into consideration the very fact of 
certain energy transformation for the reversible process 
of one-dimensional expansion of the hadron system. This 
most important property of the process is not affected 
anyhow by the mechanism itself of one-dimensional ex
pansion and by its relative role at certain stages of 
expansion. The origin of one-dimensional expansion is, 
undoubtedly, hidden in the most general elastic properties 
of compressed hadron matter. Their taking into account 
is not a prerogative of relativistic hydrodynamics only. 
· The choice of critical temperature essentially prede
termines the basic characteristics of the angular and 
energy distribution of produced particles also. In parti
cular, the constancy of the transverse momentum and the 
mean particle energy confirms the correctness of the 
choice of cticical temperature which is independent of 
the initial energy of colliding particles. To prove or 
reject the hydrodynamic effect of system expansion one 
needs to study rather subtle peculiarities of the energy 
spectrum and the angular distribution of particle pro
duced. As far as the effects of properly hydrodynamic 
origin are concerned, there are no experimental data 
available confirming them. Experiment confirms directly 
only those theoretical predictions which are related to 
the initial statement of Pomeranchuk's statistical model 
on low critical temperature in the final equilibrium state 
of the hadron system. 

Alongside, the linear increase of multiplicity with 
energy contradicts obviously experimental data. This 
unambiguously indicates the incompetence of Pomeran
chuk's three-dimensional mechanism of expansion as
suming the existence of statistical equilibrium in the 
entire system at each state of its expansion. The success 
of hydrodynamic theory is, undoubtedly, due to taking 
into consideration the energy expenditure for one-di
mensional expansion of a hadron cluster. However, to 
correct Pomeranchuk's model in this way there is no 
need to apply to classical hydrodynamics which is in 
evident contradiction with the uncertaintly principle, 
(being applied to a hadron cluster contracted one-dimen
sionally). 
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II. NEW FORMULATION OF THE PROBLEM 

The analysis of the previous versions of the statis
tical theory of multiple particle production results, first 
of all, in a necessity for searching for the universal for
mulation of the problem. The problem of equilibrium 
hadron radiation should have a definite solution as the 
quantum theory has a unique solution for "black body" 
radiation. Certainly, various models of primary particle 
interaction affect final results and one can speak about 
the uniqueness of formulating and settling only that part 
of the problem which concerns proper statistical physics. 
Therefore, the statistical problem should be formulated 
first of all for the simplest event of central collisions. 
As have been stated, discrepancies in the solutions of 
this problem are due to different assumptions on the 
statistical model of hadron cluster expansion. Conse
quently, it is a primary task to formulate a unique statis
tical approach for considering the expansion of a hadron 
cluster contracted one-dimensionally . When settling this 
problem no peculiarities of physical conditions arising 
from the microscopic sizes of the statistical system un
der consideration have been taken into account yet. 

Fermi's initial assumption of the origin of equilib
rium radiation of strongly interacting particles is the 
basis for the statistical approach to multiple particle 
production. However, this transfer of particle collision 
energy to statistical equilibrium radiation can occur only 
at a later stage, i.e., when as a result of one-dimensional 
expansion of the system, its volume acquires a spherically 
symmetrical shape. The one-dimensional expansion of the 
Lorentz-contracted volume to the spherically symmetric 
one V 0 in some coordinate system should have a nece
ssary stage of development arising in the collision of 
non- equilibrium configuration of hadron matter. There is 
no need to connect this process to any certain mechanisms 
on the basis of the elasticity theory of the hydrodynamic 
version of the theory. We do not know any details of the one
dimensional process of reconstructing the spherical shape 
of the excited hadron cluster. Moreover, we have no theo-
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retical basis for the _detailed description of such a process 
in the microsystem obeying the laws of quantum field 
theory. However, to solve the problem raised in statis
tical theory general assumptions on the one-dimensional 
expansion of the hadron cluster are sufficient, without 
considering the detailed mechanism of this process. 
The application of relativistic hydrodynamics would be not 
only groundless but needless for the statistical solution 
of this problem. 

Thus, all collision energy is transformed to the poten
tial one of the non~uilibrium system of the compressed 
matter of stopped particles. A part of this energy should 
be necessarily contained in the elastic properties of 
compressed matter. The complete reversible transfor
mation of energy to kinetic one of two particles cor
responds to the elastic reaction channel when the "direct" 
collision of particles results in elastic backward scat
tering. However, in inelastic interactions a certain part 
of energy of compressed matter should be transformed 
to an elastic process of reconstructing equilibrium di
mensions of produced hadrons. This condition ca~ be 
considered a general requirement of the relativistic 
theory for existing equilibrium elementary objects whose 
dimensions can undergo one-dimensional compression 
according to Lorentz contraction due to their motion in 
the given inertial system of coordinates. 

Pomeranchuk's statistical approach needs only one 
essential correction: thermodynamic expansion starts 
not from the initial state of the Lorentz- contracted volume 
but only when the cluster subsystem has reached the 
spherically symmetric volume about V 0 in the proper 
accompanying inertial system of coordinates as a result 
of one-dimensional expansion. Prior to this moment the 
cluster subsystem cannot be represented as statistical 
equilibrium radiation. 

The refinement of Pomeranchuk 's approach at this 
point considerably changes the final results. At the final 
state of expansion one must consider the system of sta
tistically equilibrium hadron radiation with . the same 
critical volume V c, similar to Pomeranchuk's concep-
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tion. However, the energy of chaotic hadron motion turns 
out considerably smaller since a certain part of collision 
energy is transformed in the reversible one-dimensional 
expansion of cluster systems. This correction to the value 
of thermodynamic energy results in the reduction of the 
total entropy of the system S, and respectively, average 
multiplicity N as N- S,while S-W 314v 1/4 , where W is 
energy of thermal hadron motion. 

The statistical approach outlined here must take into 
consideration the stage of one-dimensional expansion of 
the primary volume of the hadron system. Thus, it inclu
des the most important part of Landau's statistical ap
proach. Besides, along with excluding the hydrodynamic 
mechanism of one-dimensional expansion, our approach 
consists in the limitation of the one-dimensional stage 
of expansion to the volume V 0 • Owing to this peculia
rity the present statistical approach, by combining certain 
aspects of Pomeranchuk's and Landau's models, in the 
region of medium energies distinguishes, in a certain 
manner, the role of the first model. Thus, the proposed 
more rigid solution of the statistical problem of multiple 
hadron production agrees with the earlier choice of 
Pomeranchuk 's statistical model* made under the 

*Excluding completely from consideration the Fermi 
stage of the Lorentz-contracted state of hadron matter, 
E.L.Feinberg has used, in fact, a modified version of 
Pomeranchuk's model as he applied it directly to the 
isotropic state of the excited cluster, considering it to 
rest in the C-system only for the initial energy region 
of multiple particle production. To achieve the agree
ment of average multiplicity with experiment at high 
energies, the excited system was divided into two clusters 
moving in opposite directions along the axis of particle 
collision. For the Lorentz-factor~ of the cluster in the 
C-system the dependence y c1 - E was take~ empiri
cally. This made it possible to obtain Fermi's depen
dence for the average multiplicity upon collision ener
gy /5c/. 
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effect of experimental results obtained for this energy 
region. Without considering in detail the one-dimensional 
expansion of the volume V, one must take into considera
tion only the limitation imposed by the law of impulse and 
energy conservation. A part of potential energy of the non
equilibrium system of compressed hadron cluster in 
one-dimensional expansion should be transformed to 
kinetic one of the directed motion of the hadron cluster. 
However, according to the law of impulse conservation 
the one-dimensional expansion of hadron matter should 
occur symmetrically in opposite directions. Consequently, 
such an expanding cluster cannot turn out to be a separate 
symmetric state satisfying cluster determination. Thus, 
not only at high but at an intermediate energies of col
liding particles in strict theoretical consideration satis
fying conservation laws one must take into account, at 
least, two clusters moving in opposite directions along 
the collision axis. The fact that in experiment two cluster 
production has been discovered at comparatively high 
energies, could be, apparently explained by the experimen
tal difficulties of detecting cluster motion in the C -sys
tem at lower energies. 

III. BASIC RELATIONSHIPS FOR THE MODIFIED 
VERSION OF THE THEORY 

The statistical description of cluster transformation 
to dissipating hadrons becomes certain only if the value 
of the proper cluster energy in its rest system W has been 
found. We consider the simplest example for the deter
mination of this quantity when the system of two similar 
clusters is produced in central nucleon collisions. This 
problem can be solved only by using an additional assump
tion on one-dimensional expansion of Lorentz-contracted 
cluster, e.g., the assumption which had been indirectly 
accepted in Landau's hydrodynamical model also. The 
entropy SF- (2Ei14v l/ 'balculated for the intial state ofthe 
system compressed in collision can be taken only as 
a potential entropy since the thermodynamic explosion 
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proposed by Fermi corresponding to the value of entropy 
is still impossible in the initial state of the system. 

An additional physical assumption necessary to deter
mine the proper cluster energy W, is to eqt'ate the initial 
entropy of two clusters to potential entropy calculated by 
Fermi 

o I · I v ~~ 11 2S =S or 2\',3 4\'1;4 12F )'3 4 ( __ o ___ ) 4 (1) 
cl F o r Er 

This equation gives for the central collisions the following 
relation 

or 

W= E;l'l(~)I/'l 
2 

2E'.:.)l/3 
}' ~ ( '1 cl l~ 

(2) 

(2a) 

In a general case, taking into account the elasticity 
factor K, one obtains 

or 

W = KE~/ 3(~)113 
2 

2Ec )113 
y =(-M cl 

(3) 

(3a) 

Further, the isotropic expansion of each equilibrium 
subsystem occurs. This gives rise to the increase of sub
system entropy and the appropriate increase of the number 
of hadrons in clusters. 

Low critical temperature in a statistical sub-system 
allows one to only· consider the pion component of radia
tion without complicating the conditions of statistical 
equilibrium in the final state of the system by taking into 
account a small admixture of heavier hadrons. However, 
with T c - m some complication arises which is due to the 
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fact that particles forming equilibrium radiation cannot 
be considered ultra-relativistic. Therefore, in the statis
tical calculations of pion radiation one cannot proceed 
directly from Planck.'s formula. 

Pion momentum distribution for the statistically equi
librium system having the full volume Y c at the tempera-
ture T c is described by the formula, ref. 13 b, Sci · 

dp 
... _

3 
_y -- ?:1/2' 

dN(p)=(2rr)3 c Z<l+X-1 -1 

where 
m 

Z= T 
c 

e 
1 PI 

X= m 

(4) 

The statistical weight was taken to be 3 in this rela
tion. This corresponds to the assumption on the equal 
number of rr + , rr - and TT

0 mesons produced. 
On integrating over momenta distributions one finds 

that the total number of pions in one cluster is 

~ = -
3

- V T 
3

F 
2 2rr3 c c T ' 

(5) 

where the integral 
2 

F = z 3 f x dx 
T o exp z ( X 2 + 1) l I 2 - 1 

is a slowly varying function of T c' For T c = m this value is 
~ = 1.78. Taking that the critical volume of the sub-system 
Y c= Yo Nl2 one.obtains the following equation 

T = ( 2rr2 _!_)113 . (6) 
c 3F m Yo 

It follows from this equation that critical temperature 
completely depends upon the choice of the elementary 
volume Y0 =3/4rrR3. 

To make further some general changes of the final 
results of statistical calculations, introduce the only 
parameter a= 1 which determines insufficient deviations 
of the hadron interaction radius R =aim from Ferm{'s 
formula R =lim .Relation (6) is as follows 

F 
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T = (~ _!_)1
/

3 ~ :: ( " l 13 ..!!:. = 0.96..!!:. *. (6a) 
c 2 F a 2 • I. 78 a a 

m 

Initial momentum distribution (4) in the proper system 
of a separate cluster after transformation over the pion 
energy is as follows: 

3 (y 2 1) ~ 
dN(ETTh---VT2z2- - ydETT 2 TT 2 c --------

expZy- 1 ' 
(7) 

where y = E/m. 
Equating the total pion energy of the whole cluster 

to (3) and taking into account that V c = V o N/2 one obtains 

KE2/3(~)1/3 = _3_y !l._T4 ¢ 
c 2 2rr 2 0 2 c ' 

(8) 

where the integral 
2 ~ 2 

4 00 (y - I) y dy 
¢ = z f 

T 1 expZy- 1 

is a slowly varying function of T c • For Tc = m this 
value is ¢m = 5.78. 

Substituting (6) to obtained relation (8) it is possible 
to determine the average number of pions in the common 

*This result confirms the approximate equality Tc =m, 
which we have used when determining the integral F=1.78. 
The low temperature of the system in the final state pre
determines a small admixture of kaons and antinucleons 
in equilibrium radiation. The results of these predictions 
which are rather sensitive to the choice of critical tem
perature were of decisive importance in the experimental 
solution of the problem in favour of statistical theory 
versions taking into account the system expansion up 
to the critical volume /Sc, p. 56 3/ 
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system of two clusters corresponding to collisions with 
the given inelasticity factor K 

¢m 

- 2/3 
- 2.16aK(2Ec/M) . 

(9) 

By averaging the associative multiplicity N c over all 
the collisions one can obtain the average multiplicity 

N ~2.16aK(2EjM> 2 /3 • (10) 

Assuming a= 1 , K=0.4 and taking into account the factor 
2/3 it is possible to obtain the average number of charged 
particles produced in clusters 

N ± = 0.58(2Ec /M >2
/

3 
• (11) 

Table 

Comparison of Experimentally Obtained Average 
Multiplicity of Charged Particles in pp-Collisions 

with Calculation Results 

S (GeV)
2 26.0 47.0 96.6 190 452 910 1990 2tlOO 

N+ exp. 3.65 4.30 5.32 6.34 7.0 9.3 10.9 12.2 

: o.os !o.o4 "!:o.l3 !o.14 !1.1 "!:1.6 : 1.6 ! 1.8 

i 
\N;f: + 2 pres. 3.8 4.2 4.d 5.5 5.6 7.9 9.6 10.5 

paper 

Pomeranchukls 
N model 3.1 4.2 6.0 8.4 13.0 18.4 27.2 ~2.3 : 

j 
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When comparing relation (11) with experimental data 
it should be borne in mind that they give the general num
ber of detected charged particles including the primary 
protons and the particles of their fragmentation. As is 
seen from the Table, after increasing the obtained multi
plicity (11) by two charged particles, corresponding to 
primary protons, N± + 2 remains somewhat smaller than 
the number of charged particles observed in experiments 
performed with hydrogen bubble chambers and colliding 
beams /B/ (p.l95). The Table presents for comparison 
the predictions of charged particle multiplicity, ref. /5c I , 
according to the statistical Pomeranchuk's model without 
taking in~ account the cluster motion in the C-system, 
N = 0.618 1 2 , where S is taken in (GeV) 2, 
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