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1 Introduction 

In the papers [1, 2] the Inonii-Wigner contractions of the rotation algebra o(3) and 
Lorentz algebra o(2, 1) to the Euclidean algebra e(2) were considered. The two 
separable coordinate systems on the sphere 52 ~ 0(3)/0(2) and the nine separable 
coordin ate systems on the· two-sheeted hyperboloid L2 ~ 0(2, 1)/0(2) were related 
to the four separable systems on the Euclidean plane E2 ~ £(2)/0(2). Here, we 
consider the Inoni.i-Wigner contraction of the Lorentz algebra o(2 , 1) to the e(1, 1) 
one. In this case, the nine separable coordinate systems on the hyperboloid L2 

are related to the nine orthogonal separable systems on the pseudo-Euclidean plane 
E 1,1 . Our motivation for present investigation and the results to be expected were 
discussed in detail in the articles [1, 2]. 

2 Separable coordinates on the hyperboloid L 2 

Consider the hyperboloid L2 

u~- u~- u~ = R2
; u0 > 0, R2 > 0, (1) 

where u; (i = 0, 1, 2) are Cartesian coordinates in the ambient space E2 ,1 and R is 
the radius of curvature of the two-sheeted hyperboloid L2 . The isometry group of 
L2 is 0(2, 1). We choose a standard basis K 1,!{2 ,M3 for the Lie algebra o(1,2) [3] 

I<1 =- (uo0u2 + u20u0 ), K2 =- (uoo,., + UJ0u0 ), M3 = (uJ0, 2 - u28,.,) (2) 



with commutation relat ions 

[1<1 , J<2] = -!v/3, [!v/3, I< I] = K2, [J<2 , !v/3] = I<, . (3) 

The Laplace - Beltrami operator on L2 has the form 

~LB = ~2 (I<f + I<i - Mi) . ( 4) 

Following the general method [4] (that has in particular heen appl ied to t.he 
hyperboloid [3]) we look for separated eigen fun ctions of t he Laplace - Beltrami 
operator satisfying 

R2~LBW = l(l + l ) 'W , JW = -\ 2'W; \[l i>.((I , (2) = \[l l.>. (( i) IJJ />.((2), (S) 

where ,\ = const and l, for principal series of unitary irreducible representations, 
has the for m 

l 1 . 
= - 2 + zp, 0 < p < CXJ. (6) 

Operator I is a second order operator [5, 6] in the enveloping algebra of o(2, I) 

I = aKJ + b(J<1I<2 + l<2I<1 ) + ci<J + f Mf + (7) 
d(J(I!v/3 + !v/3l<J ) + e(J( 2/v13 + !v/3](2) 

(I obviously commutes with t he Laplace-Beltrami operator). We li st all coordinate 
systems on the hyperboloid L2 in which the Helmholtz equat ion ( 4) permits t he 
separation of the variables [4, 3, 5, 6] and corresponding integrals of motion I are 
presented in Table 1. There are 9 such systems [4], all are orthogonal , and t hey are 
in one to one correspondence with 0(2, 1) conjugacy classes of operators I. In the 
notation of coordinate systems we follow [5, 6]. 

3 Separable coordinates on the pseudo-euclidean 
plane E 1,1 

Consider the Lie algebra e(1 , 1) in the basis [7] 

PI =at , P2 = ax, M = (tax+ xat) . (8) 

Separated eigenfunctions of the Laplace operator ~ = Pi - p~ satis fy the equation 

~<Pk~" = k2 <Pk~" ' X <P k ~" = J,L 2 <P k~"; <l>k ~"( t, x ) = <P k,,( t) <l> k,,(x), (9 ) 

where J.L = const and X is the second order operator 

X = a · !v/
2 + b · (!v!p1 + P1 !vi)+ c · (!v!p2 + P2M) + d · p~ + r· · p~ + 2./ · P1 P2· (I 0) 

We li st all orthogonal coordinate systems on the plane £ 1, 1 in which the 1-lelrnholt.i: 
equation permits the separat ion of the variables and corresponding integrals of mo
tion X are given in Table 2 [7]. There are 9 such orthogonal coordinate systems. 
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4 The contraction of the Lie algebra 

VV(' shall use R- 1 as t he con t ract ion parameter and consider con tract ion from o(2, 1) 
1 o < ( I , l ). To reali ze t he contraction explicitly, let us introduce Beltrami coordinates 
on t he hyperboloid L2 by put t ing 

uo 
Yo= R- = R Uo 

u2 V116 - 11i - R2 ' 

11J 

- R1!2 = R J 2 2 R2 Yl - 11 - 111 -112 0 

(11) 

Th(' 0( 2, l ) generators (2) can be expressed as 

}(1 l · !v/3 X 
- R = 1r , = P1 - R2(lpi + xp2), -R = Jr2 = P2 + R2(tp1 + xp2 ), 

- 1(2 = !v1 = tp2 + XPI · (12) 

T lJ(' commutators of the o(2 , 1) algebra (3) in new operators (12) take the form 

!v1 
[1r 1, 1r2J = R 2 , [M, 1ri] = - 1r2, [1r2 , M ] = Jr 1. (13) 

so , t hat for R -> CXJ the o(2 , 1) algebra contracts to the e( 1, 1) one. The o(2, 1) 
La place- Beltrami operator (4) contracts to the e(1 , 1) one: 

A 2 2 !v/
2 

A 2 2 
L.l.LB = Jrl - 7r2 + Jii-> L..l. =PI - P2 · (14) 

5 Contractions of coordinates on £ 2 to coordi
nates on pseudo-euclidean space E1,1 

5.1. Equidistant coordinates on L2 to pseudo-polar ones on £ 1,1 plane . 
For Beltrami coordinates (11) we have: 

y0 = R cot h 71 cosh 72, y1 = R coth 71 sinh 72. 

Taking the limi t R -> CXJ, 7 1 -> ii + fi and putting 

r r 
coth 7t =tanh R ~ R' 

we see that Beltrami coordinates go into pseudo-polar ones on £ 1,1 plane 

Yo-> t = r cosh 72, Y1 -> x = r sinh 72, 

where 0 ::; r < CXJ , -CXJ < 7 2 < CXJ. For t he integral of motion we get 

hQ = I<i -> XsQ = !v/
2 
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(15) 

( 16) . 

(17) 

(18) 



5.2. Pseudo-spherical coordinates on L2 to Cartesian coordinates on Bu 
For Beltrami coordinates (11) we have 

1 
Yo= RcothT--, y 1 = Rcot <p . 

cos <p 

Taking the limit R--+ = , T--+ iJr / 2, <p--+ I and putting 

t 
cothT ~ R' 

X 
cot<p ~ R' 

we see that Beltrami coordinates go into Cartesian ones 

Yo --+ t , Y1 --+ x. 

In the limit R --+ = for the integral of motion we get 

Is M j 2 
R2 = Jii --+ P2 ~ Xc. 

5.3. Horicyclic coordinates on L2 to cartesian on E 1, 1 plane 
For variables x and f) we have 

_ u2 
X ----

' Uo - u 1 

R 
f} = Uo- UJ . 

In the li mit R --+ = we get 

- R t +X 
x~--+--- t - X 2R , 

iR 
fjr::=.-t-x · 

B eltrami coordinates go into Cartesian ones 

Yo--+ t, Y1--+ x. 

For the integral of motion we have : 

!Ho = ~(K1 + M 3) 2 --+ (PI + P2) 2 ~ X c . R2 R2 

5.4. Elliptic coordinates on L2 to elliptic coordinates on E1,1 plane. 
For e llipti c variab les p1 ,2 (see Table 1) we have 

P1 ,2-a2 l[u~ - ui a2-a3 (u~ )] - - --+-- --l ± 
a1 - a2 2 R2 a 1 - a 2 R2 

2 [ 2 2 ( 2 )]2 2 u0 - u1 a 2 - a 3 u0 a 2 - a3 u 1 
- .-2- + --- 2 - 1 - 4---2· 

R a1 - a2 R a1 - a2 ll 
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( l C) ) 

(20) 

(21) 

(22) 

(23) 

(24) 

(25) 

(26) 

(27) 

5.4a. l'ntting 

f{l !Jl 
o, - (/~ (/ ~- 0 ;! 

(28 ) 

<tn d writ t ing coordinalcs as 

(11 = o~ - (ol- n:,) cosh~ IJ. f/1 = r1 'l. + (o 1 - o:d s inh" ( (29) 

in t lw limit I? --+ ex:: Wf' obtain that B<'lt rami coordinat<·s go into <'llipt ic coordinat<'s 
T_qw I on t lw /•; 1.1 planf' 

Yo--+ I = U s inl111 cosh(. .111 --+ .r = /) cosl11} sin h (. (:lO ) 

whe n · 2/J is t. hc foca l distallC<'. For the int<·g ral or IIIOiion in th(' contraction limit 
IV<' ohta.in 

IY IJ
1 

1 . " -2) ~ " 1 . " 1 " .· !fih; = f?'l. ( IVI:l + Sill II I ,, l = ill + /) "" --+.If + f) j!l = .\J-; . (:-II) 

5.4b . Putting 

It ~ d" 
n 1 - a, o ;1 - a, (:l2) 

<t nd writ.ting coordin<tl.cs a.s 

fli = a-2 + (a2- a ;,) s inh
2 

IJ , p1 = a-2 + (n 1 - n:1) s inh 1 
( (:l:l ) 

in t.lw limit I? --+ oo we obt.ain t. hat. Rclt.rami coordina.t.<·s go into <'llipt ic roordina lf'S 
T y p<' II on the e, ,1 plane 

y0 --+ l = dcosh7JCosh(, y1 --+ :r: = dsi nh ·1pinh (, ( :l l ) 

wlwr<' 2d is tlw focal d istance. For the integra.! of mot ion in t.lw contract ion lit11it 
W<' ohta.in 

d" d
2 

2 . ~ - 2 '2 '/. '/. '/. 1 l . . -- /l2 1E=-R2 (M3 +smh f /, 2 )=1\11 -d7r1 --+ l\1 - dp1 =.\r;. (.!;>) 

5.4c . 1\s in previous case, usin g formulas (:!2), (27) and writ t.ing coordinat.<·s as 

f/1 = a2- (a2- a;,) s in 2 .,, , (I~ = n~ - (n 1 - o :~) sin 1 (. ( ;l(i) 

IV<' S<'<' t.hat Belt rami coordinal.l·s in t. hc cont.rart.ion limit. go i11to <'llipt ic coordin<li<'S 
T y p<' Ill on llw /•; 1,1 piMH' 

Yo--+ I = dcos IJCos(, y 1 --+ .r = d s in 'I s in (. (:l'i) 

Tlw iiiL<'gra.l of 111ot.ion in t.lw cont raction li1nit. is gi V<'ll hy (: !!'>). 

5 



5.5. Elliptic coordinates on /,2 to C artesian on £1.1 pl a n e 
\ v(' Inak(' the special choice Oj - (/ 2 = O·l- (l ·r = (/. Tii<'II \'Min hies ~1.2 a!<' d('t ('lilli IIed 
by the formula 

2 2 ( _ Pu-a2 u0 +u2 I 
~I ,2 - = · --- ± -

a 2H2 2 ( uG + u~) ·l 
fll 

( 'onsidning the limi t R --+ oo we obtain 

.r2 ( 11 ) 
~I --+ f?2 . ~2 -+ - I + 2 f?2 

112 
I _!_ 
IV 

(:18 ) 

(:I<J) 

and llcl1 rami coordinates go in1o C'iHtcsian ones. The op<Ta1.or /" gu<'s into <'ar1c
Siitll 0!1(' 

h M:~ 2 2 , 
fl2 = f{i + rr2 -+ f12 ~ Ac . 

5.6 . Hyperbolic coordi nates on L2 to e ll iptic ones on J.; I,r p lane 
The vM iab les PI ,2 a re determined by formul a 

Pu tt ing 

I 

2 

[ 

2 2 2 2] PI ,2- a2 I Uo-1l i o2 -a:ruu-u.2 ------- ± 
a i -a2 2 1?2 a 1 - o2 1?2 

u0 - ui _ a 2 - a3 u0 - 11. 2 _ 
1
a2 - a3 .!.':.c!. . 

[ 
2 2 2 2] 2 2 

R2 a i -a2 R2 ai-a2R2 

R2 

a 1 - a3 

1.2 c 

(13- 0.2 

a nd writ t ing coordinates as 

p1 = a. 2 + (a2 - aJ) cosh2 ry, p2 = n2 + (a2 - a:1) cosh2 
( 

( 40) 

( 4 I) 

( 42) 

( 43) 

w<~ see that Beltrami coordinates in the contract ion limit R --+ oo go into ellipti c 
coordinates Type II 

y0 --+ t = dcoshry cosh (, YI--+ x = ds inhrysinh ( . (44) 

For tire integral of motion in the contraction limit we obtain 

/ 11 = Ki - M~ sin2
1 --+ M 2 

- d2 p~ = X~::. (45) 

5.7. Semi- hyperbolic coo r d in ates o n !: 2 to Cartesian coordi nates on £ 1,1 
plane 
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In this case variables f.L 1,2 are determined by formulae 

!1-1,2 = 
u6u? u~ 1t0u1 

""fi4 + fl2 ± ----;[2• (46) 

In the cont raction limit R --+ oo we have 

. l ( ± . )2 11 1 2 = l + -- l lX . 
r ' 2R2 ( 4 7) 

For 11eltrami coordinates we obtain 

Yo ---> t, Y1 --+ x. ( 48) 

The integral of motion in the contraction limit takes the form: 

f s11 = {J<1,M3}--+ 2PtP2 = Xc. (49) 

5.8. E ll iptic-parabolic coordinates on L2 to hyperbolic ones on £ 1,1 plane 
Choosing new variab les ~ 1 , 2 as 

1 [(uo - ui)
2 u6 - u~ ] 

~1 ,2= PI ,2+a =2 R2 +a~ 

u 0 - u1 u 2 -
2 

u 2 lJ[( )2 2 R2] 2 2 
± 2 R2 + a R 2 + 4a R2 . (50) 

In t he contraction limit R ~ a--+ oo so that /'{2 ~ f, we obtain 

~~ ~ -e211, ~2 ~ e2( (51) 

Beltrami coordinates in such limit go into hyperbolic coordinates of Type II 

y0 --+ t = l(sinh(ry - () + e11+< ), y1 --+ :r = l(sinh(ry - ()- e11+<), (52) 

For the integral of motion we have 

} ,2 (f{ M )2 hP M
2 

( )2 XII hP = a \ 2 + I + 3 --+ 7{2 = r + PI + P2 = H. (53) 

5.9. H y p e rbolic-parabolic coordinates on L2 to hyp e rb o lic ones o n £ 1,1 

pla n e 
This coordinate system is quite analogous to the previous one. In the contraction . 

limit R ~ a --+ oo, and -Jb- ~ f, Beltrami coordinates take the form 

y0 --+ t = l(cosh(ry- () + e11+<), y1 --+ x = l(cosh(ry - ()- e11 +<) (54) 

and we have the hyperboli c coordinates T ype III . For the integral of motion we 
obtain 

{ 2 ( ' )2 IHP M
2 

( )2 xrn lf1p=-af 2 + A1+M3 --+ R2 =-y+ Pt+P2 = H . (55) 
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6 C ontraction of bases functions 

Us ing t he con t ract ion proper t ies of separable coordinates , we sha ll now considn 
t he cont ract ion limits for t he two sim plest eigenfu nctions - equi di stant and pseudo
spheri cal bases. 

6.1 Equidistant bas is on L2 to pseudo-polar bas is on E 1,1 

T he equ id istant normalized eigenfunct ions Ill ;,~Q ( r 1 , r 2) havP the fo rm 

w;,~Q(rl ,r2 ) = p sinh1rp 

h
2 · (coshr )- l f2 p ip ( cos tr >. + sinh 2 1rp 1 i.\- l/2 tan h r 1). 1 •-'r2 (56) 

To perfo rm t he cont ract ion we write t he Legendre fun ct ion in te rms of hy pe rgco
metri c funct ions [8) 

ip ( h ) - 1 ( . . h )ip f( - i ). ) 
Pi>.- l / 2 tan r 1 - ..j2i - zsm r 1 f(~ _ i( p + >.) ) 

{ 
-',\ i.\+1 / 2 (1 i(p - >. ) 3 i(p - >. ) . 2 ) 2 ' ( coth r 1) 2F1 - - , - - ; 1 + 1.>.; coth r 1 + 

' 4 2 4 2 

i>.( )- i>.+l /2 r ( ~- i( p + >. )) I'( i >. ) 
2 coth r 1 1 . , . 

r( 2 - z( p - >. )) l ( -z >. ) 

2FI - - - - - - - · 1 - z). · cot h r 1 • (
1 i( p + >. ) 3 i( p + >. ) . . 2 )} 

4 2 , 4 2 , , 

ln the contract ion limit R -+ = we put 

r 
P ~ kR cosh r 1 ~ -, R . 

Using the asy mptoti c formulae for hype rgeometri c funct ions 

lim 2F1 - - , - - , ; 1 + z>.; coth r 1 
. (1 i(p - >. ) 3 i (p - >. ) . 2 ) 

R~oo 4 2 4 2 

(
k ) -i>. 

= f(l + i >. ) ; h (kr), 

. (1 i( p + >.) 3 i(p + >.) . 2 ) 
lim 2F1 -.. - - - · 1 - z). · coth r. , 
R~oo 4 2 ' 4 2 ' ' • 

(
kr ) +i.\ 

= f ( l - i >. ) 2 J_;,~(h), 
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(57) 

(58) 

wlwre .fv(::) is t l1e f3 esscl fun cti on [.S]. a nd 

1111 _ _ n-.i I. l' (::+ n ) ( I 
1=1-oo ]'(:: + .1)-- I+ 2:; (o - i)(n + .i - I )+ 0(::-2)). 

W<' fin a lly obta in 

Iilli - 1- \11/·:Q( {f I 11-x· .JR p.\ n . r2) = V l ll ,f,,l( kr )l •.l(r,+•7 l. 

where 1/ ~ 1 )(::) is tlw ll a nk<·l function of the first kind. 

6.2 Pseudo-spherical bas is on L 2 to Cartes ian basis on £ 11 

'l' lw normali :;,ed pse udo-s plw ri ca l eig<·nfunct ions \ji ;~·11 ,(T . .,:) hm·<· the fonn 

,,, s (r ' ") = '~' pm 1 Y · I I ( I ) """ 2p s1n l il'{J IJ'( :) _ 'Ill + ip )j / ',';,'_
112 

COS I T ( · 

7r -

Ld us wri te t he Legendre fun d ion in te rms of hvp<' l'g< 'Oillct ric funct ions <lccordi ngly 
[.S) 

fJ "' ( '-' )'" ( . ip- l/ 2cosh r )= v7r- slll h r )-'" 
J'( ;J •n+i,,) ' . •I -2 I (:!-,_,,,) 

•I 2 

{ , (I m +ip I 111 -ip I .2 ) J'('!-"'+'") J'(:!-"':-''') 
2/' 1 - ----,-----;-; cos h r + 2coshr ·I 2 ·1 2 

tJ 2 4 2 2 I'( ! - "'+''') !'( ! - ~) 
•I l ·I 2 

2 / • 1 - - --- - - ---: -' COS l T , 
' ( :l lll+ ip :l 11 1- ip :l 12 ) } 

t! :2 ' ·I 2 2 ' 

in t he contract. ion li mit l l-+ CXl we put 

l .1' 2 2 2 
f! ~ k l? m~k1 H cot h r "-'- co t < o~ -· k +k = k . , , . R ' ' .,.. !? ' I (I • 

lls ing two asy mptotic fo rmu lae 

(
I m+ip I m - ip I 2 ) ( I 1•,112) lim 2F1 -- ---,-----;-·,cosh r = 0 F1 -:--- = cos( /.-

0
/ ). 

n~co tl 2 4 2 :2 2 I 

li m 2l ' 1 -- --- -- ---· - ·cosh T = 0 / · 1 - · --- - ---
. , (3 m + ip 3 111 - ip :! 2 ) , ( :! k1~/ 2 ) sin (A·11 /) 

1 /.~oo 4 2 ' ·1 :2 ' 2 ' 2' I / k
0

/ 

a.JH! formu la. (59) W<' fin a lly obtain 

{£ · ' · ..... 1kn t --1 J.·,.r lim VRJ! (z p)J iji ,,."(r,cp) = <l> k0 k, ( l . . r ) = r . 
1?-oo 
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Table 1: Separable CoordinatP Systems 011 t lw Two-Di nwnsional Hype rboloid 

Coordinate System 
I ntcgral of .\lot ion ! 
I. ECJuidistant 
TJ.~ E Ill 
11,Q = 1\ 'f. 
II. Pseud o-splwric:al 
T > 0.-? E [O.:hr) 
I s = .vn 
Ill. ll oricyrlic 

.'J > O .. i': E H 
l11o = (1\1 + .\1:J) 2 

IV. Ellipti cal 

a:~ < n2 < P2 < a1 < P1 

h; = i\!li + si nh
2 f 1\'f. 

V. ll yperho li cb) 

(12 < a :s < a2 < a1 < (11 
l11 = 1\'f. :-s in ~ 1M~ 

VI. SPmi -Hypcrbol ic 

/ 1 1,2 > 0 

l s 11 = - {!\ 1 , IH:s} 
VII. Elliptic- l'a raholi c 

- (} < ,'12 < 0 < PI 

h;,, = ( /\1 + M3) 2 + 1\'f. 
VIII. ll ype rholi c- Paraholic 

fi2 < - (/ < 0 < PI 

I111J = ( !(I + M:s) 2
- 1\'f. 

IX. Semi -C ircular-Parabolic 

("7 > 0 

Coordinatc·s 

no = II cosh T 1 cosh T~ 
u 1 = /l coshT1 s inh T~ 

11~ = I{ sinh T 1 

110 = ll cosh T 

11 1 = /{ si II h T COS <p 

11 2 = If si nh T sin ..p 

11 0 = ll(./ 2 + 1? + I )1'2.1/ 
11 1 = N(.i 2 + 1/- I )/'2..1/ 
112 = !U hi 
u6 = /12

( (JJ - o :1)( p2- o:s)l( al - O:s)( o2 - O:s ) 

11~ = ll2(p l - o2)(p2- o2)l(o1 - o2)(o~- a:s) 

11 ~ = ll2 (PI - a 1 ) (a 1 - P2 ) I (O J - o ~)(a 1 - a s) 
u6 = R2 (p 1 - a~)(a2 - p2 )l(a 1 - a 2 ){a 2 - a:1) 

11 ~ = /?2 ( (11 - a :s)( a:J- P2)1( o.l - o s)(a2- a.:s) 

u~ = H2(pl- o.i)(as - (12 )l(o1 - 0·2)(a 1 - a :s) 

u0 - i11 1 = Hy'( l - ip 1 )( 1 + Z/ 12 ) 

uo + iu 1 = R j( l + ip1 )( l - i112) 

a3 (pl + o )(P2 +a) 

uo-II J = Hj(pl +a.)( p2 +a)lfo 

112 = i I { .j(ilfii./ a 

11u + 11 1 = -i R(a2 - (11(12) 1 ja:3(pl + a)(P2 + a) 

11o -111 = iRj-(pl + a. )(P2 + a) lfo 

112 = i R.j(ilii2 I a 

11o = R ((~rz + 4 
8(TJ 

ul = /l (e + "72)2- 4 
~ 

I {!' I ' }{' n
2
-f

2 

SC I'= \I , \ 2 + /<. 2 , M.1 } 112 = R~ 

a) l'nr >llll ~l." r f is d ete rmined by re lation : s inh 2 J = (a 1 - a 2 ) / (a 2 - ":s) = k' 2 / k 2 (k'2 + P = 1) . 

1
'! A n;;l<- -1 is cl<-t.c rm i n ~d by the formu Ia: sin 2 -y = ( rt 2 - "" ) / ( a 1 - a3 ) whe re 2-y is the a ngl e between 
t.w r> fo cal lin ~s. 
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Table 2: Orthogona l Scparahle Coordinate Systellls on the pseudo-Euclidean 
plan<· 1~· ~ .1 

( :oordinate Systc·lll 

I. C;utesi;w, type I 

II. l' scJ Jdo-polar 
I' ::0: 0. -OO < T2 < 00 

Ill . Pambolic Lypc I. 
I' ::0: 0 , -OO < 'II < 00 

IV. l'arilbolic type II. 
-oo < q,( < oo 

V. ll y pcrbolic type I. 

-00 < 11' ( < 00 

V I. ll y pcrbo lic t.yp<' II. 
-oo < 11 , ( < oo 

VII . ll yperbolic t.y pe III. 
- oo < q,( < oo 

V II! . Elliptic , t.y p<' I. 
-oo < 11 , ( < oo 

IX. Ellipt ic, t.yp<' 11 ,111. 
(i) - 00 < T/ < oo, ( :::: 0 
(ii)O < '7 < :2rr , O :S ( < rr 

Integra l or .\ lotion X 

Xc = 1'1/12 

Xs = .\1 2 

X f, = {P2· .\I } 

Xf/ = {!IJ , :\ /} 
+ {712· M} - (Pi - 112) 2 

x;, = M 2
- t1

111P2 

X// = .\1 2 

+F(JI J + !'2)1 

X//' = ;\1 '2 

- t2( JIJ + Jl2)2 

X/; = M 2 + IYp~ 

X/:' = !'vfl - rflp~ 

11 

( 'oordi niltes 

:r 

I = r cosh T2 
.r = rsinh T2 

I = tc"2 + 1'2) 
:r =Ill' 

I = (11- () 2
- ( 11 + () 

:1' = ( 1! - () 2 + ( 1/ + () 

I = f (cosh'';<+ sinh '':i"C) 

r = j_ (rosl1 ,,_(- Sl.llh 'I+() 
. 2 ' 2 . 2 

I = I (sinh (11- () + 1 ''+< ) 
.1' = l (sinh('/-()- c''+C) 

I = l (cos h(71- () + c''+C) 
.r = l (msh(11- ()- c''+C) 

I = /J sinh11cosh ( 
.r = /Jrosh1/sinh ( 

( i) I = rl cosh 11 cosl1 ( 
.r = rlsinh 'I sinh (. 

(ii) I = rl ('()S If ('OS ( 

.I' = rf S i 11 '1/ S i II ( 



7 C onclusion 

In this paper we continue investigation of sonw aSJ><'c1 s of tlw t IH'ory of tiH' Lie groups 
and Lie a lgebra contractions: the rela tion hrtwcc·n sc pa.ril hie coordi lin 1 c· systems i 11 

curn•d and fl at spaces , related by 1 he coni rart ion of 1 heir isonwt ry groups. VI'<' 
h;;ve cons idered thr simplest meaningful exarnple . na.nwl y tlw origin;;! lnonii -\Vigrwr 
contract ion from a 0(2, 1) to/_,_'( ! , 1), as appl ied to the :wo-s heet ed hyprrholoid /,.2 

and pseudo-Euclidean plane E 1, 1• 

We have followed t hrough 1 he contraction H -> oo at l'ou r leve ls: t. lw Lie a lgcbras 
as real ized by vector fields and t he Lap lace-Belt rami operators in t.he two spaces, the 
second order operators in the enve lop ing algebras, cha ract <'ri zi ng scparn hie systems, 
1 he separable coordin ate systems themselves and I he two sc•paratcd c·igcnl'unct ions 
ol' the invariant operators. In particu la r, we havr shown how rlijjc,.rnl limiting 
procedures lead from separable systems on /,2 to separable systems on the plane 
E 1, 1• \11/e considered only the contraction first eight separab le coordinat e systems on 
[ , 2 to six sepa rable coordinate systems on E1 , 1. 
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l1 3MeCTbe8 A.A., noroc~IH r.c. 
KoHTpaKUHH anre6p IlH 11 pa3)leiieHHe nepeMeHHbiX . 
OT Jl8YMepHoro mnep6oJIOHJla K Jl8YMepHOH 
nce8)lOe8KJIH)l080H niiOCKOCTH 

E2-98-83 

,ll,JIJI YCTaH08IIeHH.ll C8li3H Me)I(Jly npOUeJlypa.MH pa3)leJieHHll nepeMeHHbiX 8 
ypa8HeHH.liX feJibMfOJibUa Ha Jl8YX COOT8eTCT8YIOIUHX O)lHOpOLIHbiX npocTpaHCT8aX 
-- Jl8YMepHOM Jl8ynoiiOCTHOM rHnep6onoH)le L2 11 Jl8YMepHoii nce8)lOe8KJIHJl080H 

llJIOCKOCTH £ 1 I -- HCil0Jib3yeTCll KOHTpaKUllil l1HOHI0--8Hr1iepa 113 rpynmi JlopeH

ua 0(2, 1) 8 nce8)lOe8KIIHJl08Y rpynny £(1, 1 ). PaccMaTpH8aiOTcll : KOHTpaKUH.ll 
anre6pbl JlH H KOHTpaKUHll MHO)I(eCTBa KOMMyrHpy!OIUHX onepaTOp08 8TOporo 
nopl!JlKa (HHTerpano8 LI8H)I(eHHll), Jie)l(aiUHX 8 o6epTbi8aiOmeii anre6pe o(2, 1 ); 
KOHTpaKUHll (H C8ll3b) OpTOfOHaJibHblX KOOpLIHHaTHblX CHCTeM Ha npOCTpaHCT8aX 
L2 H E 1,1, a TaK)I(e COOT8eTCT8}'101Ual! KOHTpaKUH.ll HeKOTOpbiX co6cT8eHHbiX 

cpyHKUHH onepaTOp08 feJibMfOJibUa. 
Pa6oTa 8brnOIIHeHa 8 Jla6opaTopHH TeopemtJecKoii cpH3HKH HM. H.H.Eoromo-

6o8a Ol151l1. 

npenpHHT 06heJlHHeiiHOJ'O HHCTHTyra liJlepHbiX HCCJJeJlOBaHHH. lly6Ha, 1998 

Izrnest 'ev A.A .. Pogosyan G.S. E2-98-83 
Contraction~ of Lie Algebras and Separation Variables. 
From Two-Dimensional Hyperboloid to Pseudo-Euclidean Plane 

The Inoni.i-Wigner contraction from the rotation group 0(2,1) to the pseudo
Euclidean group E( I, I) is used to relate the separation of variables in the 
Laplace-Beltrami operators on two corresponding homogeneous spaces . We 
consider the contractions on four levels : the Lie algebra, the commuting sets of 
second order operators in the enve loping algebra of o(2, I) , the coordinate systems 
and some eigenfunctions of the Laplace-Beltrami operators . 
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of Theoretical Physics , JINR. 
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